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PREFACE 


The German edition of this book, which appeared in 1933 under 
the title Modeme Physik, had its origin in a course of lectures which 
I gave at the Technical College, Berlin-Charlottenburg, at the instance 
of the Society of Electrical Engineers, and which were reported by 
Dr. F. Sauter. The choice of material was not left entirely to myself, 
the Society making certain suggestions which took into account the 
previous knowledge and the professional predilections of its members. 

A year or two later, the idea of an English edition was mooted. 
But by this time the title of the book had become inappropriate, for 
in the interval the growing point of physics had shifted, and interest 
had become centred in the physics of the nucleus, of which only a 
bare sketch had been given in the lectures. The change in the title, 
however, has nothing to do with this, but is due to the fact that the 
publishers already have a book entitled Modern Physics on their list 
of publications. 

I have taken considerable trouble to secure that the book should 
be brought thoroughly up to date. A new chapter has been introduced, 
containing an account of the great advances of the last few years — 
the discovery of new particles, and the elucidation of the properties 
of nuclei. The original chapters have also been extended by the addition 
of new sections and paragraphs. 

As a theoretical physicist, I have naturally placed the theoretical 
interpretation of phenomena well in the foreground. The text itself, 
however, contains only comparatively simple discussions of theory. 
Proofs, short but complete, of the formulae employed are collected 
in a skies of Appendices. 

In the lectures two years ago, I emphasized with a certain pride 
the successes of the theory — now I have rather to direct attention 
to the immense progress which has been made on the experimental 
side. But I have not been able to resist the temptation to mention 
a few ideas of my own, which. I hope may be of some assistance in 
stirring the theory into renewed activity. 

A new feature of the book is the introduction of dates, Their 
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purpose is to serve as a historical guide, the years given not being 
always the first date of publication of an idea or discovery, but that 
of a specially important paper on the subject. I apologize for not having 
been able to quote all important papers and authors. 

I am much indebted to many helpers. Dr. Cockcroft (Cambridge) 
and Dr. Nordheim (Haarlem) have read some chapters, which their 
advice has enabled me to improve, Mr. Pryce, Mr. Weiss and Mr. 
Goldhaber (Cambridge) have assisted me with the proof-reading. I 
owe many thanks to Professor P. M. S. Blackett for permission to use 
some of his beautiful photographs. I am particularly indebted to the 
translator, Dr. John Dougall, for his painstaking work. He has not 
only given an adequate rendering of the German,, but has also kept a 
careful look out for misprints or slips in the text and formula). 

MAX BORN. 


Cambridge, February, 1935, 
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ATOMIC PHYSICS 


CHAPTER I 

Kinetic Theory of Gases 

1. Atomic Theory in Chemistry, 

In present-day physics, the concepts of energy and matter are 
connected in the most intimate way with atomic theory. We therefore 
begin with a brief discussion of the rise of ideas relating to the atom. 
The source of these ideas, we know, is chemistry. They suggest them- 
selves almost inevitably when we try to interpret the simple regu- 
larities which are at once disclosed when the masses of the substances 
transformed in chemical reactions are determined quantitatively with 
the balance. It is established in the first place, that in a reaction the 
total weight remains unchanged. Secondly, it is found that substances 
combine only in fixed simple proportions by weight, so that a definite 
weight of one substance can only enter into reaction with definite 
weights of a second substance; and the ratio of these weights is inde- 
pendent of the external conditions, such as, for example, the proportion 
by weight in which the two substances may have been mixed. These 
regularities are expressed in the language of the chemist in the laws of 
constant and of multiple proportions (Proust, 1799; Dalton, 1808). E.g.: 

1 gm. hydrogen combines with 8 gm. oxygen to form 9 gm. water, 

1 gm. hydrogen combines with 35-5 gm. chlorine to form 36*5 gm. hydrogen chloride. 

An example of the law of multiple proportions is given by the 
compounds of nitrogen and oxygen: 7 gm. nitrogen combine with 

1x4 gm. oxygen to form 11 gm. nitrous oxide, 


2X4 „ 

» 15 

„ nitric oxide, 

3 X 4 „ 

„ 19 

„ nitrous anhydride. 

4 X 4 „ 

„ 23 

„ nitrogen dioxide, 

5X4 „ „ 

„ 27 

„ nitric anhydride. 
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In the case of gases, simple laws hold not only for the weights of 
the reacting substances but also for their volumes (Gay-Lussac, 1808). 
Thus (at constant pressure) 

2 vols. hydrogen combine with 1 vol. oxygen to form 2 vols. water vapour, 

1 vol. hydrogen combines with 1 vol. chlorine to form 2 vols. hydrogen chloride. 

The numbers expressing the ratios by volume are those which 
appear in the corresponding chemical formulae. In the preceding 
examples, for instance, we have 

2H2 + O2 = 2H2O, 

H2H-C]2 = 2HC1; 

and 

2N2+O2 -2NA 
2N2 + 2O2 = 4NO, 

2N2 + 3O2 == 2N2O3, 

2N2 + 4O2 = 4NO2, 

2N2 + 602 = 2N205. 

These facts may be interpreted as follows, as was done by Avogadro: 
every gas consists of a great number of particles, its atoms or mole- 
cules; and equal volumes of all gases, at the same temperature and 
pressure, contain the same number of molecules. 

The significance of this principle in relation to the laws of chemical 
reactions may be illustrated from the above examples. The fact that 
two volumes of hydrogen combine with one volume of oxygen to 
form two volumes of water vapour is (Avogadro, 1811) equivalent to 
the statement that two molecules of hydrogen combine with one mole- 
cule of oxygen to form two molecules of water. Similarly, the com- 
bination of one part by weight of hydrogen with eight paxts by weight 
of oxygen to form nine parts by weight of water means that a molecule 
of oxygen must be eight times, and two molecules of water nine times, 
as heavy as two molecules of hydrogen. 

We are thus led to the concepts of molecular weight and atomic 
weight. These are, respectively, the weights of a molecule and of an 
atom of the substance in question. They are not measured in grammes, 
but with reference to a standard (ideal) gas, the atomic weight of which 
is put equal to 1; and it has been agreed to define this, not so that 
H = 1, but so that 0=16; this convention has turned out very lucky 
(because of the existence of the heavy isotope of liydrogen, p. 59). 
We shall denote the molecular weight measured in this way by ju. 
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Tiat q[uantiity of a substance, the weiglit of which is yx gm., is called 
a moh (even when the substance is not capable of existence in the 
chemical sense). A mole of oxygen atoms therefore weighs 16 gm., but 
a mole of oxygen molecules weighs 32 gm. From this definition of the 
mole it follows that the q^uantity “ 1 mole ” always contains the same 
number of molecules. This number of molecules per mole plays a groat 
part in the kinetic theory of gases; we denote it by L after the physi(!i.st 
Loschmidt, who first determined it (1865). According to the usual 
custom with regard to scientific nomenclature it should be called 
“Loschmidt’s number”, a,nd this is the expression used in the 
German literature, but in other languages it is called Avogadro’s 
number. Its value is (see p. 22) 

L = 6-06 X 1023 mole-b 


As a consequence of Avogadro’s law, 1 mole of any gas at a given 
pressure p and a given temperature T always occupies the same volume; 
for a pressure of 760 mm. of mercury and a temperature of 0° C. the 
volume is 22-4 litres. 


We add here an explanation of a nmnber of symbols whic.li will 
be employed below. If m is the mass of a molecule in gramme, s, then 
p. Lwb] in particular, for atomic hydrogen (p, almost exactly •■■■■: 1), 
Lm^ = 1. If further n is the number of molecules in the unit of volume, 
N that in the volume Y, and if v is the number of moles in th(! volume 
T, then we have vL = nV — N. Finally, we denote by p , - nm th<» 
density of the gas, and by — 1 Jp its specific volume. 


2. Fundamental Assumptions of the Kinetic Theory of Gases. 

After these prefatory remarks on the atomic theory in. clunniKtry, 
we now proceed to the kinetic theory of gases (.Hera path, 1821; 
Kronig, 1856). Considering the enormous mimbor of paii;i(!]<-.s in 
unit volume of a gas, it would of course bo a perf(ic.tly hop(ac. 4 .s 
mdertakmg to attempt to describe the state of the gas' l>y 
fying the position and velocity of every individual jyartichu Ah 
m all phenomena of matter in bulk, we must here have rec^ounsi^ 
to stahaies. But the statistics now to be used is of a sonuMvhat 
ifierent kind from that which we are acquainted with in ordinary 
life. Ihere, the statistical method consists in recording a largi*. number 
of events which have occurred, and in drawing conchi.sion.s from the 
numOTical data so obtained. Thus, mortality statistics unswens tb(> 
question of how much more probable it is that a man will die at (if) 
an at 20 years of age; for this purpose we count the number of 
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cases of deaths of men at tEese ages over a long period, and take tke 
respective numbers found for the two ages as proportional to the 
probabilities required. 

If we propose to apply the statistical method to, the theory of 
gases, the method of procedure must be essentially different; for an 
enumeration of the molecules which, for example, occupy a given 
element of volume at a given moment is utterly impossible. We must 
therefore proceed indirectly, first introducing assumptions which appear 
plausible, and then building up the theory on these as foundation. 
As with every scientific theory, the final warrant for the correctness 
of the assumptions is the agreement of their logical consequences 
with experience. 

We may wish, for example, to know the probability of finding 
a gas molecule at a definite spot in the box within which we suppose 
the gas to have been enclosed. If no external forces act on the mole- 
cules, we shall be unable to give any reason why a particle of gas should 
be at one place in the box rather than at another. Similarly, in this 
case there is no assignable reason why a particle of the gas should 
move in one direction rather than in another. We therefore introduce 
the following hypothesis, the principle of molecular chaos: For the 
molecules of gas in a closed box, in the absence of external forces, 
all positions in the box and all directions of velocity are equally probable. 

In the kinetic theory of gases we shall only have to do with mean 
values, such as time averages, space averages, mean values over all 
directions, and so on. Individual values entirely elude observation. 
If denotes the number of molecules per unit volume with a definite 
property a, e.g. with a velocity of definite magnikide, or with a definite 
jT-component of velocity, then by the mean value of a we understand 
the quantity d, where 

a = or nd = 'LuaU, 

n standing for the number of molecules per cubic centimetre. If, 
for example, we suppose the velocity of each molecule to be repre- 
sented by a vector v with the components t], 'C, and therefore the 
magnitude to find the mean value 

f (for molecules with the velocity v), then by the principle of mole- 
cular chaos with respect to directions of motion, exactly as many 
molecules of the gas will have a velocity component as a com- 
ponent — I; the mean value | must therefore vanish. A value of ^ 
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differing from zero would imply a mean motion of the whole gas in 
the direction concerned, with this mean velocity. 

On the contrary, ^ is not equal to zero. From symmetry, we have 

If we take the mean value over all directions, keeping v fixed, then it 
follows from v^= f ^ by taking the mean values that 


3. Calculation of the Pressure of a Gas. 

With these ideas before us, we are already in a position to cal 
culate the gas pressure p as the force acting on unit area (D 
Bernoulli, 1738; Kronig, 1856; Clausius, 1857). According to th 
kinetic theory of gases, this force is equal to the change 
of momentum of the molecules striking unit of area of 
the wall per second. Take the a:-axis at right angles 

Fig. I. — Number of collisions between the wall and molecules having the 
velocity in the clement of time dt; it is equal to the number of molecules 
at a definite moment in the oblique cylinder of height $dt and base the element 
of area struck. 



to the wall. If n^j denotes the number of molecules in a cubic 
centimetre which possess the velocity v, then in the small time dt a 
given square centimetre of the wall is struck by all those molecules 


which at the beginning of the time element dt 
were within the oblique cylinder with edge vdt 
standing on the square centimetre of the wall 
(fig. 1). Since the height of this cylinder is 

Pig. 2 , — Momentum diagram, for elastic collision of a molecule with 
the wall; the energy, the magnitude of the momentum and the component 
momentum parallel to the wall arc not changed by the collision, but the 
component perpendicular to the wall has its sign reversed; momentum 
zmi; is therefore communicated to the wall. 



its volume is also idt; the number of molecules in it is therefore 
fiy^dt. The area of the wall considered is struck per unit time by 
nz)i molecules with the velocity v. 

If we think of the molecules as billiard balls, every molecule when 
it strikes the wall has its momentum changed by 2m i perpendicular 
to the wall; the component of momentum parallel to the wall is not 
altered (fig. 2). The molecules considered therefore contribute to th© 

(eUOS) 2 
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total pressure p tEe part 2m We sum these values first over all 
directions of incidence, that is to say, over a hemisphere, keeping v 
fixed. 

The sum in the present case is equal to half the sum over a com- 
plete sphere, so that we have 

= 2m • == -g- *? 

where is the number of molecules in a cubic centimetre with a velocity 
of magnitude v. If we now sum further over all magnitudes of the 
velocity, we find for the total pressure 

p — — ~ nv^. 

If V is the total volume of the gas, and N the total number of 
molecules, it follows from this equation on multiplication by F, 
since nV = vL = N, that 

m — 2 

Vp=:N^v^==~^vV, 

where we have put 

Clearly XJ denotes the mean kinetic energy per mole, and in monatomic 
gases is identical with the total energy of the molecules in a mole. In 
polyatomic molecules the relations are more complicated, on account 
of the occurrence of rotations of the molecules, and vibrations of the 
atoms within a molecule. It can be shown, however, that the pre- 
ceding formula for the gas pressure holds in this case also; U denotes 
as before the mean kinetic energy of the translational motion of the 
molecules, per mole, but it is no longer the same as the total energy. 

4. Temperature of a Gas. 

From the kinetic theory of gases, without a knowledge of the law 
of distribution of velocities (i.e. of the way in which the number 
depends on u), we have found that the product of pressure and volume 
is a function only of the mean kinetic energy of the gas. But we have 
also an empirical law, the law of Boyle (1660) and Mariotte (1676), viz.: 
at constant temperature the product of the pressure and volume of an 
ideal gas is constant. We must conclude from this that U, the mean 
kinetic energy per mole, depends only on the temperature of the gas. 
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I] TEMPERATURE OF A GAS 

In tie kinetic theory of gases, the concept of temperature is primarily 
a foreign, element, since in fact the individual molecules are charac- 
terized by their velocity alone. But it suggests itself that we should 
define the absolute gas-temperature T in terms of the mean kinetic 
energy. This is usually done in accordance with the equation 


where on the left we have the mean kinetic energy of a component of 
the motion of the centre of inertia of a molecule; h is called Boltz- 
mannas constant. For the total motion of the centre of inertia we have 
therefore also 



and, referred to a mole, 

2 2 


where we put 

LJc^R. 


The justification for this definition of temperature lies in the fact 
that when we introduce the last expression in the formula for the gas 
pressure deduced above, we obtain formally the relation which com- 
bines the laivs of Boyle-Mariotte and of Gay-Lussac and Charles: 

j)V = vRT. 

R is called the absolute gas constant, and can easily be calculortcd from 
measurements of three corresponding values of jp, F, and T. Its value is 

R == 8*313 X 10^ erg degree"^ mole"^ — 1*986 cal degree”^ mole™^. 

We refrain from entering here upon a thoroughgoing discussion of the 
preceding definition of temperature from the thermodynamic «ind 
axiomatic point of view (a complete treatment for tlio generalized 
statistics introduced by the quantum theory is given in Appendix 
XXIX, p. 336), and merely add a brief remark on the units in 
which temperature is measured. 

We use the phrase ideal gas if the product fV is constant at con- 
stant temperature; for low pressures this is true for every gas. Devia- 
tions from the ideal character of the gas occur when the density of the 
gas becomes so great that the mean distance between two gas mole- 
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cules is comparable with, the molecular diameter. If we employ such 
an ideal gas as thermometric substance, the centigrade scale is de- 
fined as follows. Let (y7)/ be the value of pV for the gas, when it is 
brought into contact with melting ice, and {pV)^ its value for con- 
tact witfi. boiliug water;* then the temperature of the gas, for the 
general case of any value of pV, is defined according to the centigrade 


scale by 


t = 


100 


(pV),-{py)/ 


We see at once that, with this definition, the temperature of melting 
ice is 0° C.' and that of boiling water 100° C. 

The change from the centigrade scale to the absolute temperature 
(Lord Kelvin, 1864) scale, which we have indicated above by the 
symbol T, is made as follows. It has been established experimentally 
that at constant pressure an ideal gas expands by 1/273 of its volume 
at 0° C. when its temperature is raised by 1° C., so that we have, e.g., 

(pV)f Tf 273 273‘ 

If we retain the unit of the centigrade scale in the absolute scale also, 
and Tf must differ by 100°. It follows that melting ice {t = 0° C.) 
has the absolute temperature Tf = 273°, and boiling water {t — 100° C.) 
the absolute temperature = 373°. The zero of the absolute tem- 
perature scale lies therefore at —273° C. 

It may be remarked that the absolute temperature scale is some- 
times called the Kelvin scale, and to distinguish it from tlxo ordinary 
centigrade scale is denoted by K. 


5. Specific Heat. 


The specific heat (referred to 1 mole) of a substance is given by the 
energy which must be supplied to the substance to raise its tempera- 
ture by 1°. For a monatomic gas, it follows immediately from this 
definition that the specific heat at constant volume is 



If heat energy is supplied, but with the pressure kept constant instead 
of the volume, the gas expands and so does work against the external 


* / = freezing-point, b — boiling-point. 
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pressure (whicli of course in the case of equilibrium must be equal 
and opposite to the pressure of the gas), the work being 

= i.e. =i2forAr=l°. 

Thus R is that portion of the specific heat which corresponds to the 
work of expansion; if we add to this work the specific heat at constant 
volume |jR, we obtain for the total specific heat at constant pressure 

The ratio is generally denoted by y. Hence, for a mohatomic gas 
we have the relation (Clausius, 1857) 

y = ^ = I = 1-667, 

which agrees well with observation, especially for the inert gases. 

In polyatomic molecules, besides the three degrees of freedom of 
the translational motion, other degrees of freedom come in, which 
correspond to the rotations and vibrations of the molecules and which, 
when energy is supplied to the gas, can also take up a part of the energy. 
Now there is a general theorem, the iheorern of equipartition (Clausius, 
1857; Maxwell, 1860), according to which the specific heat is the product 
of the number of kinetic degrees of freedom by h/2 referred to a mole- 
cule, or by R/2 referred to 1 mole. For example, a diatomic molecule, 
considered as rigid (dumb-bell model), possesses essentially two 
rotational degrees of freedom. In counting the number of degrees 
of freedom, the degree of freedom corres 2 )onding to rotation about 
the axis joining the two atoms is to be ignored. For idealized atoms 
concentrated at a point, this is obviously correct; when we take 
account of the extension of the atoms in space, we encounter a con- 
ceptual difficulty, which it requires the quantum theory to clear up 
(see Chap. VII, § 2, p, 201). In this case we therefore have ~ | Ji, 
and consequently y — ™ I = 1*4-, These values have 

in fact been observed, e.g. in molecular oxygen. 


6. Law of Distribution of Energy and Velocity. 

As the next step in the development of the kinetic theory of gases, 
we proceed to consider the law of distribution of energy or velocity 
in a gas, i.e., in particular, the law of dependence of the quantity n^, 
employed above, on the velocity. While up to this point a few simple 
ideas have been sufficient for our purpose, we must now definitely 
call to our aid the statistical methods of the Calculus of Probabilities. 
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To begin, witb a simple example, let tis in the first place, without 
troubling about velocity, consider the question of the number of mole- 
cules which on the average are to be found in a definite volume element 
o). An exact determination of this number for a given moment, apart 
from the fact that it is inherently impossible, would be of little use, 
since the number changes every moment on account of the motion 
of the molecules; we are therefore concerned only with the average 
number of molecules. This we determine as follows. Imagine the whole 
box containing the gas to be divided up into separate cells of sizes 
Wi, 0)2, ••• i iOg (as an aid to the imagination we may picture every- 
thing as two-dimensional, see fig. 3 ), and “ throw ” the molecules, 
which we may think of as little balls, at random into this system 
of cells. We then note that a definite number of balls has fallen 
into the first cell, another number 712 into the second cell, and so on. 
At a second trial, we shall perhaps find other values for the nmnber 
of balls in the various cells. If we repeat the 
experiment a great many times, we shall find 
that a given distribution, defined by the numbers 

Fig. 3. — Division into cells for the purpose of finding the most 
probable density of distribution of the molecules of a gas. 


^2, . . . , rig, occurs not merely once, but many times. For a model 
consisting of a real box divided up into cells, and real balls, the fre- 
quency with which a given distribution appears could be determined 
by a long series of trials. For a gas and its molecules this is not possible; 
we have to use instead an arithmetical argument, consisting of a 
numerical part (concerning the numbers %, ^3, . . . , n^) and a geometri- 
cal part (concerning the sizes of the cells 0)3, ... , cog). In tliis way 
we shall find the mathematical probability of a given distribution. 
And, when we take all possible distributions into account, there is one, 
for which this probability is greatest, the most probable distribution. 
Because of the very great number of the molecules in the cubic centi- 
metre, this maximum is overwhelmingly sharp, so that the probability 
of any distribution deviating essentially from it is negligibly small. 
It is therefore to be expected that the most probable distribution 
represents the average state. 

At this point, however, a question of principle must be considered. 
The following difficulty presents itself. If we knew the exact position 
and velocity of every particle of the gas at a definite moment, the 
further course of the motion would be completely defined, for the 
behaviour of the gas is then rigorously determined by the laws of 
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mechanics, and appears from the very outset to have nothing to do 
with the laws of probability. If we assume that at time t = 0 the posi- 
tions and velocities of the molecules are distributed according to any 
statistical law, we are not entitled without more ado to expect that at 
any later time t the state of the gas will be determined by the play of 
probabilities, independently of the initial state assumed. It would be 
quite conceivable that, for the initial state chosen, all the molecules 
would as a consequence of the laws of mechanics be found at the 
moment ^ at a definite corner of the box. In order that it may be 
possible to apply statistics at all, it must be stipulated that there is 
no coupling of the states at different instants. We must suppose that 
the collisions, conditioned by the laws of mechanics, by their enor- 
mous number completely efface the '' memory ’’ of the initial state 
after only a (macroscopically) short interval of time. Further, it has 
to be borne in mind that measurements take time; what we deter- 
mine is not the micro-state at the instant t at all, but its mean value 
over a considerable period. It is assumed that the time-mean values 
so determined are independent of the period chosen, and that they 
agree with the mean values ascertained by considerations of proba- 
bility alone from the most probable state defined above. 

Although this hypothesis, the so-called qiiasi-ergodic hypothesis, is 
very plausible, its rigorous proof presents difficulties which so far have 
proved insurmountable. Kecently (1932), however, the mathematicians 
von Neumann and Birkhoff have proved a theorem which is virtually 
equivalent to the quasi-ergodic theorem. According to the latest ideas 
in theoretical physics, it is true, the problem of a rigorous proof of the 
ergodic hypothesis has become unimportant, inasmuch as it is now 
meaningless, as will be explained later, to give information about the 
exact position of the individual molecules. To repeat: the hypothesis 
asserts that even when the initial state is arbitrary a stationary state 
is in time attained, owing to the collisions of the molecules with one 
another and with the wall, and that (Ms state is the same as the 
state of greatest probability as defined above. It is assumed that 
the walls of the box are rough ”, so that they do not act as perfect 
reflectors. 

We return now to the calculation of the most probable distribution 
of the molecules in the individual cells of the box. A definite distri- 
bution is described by the numbers in the various cells , n^; 

their sum is of course equal to the number of particles of gas in 
the box: 


-j- ^2 H"" • • * "b 
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We denote the ratio of the size of the cell co/,- to the whole volume co 
of the box hy g^c == we have then 

5^1 + 5^2 + • • • + 5^3 = 1 - 

How often will this definite distribution actually occur? It is clear 
in the first place that we obtain the same distribution, if we permute 
the individual molecules among themselves; the number of these 
permutations is n\ Here, however, we are including the cases in which 
the molecules in a given cell are permuted with one another; since 
these permutations do not represent new possibilities of realization of 
the distribution considered, we must divide 7i\ by the number of 
the permutations within the first cell, and so on, and thus obtain for 
the number of possibilities of realization 

n\ 

n-^\ n^. . . . n^\ 


To get the probability of this distribution, we have still to multiply 
this number by the a priori probability of the distribution, which is 
9^^ • • • 9z^^i since the a priori probability that a particle should 
fall into the first cell is and therefore the same probability for 
particles is so on. The probability of our distribution given by 

the numbers ^ . therefore becomes 


1T = 


n\ 


nj\ n^}. , . . nj. 


9i'"^ 92 




To verify that in our calculation we have actually incvluchMl ail the 
possibilities of realization, we can find the sum of tlio |)r()l)al)ilities for 
all possible distributions, which of course must l)e 1, siucn it is a 
certainty that one of the distributions is realizcul. We tlKUHvfoia^ form 
the sum over all distributions tig, , for which - 1 - /io -I - . . . - n. 
This sum is easily found by the polynomial theorem, which gi vers 


n\ 




91^9^ 


■ 9^ 


{9v\ 9-i 


1 . 


"We now transforna the above formula for the probal)ility of a definite 
distribution by means of Stirling’s theorem, which for largci values of 


n gives 


logti! ™ n(logn — 1). 


We then obtain from the expression for IF, by ta,king logarithms. 


log W = const. + n-^ log log 
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To find the most probable distribution, we must calculate tbe maxi- 
mum of log If for a variation of the numbers %, Wg? • • • ? s'^bject to the 
subsidiary condition + ^2 H“ • • * + Since %, ^^2? • * • 

very large we can treat them as continuous variables. By the method 
of Lagrange’s multipliers we obtain as the equations defining this 
maximum 


5 J^Z = log^i-l 
3 % % 


A. 


9^2 ^2 


A,. 


where A is a constant, whose value is determined by the equation 
% + ^2 + . . . = 1 . It follows that 


^ . 

% ^2 

COi 

= n — - , 

CO 


. = == const.; 

COo 

^2 = n ^2 = ^ ■ 

CO 


Hence the numbers %, . . . in the individual cells are proportional 

to the size of the cells; we therefore have a uniform distribution of the 
molecules over the whole box; the size of the cells does not matter 
at all. 

While the result just deduced for the distribution of the density 
of the molecules was to be expected from the start, the same method, 
applied to the distribution of the velocity of the molecules, leads to 
a new result. The calculations in this case are exactly analogous to 
those above. We construct a velocity space ” by drawing lines from 
a fixed point as origin, representing as vectors the velocities of the 
individual molecules in magnitude and direction. We then investigate 
the distribution of the ends of these vectors in the velocity space. In 
this case as before we can make a partition into cells, and consider the 
question of the number of vectors whose ends fall in a definite cell. 
There is, however, one essential dilierence as compared with the former 
case, in that there are now two subsidiary conditions, viz. besides the 
condition 

+ ^^2 . . . + n . ^ 

for the total number of particles, an additional condition for the total 
energy E of the gas, viz. 

"d” ^2^2 d” • * • ^3 

where denotes the energy of a molecule, whose velocity vector points 
into the cell 1 . Taking account of these two subsidiary conditions, we 
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find for the maximum of the probahihty (A and j6 being the two Lagran- 
gian multipliers) 

^]^ = log^-l = A + ^e^ (1=1, 2,..., z). 

oYii ni 

TMs leads to Boltzmann’s law of distribution (1896) 
ni = = giAe'^^^\ 

wtexe A and j8 are two constants, wkich. have to be found from the 
two subsidiary conditions. Thus the expression for the niiniber 

corresponding to the cell I essentially involves 
the energy belonging to this cell as well as the 
size Qi of the cell, and that in such a way that 

Fig. 4. — Boltzmann’s law of distribution: if the cells are of 
equal size, those with greater energy are more sparsely filled 
than those with smaller energy. 



among cells of equal size one with greater energy is not so well filled 
as one with smaller energy; the fall in the value of the number ni 
with increasing energy obeys an exponential law (fig. 4). 

We shall now apply Boltz^nann’s law of distrihition to the special 
case of a monatomic gas. Here the energy is given by 

Position in the velocity space is uniquely defined by the three com- 
ponents ^,7], From their meaning the cells g are finite. From the 
macroscopic standpoint we can consider them as infinitesimal, and 
denote them by didrjd^. In the formation of mean values we can 
then replace the sums by integrals: 

J J J d^drjd^ 

the limits of integration being — 00 and + ^ hi each case. Since 
further we are interested in the mean values of v, . . . only (^, 7 ;, ^ 
vanish from symmetry, and if, Xf = the integrand in each of 
the integrals to be calculated depends on v only, which suggests that 
we should introduce polar co-ordinates in the velocity space, with v 
as radius. Integration with respect to the polar angles can be effected 
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at once, giving tlie factor irr, the area of the unit sphere. We have 
therefore 


v^dv . . 


fff didrjdt...=.47T£ 

The total number n of the molecules is obtained from Boltzmann’s 
law by calculating the integral 

j ^oo 
0 

while for the total energy we have 

E — 4:7rA f 

*^0 2 

These two equations determine uniquely the two constants A and ^8, 
which up to this point were unknown. The integrals are readily 
evaluated (see Appendix I, p. 269); we find the relations 


n ■ 


E ■= ~ mA 
4 





m 


3 mn 

4 T' 


3 n 


But we have seen (p. 7) that on the average a molecule, corresponding 
to its three translational freedoms, possesses the kinetic energy ^kT. 
Since the whole kinetic energy of the 
gas is therefore it follows that 

^ "" IT' 


The constants in Boltzmann’s law are 
accordingly expressed in terms of the 



niunber of molecules in the gas and ■ s-— W kwcII’s law of distribution of 

- . velocities, showing the most probable velocity 

their absolute temperatui*e. velocity (w), and the root- 

We inquire next how many mole- 

cules have a velocity between v and v -j- dv. This number n^dv is 
clearly given by the integrand of the above integral for n: 

V''\- 


~ irrAe = 


: 4:7rn 


( 


m 

\%rhT 


' 




This relation is known as Maxwell’s law of distribution of velocity (1860); 
the graph of as a function of v is shown in fig. 6. 
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To obtain some idea of the order of magnitude of the velocities of 
gas molecules, we can calculate from the law of distribution the most 
probable velocity or the average velocity v, or other such mean 
values (see Appendix I, p. 259); we find, e.g., for the most probable 
velocity the value = so that, e.g., for molecular hydrogen 

(/X = 2) at 0" C. {T = 273° K) 

= 15*06 X 10^ cm. /sec. 




An experimental test of Maxwell’s law of distribution may be carried 
out as follows. Let a furnace 0 contain a gas at a definite temperature 
T. In the wall of the furnace let there be an opening through which 
Pump molecules can escape into a space which is highly 

evacuated (fig. 6). The escaping molecules fly on in a straight 
line with the velocity which they possessed in the furnace at 
the moment of their exit through the opening. By moans of 
a diaphragm system behind the opening, the stream of mole- 
cules issuing in all directions may be cut down to a molecular 
my (Dunoyer, 1911). The distribution of velocity in the ray, 
or beam, can be measured directly by various methods, the 

Fig. 6.— Diagrammatic representation of the production of a molecular ray. The 
furnace 0, which, contains the gas, is heated from outside. 


most important of wliicli will be described immediately. When 
deducing from this distribution the distribution of velocity in the 
enclosed gas, we must, however, take the fact into account tlnit rapid 
molecules are relatively more numerous in the beam than in the gas. 
For the beam consists of all molecules which issue through the opening 
per umt time; the number of these is (§ 3, p. 6) proportional to 
n^vdv, whilst n^dv represents the number of particles having the same 
range of velocity in the gas. The two distributions therefore differ 
from each other by the factor v. 

A direct method (Stern, 1920) of measming the velocity in the beam 
depends on the following principle. A beam, consisting, e.g., of silver 
atoms, can easily be demonstrated by setting up in the path of the 
beam a glass plate, on which the silver is deposited. If the apparatus 
IS then rotated about an axis perpendicular to the path of the beam, 
the molecules are no longer deposited at the same spot on the glass 
plate as when the tube was at rest, but at a greater or smaller distance 
from this point according to their velocity, since, during the time of 
flight of the molecules from the furnace to the glass plate, the tube 
and with it the glass plate has turned. The distribution of velocity 
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ia the beam is therefore found immediately from the plate, by measuring 
the intensity of the deposit at various distances from the original point. 

A more recent method makes use of the same principle as was used 
by Fizeau (1849) to measure the velocity of light, viz. that of coupled 
rotating toothed wheels. Further details of the method need not be 
gone into here. The measurements, as carried out mainly by Stern 
and his pupils, showed that the distribution of velocity among the 
molecules in the furnace does actually satisfy Maxwell’s law. 

Another method depends on the Doppler effect (1842). If a mole- 
cule, which in the state of rest emits a definite frequency vq, moves 
towards the observer with the relative velocity component the light 
appears to him to be displaced in the direction of higher frequencies 
by the factor 1 + v^jc] while for the opposite relative motion the cor- 
responding factor is 1 — v^jc. When the light which is emitted by a 
luminous gas is spectrally decomposed, then besides the frequency vq 
there occur also all frequencies which are derived from Vq in con- 
sequence of the Doppler effect due to the motion of the molecules, 
and that with an intensity which is given by the number of molecules 
with a definite component of velocity relative to the observer. Each 
spectral line has therefore a finite width, and the intensity distribu- 
tion over its range gives a picture of Maxwell’s law. 

7. Free Path. 

We have spoken above of a molecular ray. This consists of mole- 
cules which have passed through the diaphragm system and fly on as 
a beam through the evacuated space. A necessary condition is a high 
vacuum. If, however, there is still a residue of gas in the space (with 
molecules either of the same or of a different sort), then some of the 
molecules in the beam, more or fewer according to the pressure, will col- 
lide with the gas molecules and be scattered in the process; consequently 
the molecular beam will be weakened, clearly, in fact, exponentially 
with the distance travelled, since the number of scattering processes 
is proportional to the number of molecules present in the beam. If then 
we denote by w(s) the number of beam molecules which, after traversing 
a distance s from the opening in the furnace, pass through a plane 
at right angles to the beam per unit time, we have a law of the form 

n{s) = 

Here I is a quantity (to be determined later) of the dimensions of a 
length; a little consideration shows that this quantity is equal to the 
distance which on the average a molecule of the beam covers before 
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it comes into collision witE a molecule of the gas outside the beam. 
For, putting ljl= we have for this average 


n = 


rCO /*00 

roo r°o 

Jo Jo 


se'~^^ds 


e'^^^ds 




d^ 


(log;S): 


1 


We therefore call I the mean free path ’’ of the ray in the gas (Clausius, 
1858). The present author, together with E. Bormann, has shown 
(1921) how it can be determined on the basis of its definition by 
the exponential law, by measuring the attenuation of a beam of 
silver atoms on passage through the gas which is at rest (air). The 
more important case is that in which beam and gas 
consist of molecules of the same kind; the mean free 
path I is then a property of this gas. 

The question of the quantities on which the mean free 

Fig. 7. — Gas-kinetic effective cross-section; in a collision the centres of 
mass of the two equal molecules cannot come nearer than the distance (T 
(C = diameter of a molecule). 



path must depend may be examined theoretically. Clearly it is a matter 
of the number of collisions with the molecules of the gas, in which a 
definite molecule takes part during its passage through the gas. We may 
regard the other molecules of the gas as at rest; to take their motion 
into account does not make any essential difference. We shall regard the 
molecules as spheres of diameter a, and have to answer the question 
of how many collisions such a moving sphere is involved in, during 
its flight through the gas, which consists of spheres at rest. Since a 
collision occurs whenever the centre of the moving molecule, in the 
course of its flight, comes nearer the centre of a molecule at rest 
than the distance a, we may also obtain the number of these collisions 
by considering spheres of radius a at rest, and a moving point (fig. 7). 
We have therefore the same problem before us as when a man fires a 
gun in a wood, and considers the question of the number of trees he has 
struck. The number is clearly proportional to the thickness of an in- 
dividual tree, and to the number per unit area; its reciprocal determines 
the mean range of the bullets. In the case of the gas also, the collision 
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number must be proportional to tbe number n of the molecules of gas 
per unit volume and to tbeir (gas-kinetic) cross-section ttctK Since the 
mean free path is inversely proportional to this collision number, it is 
proportional to 

1 _ V 

where V is the volume per mole. 

Measurement of the mean free path I therefore throws light upon 
the value of the product La^. A direct method of determining I (for 
a beam of molecules of a foreign element) has already been given above. 
As to indirect methods, we must mention first a method, given by Max- 
well (1860), depending on the conduction of heat in the gas (Appen- 
dix II, p. 261). If the gas molecules did not collide, a rise in tempera- 
ture anywhere in the gas, that is to say, an increase in the kinetic 
energy of the particles, would be propagated through the gas with the 
great velocity of the molecules, say a thousand metres per second; 
experimentally, however, gases are found to be relatively poor con- 
ductors of heat. The reason for this is that a gas molecule can fly for 
only a relatively short distance, of the order of magnitude of the free 
path, before it collides with another particle of gas, and thus not only 
changes its direction of motion, but also gives up a part of its kinetic 
energy to the particle it has struck. Other methods for the deter- 
mination of I depend on viscosity and on diffusion (Appendix II, p. 263). 
The latter method lends itself well to visual demonstration; if, for 
example, we let chlorine gas diffuse into air, then, since the colour of 
the chlorine makes it visible, we can observe directly how slowly the 
diffusion goes on. 

From these experiments, taken together, we find for the order of 
magnitude of the mean free path at a pressure of 1 atmosphere, I 10"^ 
cm.; at a pressure of 10“^ mm. of mercury, which corresponds to the 
normal X-ray vacuum, I ^ 10 cm. 

8. Determination of Avogadro’s Number. 

As has already been remarked above, when the free path is known 
so is the product La^, i.e. the product of the square of the molecular 
diameter and Avogadro’s (Loschmidt’s) number. To determine a 
and L separately, we need a second relation between them. Such a 
relation is given, at least in respect of order of magnitude, by the 
molar volume of the solid body. In the solid state of aggregation, it is 
reasonable to suppose that the molecules are in the state of densest 
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packing, so that tke volume taken up by 1 mole — up to a factor of tbe 
order of magnitude 1 — ^is given by the product of the number of mole- 
cules per mole and the volume taken up by one molecule, i.e. by 
From La^ and La^ we can now determine L and o-, so obtaining 

L ~ 10^^ moH, a 10“® cm. 


Moreover, the influence of the “proper volume ” of the molecules 
is shown not only in the most condensed state (the solid body), but 
even in the gaseous state by deviations from the law of ideal gases 

pV=RT. 


Thus, if the volume 7 of a definite mass of gas becomes so reduced 
that the proper volume of the molecules is actually comparable with 
F, then the free volume at the disposal of the individual molecule is 
smaller than V, and we obtain the equation of state 

p(V-b)==RT. 

The exact calculation gives for b four times the proper volume of the 
molecules. (For spherical particles of diameter a, 


b=4:L.i"l (ff/2)3 = 

3 3 


see Appendix III, p. 265). In dense gases, however, there are also 
other deviations from the ideal equation of state, which are due to the 
cohesion of the molecules, and have the general efect of making the 
pressure, for given T and F, smaller than it is according to the formula 
pY = RT. To represent these circumstances, many equations of state 
have been proposed; the best known is that of van der Waals (1881), 

What chiefly interests us here, is that by determination of the con- 
stant h we again obtain the product Lc^, At pp. 253, 339 we shall 
return to the question of the value of a, which measures the cohesion. 

The evaluation of Avogadro’s number given above is of courso 
rather rough. We get a more exact method by considering fluctuation 
phenomena. Thus, if we take 1 cm.^ of a gas, we shall find exactly as 
many molecules in it as in another cm.^, viz., at room temperature, 
about 10^®; differences of a few hundred molecules in these huge 
numbers are of course of no moment. It is another matter if we pass to 
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smaller elements of volume; in a cube of edge 0-1 /x there are on the 
average only 10^ molecules, and it is clear that variations of a few 
hundred molecules are now relatively quite important. If we go on 
to smaller regions still, we shall finally arrive at volumes winch con- 
tain only one or two molecules, or none at all. The smaller, therefore, 
the number of paiticles considered, the greater will tlie fluctuations 
be (Appendix IV, p. 266). 

Examples of these fluctuation phenomena are givcMi l)y the Broionian 
movement (1828), which is observed with microscopic particles (e.g. 
colloidal solutions, or smoke in air), and mjinif(‘sts its(vlf ma,crosco- 
pically in the oscillations of a mirror suspended by a fine wire; also 
by the sedimentation of suspensions, in which colloidal particlc^s by 
reason of their weight tend to sink to the bottom of tlie vessel, but 
in consequence of collisions with the particles of the solvent are im- 
pelled more or less upwards, thus giving rise to a density distribution 
of the same character as tha,t in the atmosphere, exprevssed in the 
barometric height formula. A third example is the s(XitfATmg of light 
in the atmosphere (Lord Rayleigh, 1871), which causes the colour of the 
sky. If, in fact, the density of air were the same tlirougliout, tlien just 
as in an ideal crystal there would be no scatt(\ring of light, since the 
scattered waves leaving individual molecules would annul eiioh other 
by interference; the sky would appear bhick. Scattering is only possible 
when there are irregularities in the iiniformity of (listril)ution, i.e. 
fluctuations of density; indeed these fluctuations must b(‘. so ])ronou,nccd 
that they are perceptible within a dista-nc'.e oC tlie ordevr of magnitudo 
of a wave-length. Since the fluctuations in small volunuis ar<‘. grc'.at.er. 
short (blue) waves arc more strongly scatttyrcHl than long (rtMl) waves; 
the sky therefore a])pears blue. 

A much more exact determination of L d(^}H‘.nds on its corincxiou 
with the elementary electrical charge e, a,nd iilie chMitrolytic. unit, the 
faraday. In electrolysis, we have tlie following fundmmmtaJ. law, 
discovered by Faraday (1833). In the eh^dvrolytic sepa.ration of 1 mole 
of any substance, a quantity of (dectricity is tra.nsported equal to 
96,540 coulombs; i.e. 

eL F " 90,540 coulomlis. 

The interpretation is obviously that every ion (;a,rri(‘s tlu^, sa/me (Ele- 
mentary charge e (see § 1, p. 44) and tlmt the total a, mount, of el(‘,c- 
tricity transported is e times the niirnlier of atoms. 11' tduui wi', Icnow 
e, we can calculate from it the value of L, or of m^^ ^ 1 jL. A met;ho(l for 
determining e was devised by Elirenhaft (1909) and Mlllikaai (1910), and 

(e908) 3 
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the latter has developed it to high precision. If electricity actually con- 
sists of elementary quanta, the total charge on a body must be an 
integral multiple of the charge e. Owing to the smallness of the elemen- 
tary charge, it is of course dif&cult to test the truth of this by experi- 
ments on macroscopic charged bodies. Such experiments offer little 

prospect of success unless the whole 
charge consists of very few quanta; it 
actually does so in Millikan’s oil-drop 

Fig, 8. — Condenser in Millikan’s method of deter- 
mining the elementary charge e. The weight Mg is 
compensated by an electric field E. 

method (fig. 8). The charge on an oil droplet may be determined 
with sufficient exactness, by bringing it into the field of a condenser 
whose lines of force are directed vertically upwards. There are then 
two forces acting on the particle in opposite directions, viz. the 
electric force upwards, and the force of gravity downwards; the 
droplet will be in equilibrium if the potential difference applied to the 
condenser is just so chosen that 

eE = Mg, 

where e and M are the charge and mass of the oil-drop, E is the electric 
field strength, and g is the acceleration of gravity. The greatest diffi- 
culty is the determination of the mass M, It can be calculated from the 
density and the radius of the drop, if it is assumed that the density 
has its normal value. The radius is determined by switching off the 
electric field, so that the particle falls; and then measuring the velocity 
of descent, which, in consequence of the viscosity of the surrounding 
medium, is constant. Inserting this velocity in the formula called 
Stokes’s law, we obtain the radius of the droplet. The experiment, 
as carried out by Millikan and others, not only proved without am- 
biguity that the charge on the droplets consists of integral multiples 
of an elementary quantum, but also allowed an exact determination 
to be made of this elementary charge e; the value found is 

e = 4*77 X 10“^^ electrostatic units. 

By using this result in Faraday’s law, we obtain for Avogadro’s number 
the value 

i = 6*06 X 10^^ molecules per mole. 

We may also refer here to various methods for the determination of L, 
which make use of the radiations from radioactive substances. We may, 




I] 


DETERMINATION OF AVOGADRO’S NUMBER 


^3 


e.g., count tlie iiumlber of particles, either by noting the scintillations 
produced when they strike a screen moistened with zinc sulphide, or 
with the help of the Geiger counter. If we know the mass of our 
sample and the decay constant, we can calculate L. 

In conclusion, it may be mentioned in addition that the Boltzmann 
constant h, which by definition is the quotient of the gas constant R 
by Avogadro’s number, can be also measured directly by determining 
the S 2 ')ectml distribution of intensity in the radiation emitted by a black 
body. The function which expresses the intensity in terms of the fre- 
quency and the temperature involves only two universal constants, 
k and h, the first of 'which is Boltzmann’s constant; the second is called 
Planck’s constant, and is the fundamental constant of the quantum 
theory (Chap. VII, § 1, p. 185). 



CHAPTER II 


Elementary Particles 

J 

1, Conduction of Electricity in Earefied Gases. 

The development of chemistry and of the kinetic theory of gases 
has ledj as explained in the preceding chapter, to the assumption that 
matter consists of molecules and atoms. For the chemist these ])artic‘les 
represent the ultimate constituents of which solids, liquids, a-nd gases 
are composed, and on which he acts in every reaction prodiiccal by 
purely chemical means. 

We now take up this question of the smallest components of matter 
from the point of view of the physicist. The latter has many other 
phenomena at his command, from the study of which he ca.n (‘.ollect 
data upon the structure of matter. Among tliese pheiioinena,, the 
processes which occur when electricity passes tlirough rarefied gases 
have proved to be of special importance. 

Under normal conditions, a gas is in general a poor (ionductor of 
electricity. If, however, the gas is enclosed in a vessel with, two <dec- 
trodes to which a sufidciently high potential is applied, it ivS foiiml 
that at pressures of a few millimetres of mercairy, a transpoi*t of 
electricity takes place across the gas, showing itself l)y the How of an 
electric current in the external leads to the electrodes; a.nd that at 
the same time the gas becomes strongly illuminated, a pli( 3 n()mivnoii 
which from the theoretical point of view is somewliat com{)licat(‘.d, 
but which in the form of the so-called Geissler tubes is extensively 
employed in practice, especially for illuminated signs. 

If the pressure of the enclosed gas is reduced still fuither, the 
illumination disappears (below 0*1 mm. of mercury) almost compkt(dy. 
At very low pressures (about 10"^ to 10"® mm.), however, the preseiice 
of rays is observed, proceeding from the cathode and producing a 
fluorescent appearance on the opposite wall of the ghiss tube. In 
certain circumstances these rays can be seen directly in the form of 
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a bluish thread, stretching from the cathode across the tube. The 
rays are called cathode rays (fig. 1). 

Their properties can be investigated as follows (Pliicker, 1858; 
Hittorf, J. J, Thomson). If a body is placed in the path of the rays, it 
is seen to cast a shadow on the fluorescent part of the glass. From the 
geometrical relations it can be inferred that 
the rays producing the shadow spread out in 

Fig. I. —How the cathode rays arise. The rays proceed from 
the cathode C, and can be seen as a bluish thread if the gaseous 
pressure in the tube is not too small. A is the anode. The propa- 
gation of the rays in straight lines from the cathode is due to the 
fact that the potential between C and A, in consequence of the 
presence of slight residues of gas (space charges) in the tube, docs 
not rise uniformly from C to A, the rise taking place almost entirely 
in the immediate neighbourhood of the cathode. [The graph of 
the potential is shown in the lower part of the figure.] The circuit 
is closed by a weak transport of positive ions. 

straight lines. It is found also that the occurrence of these rays is 
associated with a transport of electric charge across the tube. More- 
over, the rays can be deflected from their rectilinear path by external 
electric or magnetic fields, and that in such a way as to permit 
the inference that the rays consist of rapidly moving, negatively 
charged particles', they are called electrons. 

The velocity and the specific charge (i.e. the ratio ejm of charge to 
mass) of these particles can also be determined. If we set up two wire 
gratings in the path of the rays and at right angles to their direction 
(fig. 2), and apply to them a potential difier- 
ence V, the electrons in the longitiulinal 
electric I ield lietween the gratings are accelerated 
or r(^tar<le(l. The chaaige of speed due to their 
passage aevross the field is given l)y the ecpia- 
tion of energy. If is their veloc.ity before, 

Fig. 2. — Acceleration of electrons by an electric field; the 
increase of kinetic energy is equal to the potential fall multiplied 
by the cluirge ~~e of the electron. 

and V tlieir vtdocity after passing through tlie field, then for the case 
where the field is in the. opposit<'. diuMtion to the velocity so that the 
negativi^ electrons art^ ace(d(Tat(Hl, 




Wlnni the initial V(‘.locity is small, wo may put ^ 0, i.e. 


ni o 
tr 
o 


-cF. 
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If F is known, we can therefore determine in this way the value of 

The same quantity can also be measured by deflection in a trans- 
verse electric field (fig. 3). If two condenser plates are set up parallel 

to the path of the rays and at a distance 
I apart, and a potential difference F is 



Fig. 3. — Deflection of an electron in a transverse 
electric field (between the plates of a condenser). The 
path is a parabola (path of a projectile). 


applied to them, a constant deflecting force eF/? acts on the electrons 
perpendicular to their original direction of motion. Their path is 
therefore a parabola, which is defined by the equations 


x=Vff, y = 


where Vq is the initial velocity, and g = {elm){Vll) is the acceleration 
due to the field. Elimination of the time t gives 


e V 
2m I 


or 



Vx^ 

I 2y 


By measuring 



the deflection y of the ray after it has traversed a dis- 
tance X, we can therefore again find the value of 
the quantity {mle)v^. 

In a magnetic field H we know that a moving 
charge e is acted on by a force which is perpendicular 
both to the direction of the field and to that of the 
velocity; the magnitude of this so-called Lorentz force 
is given by e{vlc)H, multiplied by the sine of the angle 


^ Fig. 4.— Motion of an electron in a constant magnetic field H; tlie path 
IS in general a helix, with its axis parallel to the field; in the special case 
when the electron moves at right angles to H, the path is a circle. 


between the directions of velocity and field (c = 300,000 km, /sec. 
= the velocity of light). The path of the electron is a helix, whose 
axis is parallel to the field (fig. 4). In the special case when the 
component velocity parallel to H vanishes, the helix shrinks into 
a circle perpendicular to the field. Its radius r is easily calculated. 
The Lorentz force e{vjc)H is directed towards the centre of the 
circle. It must obviously be equal to the centrifugal force niv'^/r, so that 


V rr rnv‘ 

e - H = — 
c r 


|2 


Hr 
e c 


or 
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Measurement of tke radius r and of tlie magnetic field strength, there- 
fore enables us to find the value of '(m/c)^. 

We thus obtain the result, that measurements of deflection give in 
the electric field and in the magnetic field (m/c)'y. Hence the 

values of e/m and v can be determined. Actual measurements have 
shown velocities which, with increasing potential difference across the 
tube, reach near the velocity of light. 

With regard to the measurement of c/m, exact experiments have 
shown that this, the specific charge, is not precisely constant, but 
depends to some extent on the velocity of the electrons (Kaufmann, 
1897). This phenomenon is explained by the theory of relativity (Ap- 
pendix V, p. 269). According to Einstein (1905), the value of the charge 
e is invariable; the mass, however, is variable, its magnitude in fact 
depending upon the velocity which it has, relative to the observer who 
happens to measure it. The electron may have the rest mass mQ, 
i.e. this is its mass for the case when it is at rest relative to the observer; 
but if it moves relative to the observer with a velocity v, it behaves 
(e.g. in a field of force) as if it possessed the mass 



This assertion of the theory can be tested by deflection experiments 
on cathode rays; these experiments confirm it completely (see § 1, 
P. 4:4). 

Tlie result given l)y the deflection (experiments for the limiting 
value c////(), i.e, for the specific charges of an electron reduced to zero 
velocity, is 

= 1840 F, 

m-o 

where F donot(‘.s Faraday’s constant, i.e. represents the quantity of 
electricity transported in the electrolytic separation of 1 mole. It is 
given (p. 21) by 



where is the mass of a hydrogen atom. For the rest-mass of the 
electron we have therefore the relation 


mo = 


= 0-0 X 10-28 gjn. 
1840 ^ 
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2 . Canal Rays and Anode Rays (Positive Rays). 

We have in the cathode rays made the acquaintance of electrically 
negative charged particles. An obvious question now is: can we not pro- 
duce positively charged rays also, in the same kind of way as the cathode 
rays? The answer was given by (3-oldstein (1886), who succeeded in 
producing such rays by the following method. If residues of gas are 
still present in the discharge tube, the electrons on their wa,y from the 
cathode to the anode will collide with these residual gas mokiciiles and 
ionize them. The ions thus formed, being positively charged, will be 
accelerated in the direction towards the cathode, in coiiseqiierice of 
the potential difference which exists across the discharge tube. They 

therefore dash against the cathode, and 

Fig'* S* — ^Production of canal rays; the positive ions pro- 
duced in front of the cathode are driven up to the cutliodeand 
pass through the canals bored in it. 



would of course stick fast in it unless, as Goldstein did, we liorcd 
canals through the cathode, which allow the ions free passage (fig. 5). 
The rays so obtained are called canal rays. 

Under certain conditions, positively charged ra.ys issuer also from 
the anode, consisting of ions which have been torn out of th<‘. atomic 
fabric of the anode; rays of this soit are called anode rays\ 

The properties of these positive rays can be determined by methods 
analogous to those used for the cathode rays. From tlu‘. dtyflection 
experiments values are found for the specific charge of tli(hS(‘ particles, 
of the order of magnitude of Faraday’s number F. In tlics(‘ rays, 
therefore, we are concerned with singly or multiply charged jitoms or 
molecules (ions); and in fact the same values are found for tlie ratios 
of the masses of these ions, as chemists ha,ve found l)y c.hemical 
methods. 

For the exact determination of the specific charge, an a|>paratus was 
constructed (J. J. Thomson) in which the ions are deliected in an 
electric field and “a magnetic field parallel to it. If a photographic 
plate is set up perpendicular to the original direction of the rays, the 
image obtained on the plate is a family of parabolas (fig. 6, Plate I). 
By a simple calculation (§ I, p. 26) we can see tliat the points on 
a definite parabola arise from a definite set of particles witli tlie same 
value of e/m; and that the individual points of this paraI)ola corre- 
spond to different velocities of the particles, in such a way in fact that 
the marks due to the particles with smaller velocities, and tlierefore 
more easily deflected, are farther away from the vert(3X oi‘ tlie para- 




Plate 



poundts ats indicated, idic cicctnc couitc'sv of llic publishers, Edwiiid Arnold & Co.) 

and magnetic dcilcctin^ lields arc 
parallel to the eonimon axis (if 
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bola. Since a definite parabola corresponds to eacL. value of e/m, we 
can easily, from the positions of the individual parabolas, determine 
by measurement the specific charges of the ions contained in the ray, 
and accordingly their masses also (since we know their charge, which 
of course is an integral multiple of the elementary charge). 

Fig. 7. — Diagrammatic representation of Aston’s 
mass-spectrograph. The positive ray is deflected, 
first downwards in an electric field (between the 
condenser plates Pi and Po), and then upwards 
in a magnetic field (indicated by the coil M). By 
suitable dimensioning and arrangement of the 
apparatus it can be secured (as was shown by Aston 
and F owler) that positive rays with the same e/tn but arbitrary velocity are focussed at one and 
the same point P of the photographic plate. A mass-spectrum is obtained on the photographic 
plate; examples are shown in fig. 8, Plate I. 

Aston’s “mass-spectrograph” (for construction, see fig. 7; for 
mass-spectra, fig. 8) enables us to determine the mass directly. It has 
the immediate advantage over chemical methods, that the measure- 
ment of mass is made on the individual ion, whereas chemists always 
measure only the mean value of the mass over a very 
large number of particles. We shall return to this 
subject later (p. 37). 

3. X-rays. 

In the year 1895 Rontgen discovered a new kind 
of ray, distinguished by a penetrating power up to 
that time unknown. There are still many who remem- 
ber what a sensation it made when the first photo- 
graph of the bones of a living subject was published. 

The hopes then aroused in the medical profession have 
been to a large extent fulfilled. But in physics also 
new paths were opened up by this discovery. The ray- 
physics characteristic of the present day had begun. 

Fig. Q. — Diagrammatic representation of an X-ray tube. C, cathode; A 
anode (anticathode); E, battery for heating the cathode. 

X-rays are produced when a cathode ray inipinges on the glass 
wall of the tube, or on a specially fitted anticathode (fig. 9). Their 
])enetrating power, also called their hardness, increases as the poten- 
tial exciting the tube is raised. But different substances show different 
degrees of transparency. The higher the atomic weight, the greater 
the opacity— hence the possibility of obtaining radiographs of the 
bones, wliicli contain a much greater proportion of metallic atoms 
than the surrounding flesh. The question, whether the rays are of 
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corpuscular nature, or waves similar to light, occupied physicists 
in vain for a long time. Interference and dilfraction experiments 
{Walter and Pohl, 1908), the meaning of which we shall explain later 
{§ 1, p. 66), gave only one certain result, viz. that, if the rays are 
waves, their wave-length must he considerably shorter than that of 
visible or of ultraviolet light (the latter as shown photographicaiiy). 
By using a crystal as the diffracting apparatus, von Lane and his co- 
workers Friedrich and Knipping (1912) succeeded in deciding the ques- 
tion (p. 68): X-rays are light of very short wave-length. Properly 
speaking, therefore, they fall outside our present subject, which is tlici 
investigation of the elementary constituents of matter. But we shall 
often have to refer to them as powerful aids to the investigation of 
matter. It is very remarkable that by means of these very X-rays 
experiments have been carried out the results of which are complettdy 
opposed to the wave view, and have compelled us to interpret liglit 
in terms of corpuscles (§ 5, p. 77). 

4. Radiations from Radioactive Substances. 

We have hitherto been occupied only with radiatiotis produced 
artificially. As we know, there are also natural radiations, whic-li are 
emitted by radioactive substances, the process involving spontan(M.)UB 
change of the atoms of these substances into other atoms (Becquerel, 
1896; P. and M. Curie, 1898; Rutherford, Soddy, 1902). We distinguish 
three different kinds of radioactive radiations: 

1. a-rays: The deflection experiments show that in these we 
have to do with positively charged particles, which are inucli more 
difficult to deflect than cathode rays, and must therefore be of muc-h 
greater mass than electrons. Their e/m, ratio corresponds to tliat of a 
doubly ionized helium ion, i.e. to a particle. That it is a( tually 
He''’'^- (atomic weight 4) which is in question, and not, say, a singly 
charged particle of atomic weight 2, which would of course show the 
same value for the specific charge, is made very probable by the fact 
(Rutherford, Ramsay and Soddy, 1903) that radioactive siibsta, rices 
develop helium, and has been proved in most convincing fashion in 
an experiment due to Rutherford and Royds (1909), who succeeded in 
capturing a-particles in an evacuated vessel; when the gas composed 
■of a-particles is made luminous, the spectroscope reveals unmistakably 
the lines of helium. 

2. p-rays: These, as deflection experiments show, undoubtedly 
■consist of electrons, and differ from the cathode rays only by Idieir 
higher velocity. While cathode rays can be produced with velocities 
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witMn a few imndredth parts of that of light, the velocity of ^-rays 
differs from that of light by a few thousandth parts only. 

More exact investigation has shown that two kinds of j8-rays are 
emitted from a given radioactive element. One kind has a continuous 
“ velocity spectrum ”, i.e. electrons occur with every possible velocity 
over an extensive range. The other kind has a discontinuous velocity 
spectrum, i.e. it consists of groups of electrons of definite velocity. 

We shall see later that the latter sort can be regarded as a secon- 
dary effect of slighter importance; they do not originate at all in 
the nucleus, which is characteristic of the atom (p. 53), but in the 
external electronic system surrounding the nucleus. The nuclear 
^-rays proper, which have a continuous spectrum, present the theoretical 
physicist with a puzzling problem. For if particles of all possible 
energies actually leave the nucleus of the atom, the nucleus cannot 
remain as a unique structure of definite energy. But all experiments 
bear evidence that the product of the explosion process — ^the new 
atomic nucleus, poorer by an electron — is well-defined and unique 
and has therefore a definite energy. What happens then to the re- 
mainder of the energy? A direct proof of its survival (say as y-rays) 
has not been found; we are faced here with a difficulty of principle 
(see p. 58). 

3. y-rays: These are found to be incapable of deflection in the 
electric or magnetic field. We have to do here with radiation of ex- 
tremely short wave-length (ultra-X-radiation). 

The fundamental law of radioactive transformation (v. Schweidler, 
1905) states that the number of atoms disintegrating per unit time 
{—(IN jclt) is proportional to the number of atoms (N) present at the 
moment; 

-dN == XNdt. 


The factor of proportionality A is called the radioactive decay constant; 
it is characteristic of the kind of atom. By integration we find 


where Nq denotes the number of atoms at the time ^ ~ 0. We can 
express A in terms of the half-value p(uiod T, i.e. the time it takes 
for half of the atoms to be disintegrated. We have =■ 


or 


rr log,2 _ 0-6931 
A A 


For radium itself, T = 1590 years; but there are radioactive elements 
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with, extremely long half -value periods, as thorium with T = 1’8 X 10^®' 
years, and some with extremely short ones, like thorium B' with 
T = 10“9 sec. 

The meaning of the law of transformation is, that every atom in 
a certain measure has the same explosion probability; clearly the 
law is a purely statistical one. This has been coiifirnied in two (liffinent 
ways. First, it has been found quite impossible by ordinary pliysical 
means (say high temperatures) to accelerate or retard the process of 
disintegration, or to affect it in any way. Secondly, it has been found 
possible to determine not only the mean number of particles omitted 
per second, but also the fluctuations about the mean; and it turns 
out that these obey the regular statistical laws (Appendix IV, p. 26G), 
Radioactive disintegration is the prototype of an elementary process, 
which the ideas of classical physics are powerless to explain, but with 
which modern quantum theory is quite capable of dealing. 

We shall now cite a few more experiments, which seem to |)oint 
unambiguously to the corpuscular nature of the a- and ^-rays. We 
attach special weight to the fact that it seems simply impossil)l(^ to 
understand these experiments from any other point of view than tliat 
we are actually dealing with discrete particles. In the next (:*.luipter, 
however, we shall discuss a series of experiments on these same rays 
which seem to indicate just as indubitably that the ra.ys repr(‘S(mt a 
wave process. 

We begin with scintillation jphenomena (Crookes, 1903), wliicli liave 
already been referred to at tbe end of the last chapter in (connexion with 
methods of determining Avogadro’s number. If a fluorescent sereen is 
set up near a radioactive preparation, flashes of light arc ohsivrvtMl, now 
here, now there, on the material of the screen. Anyone who has a watch 
with a “ self-luminous ’’ dial can, with the help of a magnifying glass, 
convince himself of the presence of these flashes of light; the illumi- 
nating substance consists of a layer of radioactive material, varnished 
with zinc blende. When the radiation strikes the zinc blende, th(‘ spot 
is lit up. These phenomena compel us to assume that tlie a-rjidiatioii 
consists of discrete particles, like a hail of shot, and that the fluor«\s(M‘nt 
screen becomes illuminated wherever it is struck by such, a, ])iirtiei<u 

A second vivid proof of the corpuscular nature of thes(‘. rays is given 
by another method of counting the individual partichis. Tli<‘ Gcviger 
counter (1913; G-eiger and Miiller, 1928) consists essentially of a metal 
plate, placed opposite a metallic point (fig. 10); the whole is contained 
in an air-filled vessel. A potential difference is applied to the )>la.te and 
point, as great as possible subject to the condition that in spite of the 
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action of the point no discharge passes. If an a-particle now flies past, 
it will ionize the molecules of air which it strilces, and this minute 
alteration in the distri- 
bution of the field just 

sufl&ces to produce a \y Shutter ^ | 

discharge between plate ^ ^ 

and point. After this L jig rl 

discharge, the plate and is 1 

point again become ' *§ ^ 

eharged, and the pro- I 

eess begins afresh. 

TTi 1 I,* Fig. 10 . — Diagrammatic representation of a Geiger counter 

JjiVery particle wnicn for recording a- and /3-particles. The applied potential is 
fliAQ T^nQ-j- pmiQPQ i-n thici just great enough to prevent spontaneous discharge between 
mes past causes in tms the point and the wall of the instrument. An ionizing particle 
way a momentary dis- flying in starts the discharge; a resistance R serves to limit 
T 1 .* 1 .. 1. current and thus break off the discharge. The discharges 

■Cnarge wnicn can be are counted, e.g., by means of a recording arrangement (ampli- 
■popn-rrlnrl and telephone) inductively connected to the circuit; or, 

lecoiaeQ oy bUlTjaUie as in the figure, by the throws of a string electrometer. 

apparatus, or, with the 

help of an amplifier, heard in a telephone. 

For proving the corpuscular nature of the radiations from radioactive 
bodies, the most picturesque method consists in making the individual 
particles directly visible 


in .!» ffiWn “‘■“‘'15^0, W 

’Chamber (1912) (fig. 11). . . j — 

If wo talvo pure water - ■ |ll — 

va,|)0lir in wllich there rrm-n rrrym 

are no iiucld on which 1 UL Hollow Cylinder (Wood) 

(M:)n(l(nisati()ii (X)ul(l t<iko a, .. J L . ,.u 

])Ia(u% ill tlio fortn of ^ ^ 

dust |)a.rti(‘l(\s arid so on, ) L / \ 

and if by sudden expan- > Vacuumjl!hamber\ 

sion we, cool it siif- \/alve c \ / 

ficiently for the vaijiour M u \ X. 

|)r(‘ssur(^ of tlic^ walun- to atmosphere to pump \ 

to 1)0 (‘X(’e(.ul(Ml, in 

I'lg. II. 1 )i;i>^niminatic represontation ol the Wilson 

th(^ al)S(‘nc.(‘. of nuehn cloiul chamber. 'I'hc niovablc piston is sudilcnly lowered by 
p ] , • , i opening tlie valve c and so eouneeling tlie vacunnn cliarnbcr 

Ol. ( OlKlellSilddOll hlK^ \viiii of the apparatus beneath tlu; fiiston. 

vapour (‘annof. eondtnist^ 

into drops; we obtain su|)(‘rsatura,t(Ml wa,t<n’ va.poiir. If an a-})a,rtiele 
shoobs into tln^ ga.s in this eondition, it will ioniz(‘. tlu^ inoltMoih^s with 
which it c.ollidtss. Ibit tlu^ ions now a,ct a.s nuchti of coiKhnisation, on 
wliicii tli<‘. n(‘ighl)ouring inol<Muih\s of th(‘. supt'rsaturatiMl va,pour ad*e 


Valve c 


^Hollow Cylinder (iA/ood) 


Vacuum Chamber 

d 


to atmosphere to pump \ 

h'ig. It. Diagramniatie reiu’esentation of the Wilson 

cloud chamber. 'I'he movable iiiston is sudilenly lowered by 
opening tlie valve r and so eouneeting tlie vacunnn cliarnbcr 
d with the part of the apparatus beneath tlie ihston. 
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deposited as droplets. The path of the a-particle is thus made visible in 
the form of a series of minute water drops. An ingenious arrangement 
makes it possible by a single operation to expand the vapour beyond 
saturation point, to give the radioactive rays free access to the vapour, to- 
expose the whole apparatus to a flash of light, and to take an instan- 
taneous photograph. The plate shows a series of rectilinear or broken 
paths. The paths of the a-particles can be distinguished from those of the 
^-particles by the greater ionizing action of the former (more intense 
condensation), and also by their greater penetrating power corre- 
sponding to their greater mass (the paths thicker, straighter, less 
broken). By collecting a sufficient amount of photographic material, 
we can make statistical statements about the mean length of the 
paths, the size of the breaks, &c. 

6. Prout’s Hypothesis, Isotopy, the Proton. 

Now that we have sufficiently convinced ourselves of the corpus- 
cular character of the a- and ^-rays from a radioactive substance, we 
proceed to consider the question which was raised at the outset, 
concerning the building up of atoms and molecules from elementary 
constituents. So far back as the beginning of last century the 
hypothesis was advanced by Front that all atoms are ultimately made 
uj) of hydrogen atoms. It fell into oblivion, however, when chemists 
became able to determine the atomic weights of the elements more 
exactly. If Prout’s hypothesis were correct, the atomic weight of 
every atom would of course be a whole number of times that of the 
hydrogen atom. It is found, however, that for a whole series of atoms 
this is not the case; a glaring example is chlorine, the atomic weight 
of which, referred to that of hydrogen as unity, has the value 35*5. 

The phenomena accompanying radioactivity were responsible for 
the conjecture that elements, though chemically absolutely pure, 
actually represent a mixture of different kinds of atoms, of the same 
structure indeed, but of different mass. These atoms, perfectly equiva- 
lent chemically, but of different mass, are called isoto'pes. To make 
what follows more easily understood, we should like briefly to remind 
the reader of the periodic system of the elements (Table I, p. 35). The 
chemical behaviour of a given element is to a large extent determined by 
the place which it occupies in the periodic table; thus the alkali metals, 
with their chemically similar behaviour, occupy the same vertical 
column, likewise the alkaline earths, the noble metals, the heavy metals, 
and finally the halogens and the inert or noble gases. The arrange- 
ment of the elements in this system was originally carried out on the 
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basis of tLeir atomic weigEt; to-day we arrange them according to 
tkeir atomic number ”, as we sEall see below. 

At the end of tbe periodic system stand the radioactive elements; 
these too can be arranged according to their chemical behaviour. 
The method, first applied by the Curies, for separating them and 
determining their chemical properties, consists in bringing the radio- 
active substance with other bodies into solution, and applying various 
precipitating agents. It is then tested whether the activity, recog- 
nizable by the radiating power, is in the precipitate or in the residual 
solution, or is divided between the two. Each portion is treated in a 
similar way, until one part of the products is free from radiation, and 
the other part shows an exponential decay with characteristic half- value 
period (§ 4, p. 31). Radium itself was isolated thus by the Curies ( 1 898), 
starting from the mineral pitchblende; barium was left along with the 
radium to begin with, and could not be separated from it until the 
end. Radium therefore belongs to the group of allvaline earth metals, 
and so must be placed in the periodic table in the column under cidcium 
and barium; radon Rn (or Ra emanation), on the other hand, bc^-haves 
like a noble gas and so ranges under He, Ne, &c. The shoit-lived 
succeeding disintegration product RaA {T -- 3 min.) is found to be 
chemically analogous to tellurium; the next, RaB (T 27 min.), 
goes with lead, and so on. 

From these and similar results the following im])orta.nt law ofmdith 
active transjor motion has been deduced: emission of an a-|)articl(^ (loss 
of charge -\-2e) shifts the residual atom two ])laces to the left in the 
periodic table, i.e. in the direction towards lower H-vahuicies; thus 
radium on giving up an a-particle is transformed into radon (Ra 
emanation). On the other hand, escape of a jS-particle (loss of eliarge 
—6) displaces the atom one place to the right (Russel, Soddy, Fa,jans, 
1913). If we go through the three radioactive serii\s a,ccording to this 
rule (fig. 13), we find that many places in the table are multiply occvii- 
pied. To cite a particularly conspicuous example: into tlie ])hu*e in 
the periodic table occupied by ordinary lead, there also come, ac.cording 
to the law of radioactive change, the end-products of the tliree ra,dio- 
active series, viz. RaG, AcD and ThD, all three of which have un- 
doubtedly the character of lead. Besides thc^.se, Ral), AcB, Th B and 
RaB also fall into the place mentioned. All these elements, in s])it<‘. of 
their like chemical behaviour, have different masses, because in an 
a-emission the atom gives up the mass 4 of helium, while in a ^-disin- 
tegration, on account of the small mass of the electron, the mass of the 
atom remains practically unchanged. The three elements of the radium 
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series mentioned above, RaB, RaD and RaG, must therefore have 
masses decreasing successively by 4. 



Fig. 13. — The radioactive transformation series. The changes indicated by vertical lines cor- 
respond to a-emission, by horizontal lines to ^-emission; in the former the atomic weight falls 
by 4, the atomic number by 2; in the latter the atomic weight remains approximately constant, 
and the atomic number increases by i . Shaded circles indicate a-rays; circles without shading, /6-rays. 
The size of each circle corresponds to the half- value period. 


It may also happen, we may add (e.g. in every /3-disintogration), 
that two cliemically diilercnt elements have the same atomic weight; 
thes(i are called isobars. 

After tlie existence of isotojx's had been (h^monstrated in this way 
for radfioaetive siibstadices, J. J. Thomson (19b^), by deflection experi- 
ments on canal rays, siicc(Tdt‘d in proving that isotopes occur even 
among ordinary (‘hmumts, for instance neon. Ordinary chlorine, whose 
atomic weiglit is givtm by cliemists as 35-5, consists of one kind of 
chlorine of w(‘ight .‘ib-O, and anotlun of weight 37*0. Thomson’s in- 
vestigations rea(‘k(Hl tlieir liigliest development in the mass-spectro- 
graph constructed l)y Aston (19 J 9), which we have already mentioned 
(§ 2, p. 29), and which at present reprcisents the most exact method 
for the determination of at-omic weiglits (Aston, Dempster (1918), 
Bainbridge). 

By magnetic sf'jiaration of ca.nal rays of litliium, it ha.s evcni been 
found possible (Oliphant, Shire a,nd Crowtlier, 1934) to obtain visibly 
separated deposits of the two litluum isotopes (G and 7), which can bo 
employed for other (‘.xperiments. 

Kecently (1933) G . Hertz has succeeded in separating isotopes by a 
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mechanical method. By means of a suitably devised circulation pro- 
cess, he caused the mixture of isotopes to diffuse several times through 
a system of clay cylinders. Since the lighter components of the mix- 
ture diffuse more rapidly than the heavier, we obtain in this way, as 
the final products of the circulation process, two mixtures, one of 
which is richer in the lighter components, the other in the heavier. 
This method has been applied successfully for the separation of the 
heavy isotope of hydrogen, of which we have to speak later (§ 5, p. 59). 

The result of the detailed investigations on the occurrence of isotopes 
may be stated in the following form. Every element (in tlui c-liemical 
sense) has either a whole number for its atomic weight, or consisi.s of 
a mixture of different kinds of atoms whose atomic weights arc whole 
numbers. For practical reasons atomic weights have a.ll along been 
referred, not to hydrogen equal to 1, but to oxygen equal to 16. This 
has proved fortunate as an aid to clearness, for the int<"gra,l cha.ract(U 
of the isotopic weights stands out much more obviously tluin with the 
choice of H=l. Hydrogen indeed, for 0 16, gets a value 

(H = I'OOSl) differing decidedly from 1, but the atomic W(ughts of all 
other pure isotopes approximate closely to whole numlxvrvS. 

To understand how this comes about, we must {inticipate so far 
as to note that the masses of atoms are almost entiix^ly conciiuitrate.d 
in the atomic nuclei. Every atom consists of a nucleus, wliich is siir- 
rounded by a cloud of electrons (§ 3, p. 51). Tliis niicbuis is tln^ esstuitial 
part of the atom. The result of Aston’s investigations must be ridciTcxi 
to the nucleus: every nucleus consists of a whohi munlx'r ol: hydrogtai 
nuclei or protons; its mass (except for trifling (livergenci(‘s) is an 
integral multiple of the mass of the proton. 

These divergencies, which in spite of their slightness ar<‘. of: the 
highest importance, will be discussed later (§ 4, p. 55). 

Here we may once again summarize the ideas which for soinc‘thing 
like two decades dominated physics. 

There are two primitive atoms, the atoms of clcv-tricnty, the nega- 
tive electron and the positive proton; they have (upial a-ud ()})])Osite 
charges, but (very remarkably) quite different mass(‘s (in tln^ ratio 
1 : 1840; see § 1, p. 27). From these all inatter is l)uilt up, and that, 
as we shall explain more fully in next chapt(vr, in two stag(‘s: tluu'e 
is first formed, from protons with some cementing ehu-trons, vtuy 
small and compact nucleus; then this is siirrounded l)y a cdoud of 
electrons of relatively loose structure. 

But this simple and homogeneous picture has, in the light of: a siu’ies 
of new discoveries, turned out to be incorre(*4, a,s we must now ex|)lain. 
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TABLE II.— TABLE OF ISOTOPES 

The isotopes are arranged in each case where known in the order of 
frequency of occurrence; the radioactive isotopes are indicated by an asterisk. 
Radioactive isotopes produced artificially are not included. 


Element 

Z 

Isotopes 

Element 

Z 

Isotopes 

H 

1 

1, 2, 3 

Sn 

50 

120, 118, 116, 119, 117, 

He 

2 

4, 3 



124, 122, 112, lit, 116 

Li 

3 

7, 6 

Sb 

51 

121, 123 

Be 

4 

9 

Te 

52 

130, 128, 126, 125, 124, 

B 

6 

11, 10 



122 12.3 127? 

C 

6 

12, 13 

I 

63 

127 

N 

7 

14, 15 

Xe 

54 

129, 132, 131, 134, 136, 

0 

8 

16, 18, 17 



130, 128, 124, 126 

F 

9 

19 

Cs 

55 

133 

Ne 

10 

20, 22, 21 

Ba 

56 

138, 135, 136, 137, 134, 

Na 

11 

23 



132, 130 

Mg 

12 

24, 25, 26 

Iva 

57 

139 

A1 

13 

27 

Ce 

58 

140, 142, 138, 136 

Si 

14 

28, 29, 30 

Pr 

59 

141 

P 

If) 

31 

Nd 

60 

146, 144, 142, 145, 143 

S 

16 

32, 34, 33 

Sni 

62 

144, 147, 148, 149, 150, 

Cl 

17 

35, 37 



152, 154 

A 

18 

40, 36, 38 

Eu 

63 

151, 163 

K 

19 

39, 40*, 41 

Gd 

64 

155, 156, 157, 158, 160 

Ca 

20 

40, 44, 42, 43 

Tb 

65 

159 

Sc 

21 

45 

Dy 

66 

161, 162, 163, 164 

Ti 

22 

48, 50, 46, 47, 49 

Ho 

67 

165 

V 

23 

51 

Er 

68 

166, 167, 168, 170 

Cr 

24 

62, 53, 50, 54 

^Fm 

69 

169 

Mn 

25 

55 

Yb 

70 

171, 172, 173, 174, 176 

Fe 

26 

56, 54, 57, 58 

Lu 

71 

175 

Co 

27 

59 

Ilf 

72 

176, 178, 180, 177, 179 

Ni 

28 

58, 60, 62, 61, 64 

'Fa 

73 

181 

Cu 

29 

63, 65 

W 

74 

18 1, 186, 182, 183 

Zn 

30 

64, 66, 68, 67, 70 

Re 

75 

187, 185 

Ga 

31 

69,71 

Os 

76 

192, 190, 189, 188, 186, 187 

Oe 

32 

74, 72, 70, 73, 76 

Ir 

77 

193, 191 

As 

33 

75 

Ft 

78 

196, 195, 194, 192, 198 

Se 

34 

80, 78, 76, 82, 77, 74 

All 

79 

197 

Br 

35 

79, 81 

Hg 1 

80 

202, 200, 199, 201, 198, 

Kr 

36 

84, 86, 82, 83, 80, 78 



204, 196 

Rb 

37 

85, 87* 

T\ 

81 

205, 203, 207*, 20S*, 

Sr 

38 

88, 86, 87 



210* 

Y 

39 

89 

Pb 

82 

208, 206, 207, 204, 203?, 

Zr 

40 

90,94,92,96,91 



205?, 209?, 210*, 211*, 

Cb 

41 

93 



212* 21 4* 

Mo 

42 

98, 96, 95, 92, 91, 100, 

Bi 

83 

209, " 210 *, 211*, 212*, 



97 



211* 

Ru 

44 

102, 101, 104, 100, 99, 

Ik) 

84 

210* 211* 212* 214* 



96, 98? 



215*, 216*, 218* 

Rh 

45 

103 

Rn 

86 

222* 219* 220* 

Pd 

46 

102, 104, 105, 106, 108, 

Ra 

88 

226*’ 223*,’ 224*, 228* 



1 1 0 

Ac 

89 

227*' 22 s* 

Ag 

47 

107, 109 

’I'h 

90 

232* 227* 228* 230* 

Cd 

48 

111, 112, 1 10, 113, III, 



“’ 234 **^" 



116, 106, 108 

Fa 

91 

231*, 234* 

In 

40 

115, 1 13 

U 

92 

238*, 235*, 234* 
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6. The NeutroE, 

The helium nucleus of mass 4 and charge 2 will, according to the 
ideas just developed, consist of 4 protons and 2 electrons; and simi- 
larly in higher nuclei some electrons will partly compensate the sum 
of the proton charges. The question now arises: why is there always 
a surplus positive charge? May not a nucleus exist with equal numbers 
of protons and electrons, e.g., as the simplest form, a neutron, con- 
sisting of a proton and an electron? 

Reflections of this sort have been dwelt upon by many writers, 
in the course of speculations on the nature of the nucleus and of radio- 
active disintegration. The actual discovery of neutrons was due to 
purely experimental results, referring in fact to artificial transformations 
of atoms. Thus it was observed by Bothe and Becker (1930), when light 
elements like lithium and beryllium were bombarded by a-rays, that 
y-rays were emitted. Then Irme Curie, daughter of the discoverers of 
radium, and her husband Joliot found (1932) that tlic radiation from the 
bombarded beryllium, when passed through substances containing hydro- 
gen, such as paraffin, expelled protons, which y-rays never do; a new kind 
of radiation must therefore also be present. From an investigation with 
an ionisation chamber it was inferred by Chadwiclv (1932) that tlie new 
radiation consists of uncharged, heavy particles. This wa.s confirmed by 
Feather (1932) with help of the Wilson Clia,mber. The track of the 
particle coming from the beryllium remains invisil)le, showing that 
it does not ionize the molecules of air, while of course we see the 
tracks of the nuclei on which it impinges. By comparison, of tlie ion- 
isation in nitrogen and hydrogen, Chad wide was able to (\stimatc the 
mass of the neutron, finding it approximately eqiud to that of a proton. 

With regard to their penetrating power, neutrons l)< 3 have quite 
differently from any other kind of radiation, whetlier liglit wavtvs or 
charged particles. With the latter, the process of absor])tiou esscuitially 
consists in their giving up energy to the outer electrons of tlie atoms; 
as the number of these runs roughly pa.ndlel with the ma,ss, so also 
the absorbing power of different substances runs roughly })arallel 
with their mass. The neutrons, however, pay no attention whatever 
to the outer electrons — only collisions with a nucleus stop them; since 
the size of the nucleus varies very little from one substance to aiiotlicr 
(p. 183), it is the number of nuclei per unit volume which now 
counts. But 1 gm. of hydrogen contains the same number of nuclei 
as 16 gm. of oxygen; the absorbing power per gramme is therefore 
some 16 times as great for hydrogen as for oxygen. The Wilson photo- 
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graphs show, moreover, that in some collisions of nentrons and nuclei 
the neutron flies on (it is supposed that its diameter is of the same 
order of magnitude as that of a nucleus), while in others it is captured 
by the nucleus, and causes this to explode, with expulsion of other 
particles (§ 6, p. 61), We thus come to the question of what part the 
neutrons take in the structure of nuclei; we shall deal with this later 
(p. 57), and only remark here that of course it is now possible 
to regard all nuclei, of whatever (positive) charge, as made up of 
protons and neutrons alone, without making any use of electrons. 

The electron would then only have a place in the nucleus as a 
constituent of the neutron. But the question whether oven this sup- 
position is valid, viz. that the neutron == proton + electron, is by no 
means easy to answer. For meanwhile the position has become further 
complicated by the discovery of the positive electron, or positron^ 
of which we shall speak presently. It would now even be possible to 
regard the neutron and positron, along with the electron, as the 
elementary constituents of matter, and to put the proton equal to 
neutron + positron. The question — if it has a meaning at all — is one 
of stability, i.e. of energy balance; for energy is required to separate 
two particles, and we can therefore decide the question by careful 
energy measurements; we shall return to this later (Chap. Ill, § i, p. 55). 

7. Cosmic Rays. Positrons, 

There is no question which has piv^seiited (and still presents) greater 
difficulties to theoretical physicists than the clifhn-ence in the masses 
of the ])ositive and ncigative atoms of electricity. Every theory pro- 
posed up to the present is symmetrical in tlie sign of the charge. It 
would therefore long ago have been rc^asonabli^ to conjecture that 
there are also particles of both kinds, heavy and light, with opposite 
charges to those Iniown: positive electrons and negative protons. 
To advance this as a proposition was reserved, however, for the latest 
form of qujuitinn mocha, iiics (1928); the existence of positive el(H;trons 
and th(‘- conditions for their occiirixuice and disa.])p(‘a,ra,nc.e follow from 
Dirac’s nilativistic wave mechanics of tlui electron (§ 8, ]). 169). 

The actual discoveuy of positive electrons or “ positrons ” was 
achieved iralepcvndently of this, in connexion witli ol)S(vrvations on the 
so-called cosmic rays ”. ’'.rin^si^ ar(‘. of great inten‘-st for th(ur own 
sake, so something ma,y be sa,id luuv about their (liscovcvry and inves- 
tigation.. 

As ha,s a,lrea,dy been mentioned (§ 1, p. 24), ga.s(‘s in tluur natiira,! state 
are poor conductors of electricity. But they can be inadc', conducting in 
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various ways, not only, as explained above, by applying potentials at 
reduced pressure, but also by irradiation with all kinds of corpuscular 
rays or (sbort-wave) electromagnetic rays. These rays separate electrons 
from the atoms or molecules. These electrons, as well as the revsidues, 
the ions, are set in motion by an electric field. To demonstrate the 
presence of radiations, and investigate their properties, ionization 
chambers — small, gas-filled vessels, with electrodes — arc used. In 
measuring the strength of the radiation by the ionic current, we must 
be certain that this current vanishes when there is no radiation. It is 
found, however, that the current is never completely absent. The re- 
sidual ionization had been attributed to a weak terrestrial radioactive 
radiation. Thick lead shielding, however, does not supprc'ss it entirely; 
a weak ionization always remains (Rutherford, McLennan, 1903), which 
must arise from a radiation of much higher penetrating power tliaii 
any known y-rays. It was observed by Gockel (1909) that this radiation 
did not diminish when the apparatus was taken to a, luright abovi^ tlie 
ground, in the way it ought to do if it originated in radioactive sources 
in the earth. Hess then (1912) showed by balloon ascents at heights up 
to 5 km. that the intensity of the radiation even increases with height; 
he found also that it is just as great by niglit as by day (and so cannot 
come from the sun). The rays appear therefore to come Irotn iiitin'stellar 
space; they are called cosmic rays. The experiments wei‘e carried to 
greater and greater heights by Kohlhdrster (1914.-), later by Millikan, 
Tizzard, and Regener; with recording balloons Regen er (1935) rea.cdied 
as high as 30 km. The existence of the rays was also d(‘monstr’ated at 
the - bottom of deep lakes, up to 500 metres undin* water (Millikan, 
Regener, 1928). 

More exact researches were carried out with tlie hdp of tlu^ Wilson 
cloud chamber (first by Skobelzyn, 1929) and a lai’ge magnetic ihld; 
the tracks of the particles were seen as circk^s of slight (nirva.ture; their 
velocity or energy was deduced by measurfunciit of tlie. ra,dius. Jt was 
thus found that the rays consist of extremely swift |)a,rticles; among 
them it is no rarity to find electrons with velocities to producii which 
would require a potential of 100 or 1000 million volts. 

What we observe here at the earth’s surfiice is certainly not the 
original cosmic radiation, hnt a mixture of that with secoruhuy radia- 
tion, consisting of electrons ejected from air mohicuk's, or appearing 
in the process of pair production referred to bc'low. Some light appears 
to he thrown on the question of the nature of th(‘. primary radiation by 
the fact that its intensity depends on the geographical latitude (Clay); 
it is weaker at the equator than at the poles. It must therefore be 
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a case of electrically charged particles, which are deflected in the 
magnetic field of the earth; for a swarm of electrons, which strikes 
a magnet, concentrates chiefly round the poles — a fact which of 
course has long been known, from the explanation of the aurora by 
St5rmer (since 1903). The cosmic rays seem to come pretty uniformly 
from all parts of the sky. It is too early to speculate on their origin. 

Anderson was the first to remark that frequently two kinds of track 
appeared on a photograph, which were of opposite curvature, though 
otherwise both looked like electron tracks (fig. 14, Plate II). If then we 
do not believe in positive electrons, we must assume that the one track 
is traversed in the opposite sense from the other. This possibility was 
excluded as follows. A lead plate was set up in the chamber, and tracks 
were found due to particles which had passed through the plate. But 
such a particle must necessarily have a smaller velocity, and therefore 
a greater curvature of path, after it has passed through than before; 
so that the sense in which the tracks are described can be determined 
(fig. 12, Plate 11). The existence of positrons was thus proved. Blackett 
and Occhialini (1933) found that frequently a whole shower of par- 
ticles is ejected from the wall of the vessel, their tracks showing, some 
positive, some negative curvature. Since we must attribute their com- 
mon origin to an atomic explosion, we have here new evidence for positive 
electrons. Recently their occurrence has been demonstrated in various 
processes of nuclear disintegration; we shall return to this later (§ 6, 
p. 61). It has been found further, that the primary cosmic radiation 
consists predominatingly of positive particles, presumably positrons; 
this is inferred from the fact that in equatorial latitudes on the earth 
more rays come from the wuvst than from the east. 

From the theorcitical point of view the discovery of the })ositron 
is of the liiglu'st importance; for it confirms tlie theory of Dirac already 
mentioned, whicli on the intuitional side amounts to this, tliat neither 
electrons nor positrons are immutable, elementary particles, but that by 
coming into collision they may annihilate each other, with the emission 
of energy in the form, of light waves; and conve.rsdy, that a light 
wav(:‘. of higli energy can in ceitahi circumsta,nc<%s Ix'.conui the source 
of a ‘‘ ])air ” (electron -h ]>ositron). There is exp(U'imenta,l (‘vidence 
for both proc(‘,sses. Tiio fact that in our actual world m^gative electrons 
preponderate, is not inc-onsist(uit with the tluiory. 



CHAPTER III 
The Nuclear Atom 

1. Lorentz’s Electron Theory. 

The method of physical science in the investigation of the struc- 
ture of matter has in all times been based on the following principle: 
laws established for macroscopic bodies ”, i.e. bodies of ordinary 
size, are applied tentatively to elementary particles; if some disagree- 
ment is then found, an alteration of the laws is taken in hand. In 
this way, advance essentially depends upon the closest co-operation of 
observation and theoretical interpretation. 

Thus in the preceding pages we have made continual use of the 
laws of interaction of charged particles, and of their response to ttie 
influence of external fields and light rays. The most irnpoitant result, 
that the mass of an atom is almost wholly concentra,ted in a V(uy 
small nucleus, while its volume, and its physical and clieniical proper- 
ties, are determined by a comparatively loose siirroiinding structure 
of electrons, we have assumed without proof. This |)roof we must 
now supply. First, however, we must look a little more deeply into the 
laws of the electromagnetic field. 

Aswe know, these are formulated in Maxwell’s equations (1855) (App. 
VI, p. 272). As originally stated, these equations repres(‘nt the cluinges 
in space and time of the electric field strength E, and tlie ma,gn( 3 ti(‘- H, 
in material bodies, and therefore contain certain constants which are 
characteristic of those bodies (in the simplest crises tliey a, re tlie 
dielectric constant and the magnetic permeability). 

The atomic theory of electricity simplifies the field (‘quatioris, by 
considering only fields in a vacuum; the units can th(yn (kosen so 
that the field equations contain no material consta,nts (or at most, tlie 
velocity of light c = 3T0^® cm./sec., which is retained so tliat we may 
be able to use the ordinary units of kinematics, centimetres a,nd seconds). 
This is the standpoint of Lorentz’s electron theory (1897), wdiicli domi- 
nated physics about the turn of the century. At that time we were 
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acquainted with free electrons and were aware that they are con- 
stituents of atoms; about the positive atoms of electricity nothing 
was known. The electrons were pictured as very small charged bodies, 
which generated the field in free space, and conversely were acted on 
by forces due to the field. These forces determined the motion of the 
electrons in accordance with Newton’s law: mass into acceleration 
equals force. It was therefore necessary to ascribe to the electrons a 
mass m besides their charge e, and we have seen that the fraction 
ejm can be determined by deflection experiments. On the basis of these 
assumptions the motion of electrons in various fields could be calcu- 
lated; it was thus found that the size of the electron (its radius, if it 
was pictured as a sphere) plays a part, and that for the following 
reason. When there is acceleration, the field of the charges in the 
electron is modified, and this changed field passes over the electronic 
sphere with the velocity of light, and exercises forces on it. For 
small accelerations, the forces to a first approximation are propor- 
tional to the acceleration and to e^ja, where e is the charge, and a 
the radius (with a numerical factor which depends on the distribution 
of the charge); in other words, the effect is the same as if the mass 
were increased by a part proportional to e^ja (J. J. Thomson, 1882; 
Heaviside, Searle, 1885). This fact suggested to some physicists 
the idea that the electron possesses no “ ordinary ” mass at all, but 
only “ electromagnetic ” mass; and the smallness of the mass of the 
electron seemed to confirm this. Further, the electromagnetic mass 
was found to depend on the velocity, and the first observations of this 
effect by Kaufinann (19()()), w^ere regarded as a brilliant triumph for 
the theory. Hasenohrl (1904) derived the laws of motion of an empty 
box with reflecting walls filled with electromagnetic radiation, and 
found that this radiation behaved as having a mass Elc?‘, where E is 
the total electromagnetic energy. This was the first indication of the 
general law considered in the following section. 

The calculations ol: the electrom<‘ignc‘tic ma.ss of the (dectron rested 
on the assumption (Abraham, 190;3) that the electron is rigid, retain- 
ing its form throughout tin* motion; which inqdii's the a,ssumption 
oi infinitely graait internal force's of ]u>n-(d(ahroinagnetic origin. If the 
assumption is dro])])(Ml, W{‘ obtain not only otlu'r numerical fiictors, 
but also other functions of the velocity. Eesides, the assumption of 
absolute rigidity is quite incompatible with the theory of relativity 
(on account of the Lorentz contraction; sc(i Appendix V, p. 269); if 
instead of this we postulate invariability of form in the reference 
system in which the electron is instantaneously at rest, we obtain a 
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formula wliich agrees, to a numerical factor, with that stated on p. 27 
(Lorentz’s electron, 1909). The numerical factor, however, must to 
a large extent remain arbitrary, since it depends on the distribution 
of the charge, as to which we know nothing. Worse still, even in this 
relativistic form very great internal forces of cohesion must be assiimed, 
to keep the parts of the electron together, these having charges of the 
same sign and therefore repelling each other; and this leads to a, con- 
tradiction of a fundamental theorem of the mechanics of radiating 
systems, of which we have now to speak. 

2. The Theorem of the Inertia of Energy. Unitary Field Theory. 

The theorem of the inertia of energy in its full generality was first 
stated by Einstein (1905). It asserts that any energy E poss:'Sses a 
mass m, in accordance with the equation E = mc^. Of this relation 
we shall later continually make use. The relation is very far fi*om 
being a mere theoretical subtlety; the phenomena conn(H*.ted with 
it have as a matter of fact the character of large scale (‘IhudiS. 
Think of a closed box, in the sides of which are fitted two <n\'actly 
similar instruments (I and II), which are so constructed tluit tlu\y can 
send out a momentary light signal in a, d(‘liuite 
direction, or completely absorl) an incoming light 
signal (fig. 1). Now let the instriiraent I, at a 

Fig. I. — Illustration of Finstein’s ideal experiment to prove 
the relation E — rnc~. 'Fhc transmitter I radiates to the receiver 11 
a definite quantity of energy E; in consequence of this tlu: whole 
box undergoes a recoil. 

definite moment, send out a light signal in the. dirootion of tlie instru- 
ment II. During this process of emission, the instrument I, and with it 
the whole box, experiences a recoil. The occurrence of this recoil is dne 
to the radiation pressure. The latter phenomenon was oh.servf'd ('xperi- 
mentally by Lebedew (1901), in good agreement witli theory; it wa.s in- 
vestigated later by Nichols and Hull (1903) and others, ami finally very 
exactly by Gerlach and his collaborators (1993). In consocpience of the 
recoil, during the whole time which the light takes to go from 1 to II tlie. 
box will move in the opposite direction, and will not come to rest imtil 
the light strikes the instrument II, and the radiation ])re.ssure. on it a.g;iin 
brings the box to a standstill. Now interchange tlui two instrunnnits; 
this alters nothing, since of course the tw'O were given the. same mass. 
Then let the instrument II send out towards I the. saijnc quantity of 
light as was sent before by I, whereby the whole box is again disphunsd 
to the left the same distance as before. Now interchange the. instru- 
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ments once more- By proceeding in tins way, it would be possible to 
displace tbe box any distance, without any change taking place in 
the interior of the box or in its neighbourhood — a conclusion obviously 
at variance with a fundamental property of the centre of inertia. 

The contradiction disappears at once, however, if we take account 
of Einstein’s thesis of the equivalence of energy and mass. By the 
emission of the light signal at the first step of our ideal experiment, 
the first instrument gives out a definite quantity of energy E\ its 
content of energy, and accordingly its mass also, become smaller. 
Similarly, the energy content, and therefore the mass, of the instru- 
ment II is increased on its absorption of the light signal, so that the 
mass of II is now greater than that of I; to interchange I and II 
without shifting the centre of inertia therefore requires that the whole 
box should be displaced a definite distance to the right. If we examine 
now what the relation between mass and energy must be, in order that 
the displacement of the box, due to radiation pressure, should be 
exactly compensated by interchanging the two instruments, a short 
calculation (Appendix VII, p. 274) leads to Einstein’s formula, as 
quoted above. The most important field of application of Einstein’s 
law is the disintegration of nuclei; we shall see later (p. 62) that this 
gives an experimental proof of it. 

We return now to the problem of electromagnetic mass (p. 45). 
According to Einstein’s theorem, the simplest way of obtaining this 
mass for small velocities should be, to calculate the internal electric 
energy of the charge collected in the electron; this energy is in fact 
proportional to but the numerical factor is iTi, all circumstances 
different from the one we get by calculating the force of reaction of 
the electi'oivs own lixdd. The contradiction, as we have already seen, 
is due to the pres(U]ce of forci^s of cohesion, which also should make 
a contribution to the energy (tliough this is diilhuilt to reconcile with 
the postulated rigidity). 

In consequence of th(‘se unsatisfa,ctory results, tlic tempting idea of 
electromagnetic' mass lias gradually l){‘eji givcm ii]). It was found that 
the theory of rchitivity suggested in a. purcvly formal way a law of depen- 
dence of mass on velocity i'or evcTy liody- a law wlnc'li has lu'cn bril- 
liantly confirmed l)y (‘xpi'rinuait (Buc.heriu', 1909; Niuimann-Schafer, 
1914; Gruije-Ratnowski-Lavanchy, 1921), As the quantum theory 
develo])ed, physicists Ix'cann'. s(‘(‘pti(.‘.al a, bout d(vfinit(‘- mochds of tlie ele- 
mentary })a/rticl(‘S. They pixd’erriul tli<u*(‘f{)r(‘ to tliink of the electron, in 
regard to all (^xteraiaJ actions, a.s a charged [)oint mass, without troubling 
further about its internal structure. But even this point of view has 
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its difficulties. In tlie first place it means, not a solution, but a shifting 
of the problem. Tor the electron’s proper energj, which is propor- 
tional to becomes infinite when a is put equal to 0. We must 
therefore eliminate the energy from all physical laws, a procedure 
which, under both classical methods and those of the quantum theory, 
leads to very artificial constructions, which all contradict the theorem of 
the inertia of energy; for the field energy even of a point charge is 
of course, according to the Taraday-Maxwell view, by no means con- 
centrated in the electron, but must be thought of as distributed through- 
out space. 

In the second place, the radius a of the electron has an actual 
physical significance; by a we understand that length which satisfies 
Einstein’s relation a . e^ja = mc^, where a is a numerical factor of the 
order of magnitude 1. We therefore have 

a = 0.. — = a. 2-817 X IQ-i* cm. 
mc^ 

The simplest phenomenon in which this quantity occurs is the scatter- 
ing of light (or other electromagnetic radiation) by atoms. According 
to Maxwell’s electromagnetic theory, light (as also X-rays) consists 
of a periodically variable, electromagnetic alternating field. If the 
light wave strikes a charged particle which can move freely, the latter 
is set vibrating, and that the more strongly, the lighter the particle is. 
If the particle is bound to other particles, its induced osci llation, will 
have a greater amplitude the closer the frequency of the incident light 
is to its proper frequency. Hence, on the one hand, electrons, on account 
of their trifling mass, will vibrate in sympathy with the light much more 
strongly than protons, say, or still heavier particles; on the other 
hand, with visible light, to a very large extent only those particles 
which occupy places near the surface of the atom, and are therefore 
relatively loosely bound, will be excited to vibration; whiki for 
excitation of the bound electrons farther inside the atom, X-rays 
will be needed. 

Now, as we know, a vibrating charged parbicle acts like an antenna 
— it sends out electromagnetic vibrations of its own in the form of 
spherical waves; and, in fact, the energy drawn per unit time from 
the primary ray and converted into scattered radiation by a (free or 
loosely bound) electron is given (Appendix VIII, p. 275) by 
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where IqIS the intensity of the primary radiation. Since Iq is defined 
as energy per square centimetre, but I denotes the whole scattered 
energy, the quotient J/Zq must have the dimensions of an area. We 
can put it equal to an effective cross-section ” of the electron ira^ 
and have then 


so that 




This quantity is the radius ’’ of the electron if a is put equal to 
V(8/3). 

The remarkable thing about this method is that it makes no use 
of any hypothetical extrapolation of electrostatics to the interior of 
the electron, but works with a point electron. 

Quantum theory calculations of the scattering of light at free 
electrons, taking account of the theory of relativity (Klein-Nishina, 
1929), also all lead to effective cross-sections, which depend on functions 
of this radius a. 

Exactly analogous results hold for the scattering of electrons at 
nuclei (or other electrons), with which we shall deal in detail in the next 
section (p. 53). Here we shall merely put the question: how near can 
two electrons approach each other, if the velocity of each at a great 
distance is v1 Clearly the most favourable case is that in which they 
move towaids each other in the same straight line. In this case, at 
the moment of closest approach, the velocity is zero, and therefore 
also the kinetic energy; the energy is therefore the sum of the rest 
energy and the potential energy e^jr. By the principle of the 

conservation of energy, this must be equal to the original energy, 

which by the theory of relativity is / / 1 — thus we 

have / ^ 

2m,c2 + y = Jl - ^ 

wJience 


We see that hero also the efectivc radius is proportional to e^lmc^. 

It might bo hold that the electronic radius here is a mere artificial 
magnitude, obtainable by calculation from the constants e, ni and c; 


^ l( L_ . 

im-ocy \Vl — 
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still, tlie newer developments show that all our theories appear to fail 
at lengths of this order of magnitude. Surely then we must assume 
that the radius of the electron has an actual meaning. The state of 
affairs requires a modification of electrodynamics of such a sort that 
the existence of the electronic radius becomes intelligible without 
bringing in the mechanically defined mass m. Attempts in this direc- 
tion have not been lacking; the works of Mie (1912) in particular deserve 
special mention. The present writer (1933) has pointed out a way which 
leads to the required end without going beyond the limits of classical 
methods, and which can also be accommodated to the quantum theory. 

The leading idea of this unitary theory of field ami matter is, that 
there is a natural unit for the field strengths E and H, an absolute 
field strength 6, which at the same time represents a sort of upper 
limit for all fields (like the velocity of light c for velocities). Formally, 
the new field equations are identical with those of Mixxwell for an iso- 
tropic medium with a dielectric constant e and a permeability /x, 
except that , e and /x are not constant, but functions of the iicdd itself, 
viz. (Appendix VI, p. 272). 

their product is 1, as in Maxwell’s equations for free space. It is then 
found that (positive or negative) point charges exist (as singularities 
of the field), but that the corresponding field energy does not beciomo 
infinite. From e and b we can calculate an electronic radius ” a by 
the formula 

the energy is then given by 

E = 1-2361 

a 

with a numerical factor free from all arbitrariness. Such a charge 
moves in external fields, which do not change to any ext(uit within 
distances of the order of magnitude of a, (uxaetly like a Lorentzian 
electron with purely electromagnetic mass; and Einstivin’s theorem 

E = mc^ 

is rigorously valid (Born and Inf eld, 1934). For short-waved fields 
(wave-length of order a), however, deviations occur from the ordinary 
laws of motion of the electron. Similar considerations can be applied 
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in the quantum theory also. For every isolated electrodynamic system 
there exists a representative point which moves according to the laws 
of the quantum mechanics of particles. The mass is of course taken as 
equal to the energy, divided by There exists a finite angular momen- 
tum of the field the laws of motion of which are closely connected with 
those of the spinning electron, of which we have to speak later (see § 1, 
p. 136, and § 8, p. 169). The actual calculation of the smallest possible 
masses, it is true, has not yet been effected. Hence it is not yet settled 
whether this theory means a forward step towards understanding the 
elementary particles. In any case it abolishes the dualism of field and 
particles in a manner free from contradictions. 

3. Investigation of Atomic Structure by Scattering Experiments. 

The most important method for investigating atomic structure 
consists in causing radiation of some kind to fall on the atom, and 
observing how this is altered by the atoms. The alteration consists 
in a weakening (absorption) of the radiation which passes on unde- 
flected, and the corresponding production of diffracted or scattered 
radiation. The case of the scattering of light at a free or weakly bound 
electron has already been considered (§ 2, p. 48). The process can be 
used for the purpose of counting the loosely bound electrons in an 
atom. If their number is and N is the number of atoms per unit 
volume, then the energy lost by the primary radiation per centimetre 
of its path, the absorption constant, is given (J. J. Thomson, 1906) 
by 

/(J 3 \mc^/ 

Since N is known from Icinetic theory data, n can be determined from 
absorption measurements on X-rays; by taking these sufficiently hard, 
all the electrons, at least in the lighter atoms, can be regarded as prac- 
tically free, so that n denotes the whole number of electrons, and so 
also the nuclear charge in terms of the elementary charge as unit. 

The measurements showed, for all lighter atoms which could be 
investigated, that n is approximately eqiud to half the atomic weight. 
Let it be remarked at once that to-day, by more refined observations 
on light and X-rays, we can obtain far fuller enliglitenmcnt on atomic 
structure. Thus we have in the first phice the phenomenon of dis- 
})ersion of the light passing through, which giv(;s information on the 
binding forces of the electrons; or again, the interfereiua) rings which 
careful observations reveal in the scattered radiation from X-rays 
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(p. 68), and wMch supply data on the diameter of the electronic 
envelope of the atom, and on the distance between the centres of the 
atoms in molecules (Debye, 1929). 

We pass now to the attempts to investigate atomic structure by 
means of scattering experiments on beams of electrons. These were 

first made by Lenard and his collaborators. 



who used cathode rays. We have .seen in 
Chapter I that the diameter of an atom is 

Fig. 2. — Passage of electrons through matter; according 
to the conceptions of the kinetic theory of gases the molecules 
are structures of size A.; if they were impenetrable to an 
electron, the latter could not push its way through tliin foil. 


of the order of magnitude cm. If the atoms were massi ve splieres, 
as in the scheme of fig. 2, then collisions with these spheres would neces- 
sarily very soon stop a cathode ray particle conipletely. Tlie syste- 
matic investigations of Lenard, however, gave a precisely contrary 
result. It was found, in fact, that atoms are almost {lerfectly tra.iis- 


parent to swift electrons. This suggested to Lenard (1903) the idea that 
an atom consists of a very small impenetrable centre, whicli lie called 
a dymmid; this centre is surrounded by an electron cloud of loose 
texture, offering scarcely any resistance to incident catiiode ra.ys. As 

author of this hyjiothcsis, Ijcnard may 



properly be credited with tlie first sugges- 
tion of the modern model of the atom. 

Usually, however, tlie title of fatlier 
of the atomic theory is given to liiitlier- 

Fig. 3. — Arrangement for observing the scattering of 
a-particles; a CJeiger counter is used to count tlie number 
of a-particlcs deflected from the primary direction through 
a definite angle (I. 


ford, who took up the research with more adequate instrumental 
resources, and carried it farther; to him we owe our concrete, 
quantitative ideas on atomic structure. For his experiments on 
scattering Rutherford (1911) used, not, like Lenard, tlie relatively light 
electron, but the much more massive a-paiticlc (fig. 3). On a,ccou.iit 
of their greater mass, a-particles are not noticeably d inflected hy the 
electrons in the atom, and therefore record only collisions witli the 
more massive particles. The comparative penetrating effect of elec- 
trons and a-particles may be illustrated roughly by the difference 
between a light rifle bullet and a heavy shell. 

In the first place, Rutherford’s experiments show definitely (1913) 
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that an atom, except for a small massive nucleus, is almost perfectly 
empty — a result which had already been found by Lenard. Since the 
a-particles are perceptibly deflected by the nucleus only, we can deduce 
the law of deflection from the law of distribution of the a-particles 
which have been scattered by a piece 
of foil. The definite result was found 
that the effective deflecting force is the 
Coulomb force 2Ze^/r^, where 2e, as we 

Fig. 4. — Scattering of a-particles by a nucleus of 
charge Z; the paths of the a-particles are hyperbolas. oZe 



know, is the charge of the a-particle, and Ze is the charge of the 
nucleus. The paths of the a-particles are hyperbolas with the nucleus 
as focus (fig. 4). 

If the incident ray contains one a-particlc per square centimetre, 
then according to Rutherford (Appendix IX, p. 276) the number of 
particles per unit solid angle w^hich suft’er a deflection ^ is given by 


w{<l>) = Z 



1 

{vjcY sin'^ l^ 


{m = mass of electron, M = 4mji = mass of a-particle); here again 
the effective cross-section of the electron occurs as a factor, but the 
electronic radius e^jmc^ is multiplied by the small factor (characteristic 
of the dimensions of the nucleus) 


m 

M 


ni 


1 

4 X 1840 


1-36 X 10-^ 


The ex];)eriments showed that the number Z, which gives the 
nuclear charge, is equal to the number which would be assigned to 
the element in question in a consecutive enumeration of the elements 
in the periodic system. If the atom is to be neutral, the number giving 
the nuclear charge must agree with the number of electrons in the 
electron cloud surrounding the nucleus, as determined by optical and 
X-ray scattering experiments. The chemical behaviour of the atom 
depends of course on tlu', external electrons, so that it is not the mass 
of the atom, but its atomic number (or number giving the nuclear 
charge) which determines its c‘hemical ])roperties. Isotopes have the 
same atomic number. 

For collisions which are nearly CHiutral, i.e. for s(;att(‘.ring through 
wide angles, deviations occur from the distribution of the scattered 
a-paiticles determined by Coulomb’s law. From this we must infer 

(e 908) 5 
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tEat Coulomb’s law only bolds down to distances of about cm. 
Tbe nucleus also bas a finite size; it is worthy of remark that the 
nuclear radius ” is of tbe same order of magnitude as tbe radius of 
tbe electron. 

According to Eutberford, tbe nuclear atom may be d(^scribed as 
follows. In tbe centre of tbe atom there is the nucleus; this was tliougbt 
of as composed of protons and n. electrons, its charge being there- 
fore equal to 

Ze == (n+ — nJ)e, 


and its mass, apart from the mass defect to be discussed later (p. 55), 
equal to n.\- referred to H = 1. Possible isotopes must have the 
same nuclear charge number Z, and can therefore only consist of 


and 


protons 
it ^ electrons. 


Since the discovery of the neutron and the positron, th(U’(‘- jire 
clearly other possible , ways in which the nucleus may be thoiiglit of 
as built up. Only one of these models, however, has l)een found feausible, 
viz. a nucleus composed of f protons and n neuti'ons; tln^. nuc.k'ar 
charge number (atomic number) is then Z ‘p, the a,tomi(^ mass 
number is A p n. The considerations in favour of tliis model 
will be presented immediately (§ 4, p. 57). 

Round the nucleus, as has been mentioned, there movu^ in the 
neutral atom Z electrons, which fill a sphere of radius 10 ^ (an. 
To get an idea of the dimensions, and the emptiness, ol; a.n atom, takci 
the following illustration. If we imagine a drop of water to ht‘, tvx- 
panded to the size of the earth, and all the atoms in it a, Iso (vnla.rg(Hl 
in the same proportion, an atom will have a diametcu* of a f(nv nutrt^s. 
The diameter of the nucleus, however, will be only sonudliing like 
1/100 mm., and this must also be the order of magnitude of tlu^ Z 
electrons which fly round in the sphere corresponding to tlie atom. 

It follows from these relations of magnitude tliat in the grc^at 
majority of physical and chemical processes tlie nuchu act simply as 
positively charged point masses; only the external electr’onii; syst<un is 
essential. Research has therefore been devoted to this first, with such 
success indeed that we are to-day in possession, of a theory wliich 
seems to be in complete accord with experiment. With this we shall 
deal in detail later. Nuclear physics, on the contrary, is still in its 
initial stages. Experimental research, it is true, advances rapidly, but 
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theory does not as yet keep pace with it. And yet the problem of 
investigating the structure of nuclei, and of reducing to simple principles 
the typical laws and relations thereby brought to light, is without 
doubt the central problem of all natural science. We must content 
ourselves here with giving an account of the experimental methods 
and results. Our present theoretical resources are capable of dealing 
with only a few features of the case (§ 9, p. 176). 

4. Mass Defect and Nuclear Binding Energy. 

We have already mentioned that the mass of a nucleus is not an 
exact multiple of the mass of the proton. This is really a matter of 
course, for, in order to remove a proton, neutron or a-particle from the 
nucleus of a higher element, we must supply energy (except in radio- 
active substances, in which such disintegrations can occur spon- 
taneously, i.e. without previous supply of energy). This loss of energy 
when elementary particles become united to a niKdeus is, however, 
according to Einstein (1905), equivalent to a loss of mass, so that the 
final product is lighter than the sum of the weights of tlie individual 
components in the separated sta,te. Take a minun'ical example. The 
greatest deficit occurs in the formation of a helium atom from four 
hydrogen atoms. The latter have the total ma,ss 4 X T()()8, and in 
the combined state (helium) the mass 4*()()4; film energy freed in the 
process of combination is tlicrefore, by Einstiun’s formula, 

E = (4 X 1-008 - 4-004)c2 0-028 

" 0-25 X 10**^^ ergs /mole. 

In order to split u[) a, h(‘.liiim atom into four hydrogen atoms, at 
least this amount of energy must Ix^ siij)|)lie(L To make it easier to 
grasp its order of ma,gnitude, convivrt ergs into ca, lories; we find the 
value of E to be the (mormous one of 6-4 X kiloca.lori(‘,s pm- mole. 
For the sake of compa,rison, it ma.y be not^xl that lieats of combustion 
are of the order of ma,gnitu(hi of a. f(iw hundred kilocadories p(U' mole. 
In nuclear pliysic-s it is custoimiry to (piote mass (kvfeets or l)inding 
energies simply in atomic weight units, o.g. for lie, E -- 0*028; or, 
since they are small fra,ctions of tln^ unit, in multiples of the electronic 
mass m (or the electronic energy mc^), so that for lie, 

.E -- 0-028 X 1840 mc^ -= 52 mcK 

We shall frequently malve use of the unit m(r. It (*.orres|)onds to a 
kinetic energy of the electron, requiring about 500,000 volts to pro- 
duce; we say that it is equal to 5 X 10*'’^ electron volts (e V). 
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The measurements of mass defects carried out with very great accu- 
racy by Aston (since 1920) supply information, therefore, on the heats 
of formation ’’ of nuclei, i.e. on the energy relations in nuclear construc- 
tion. These are found to follow certain perfectly definite rules. It has 
proved to be convenient to divide up the various nuclei into four groups, 



Fig. s. — Binding energies (mass defects) in ergs, plotted against n, where n is the greatest 
integer such that 4W does not exceed the atomic weight 
(From Proc. Roy. Soc. A., Vol. 136) 


according as their mass numbers are divisible by 4, or on division by 
4 leave a remainder of 1, 2 or 3; we shall return to this point below 
(p. 58). The binding energies (and therefore the mass defects) are 
shown in fig. 5; it will be seen that as we ascend in the periodic system 
the binding energies (mass defects) increase rapidly at first, then slowly 
fall off again as we come nearer to the radioactive elements. 

The difficulties of a theoretical explanation of these facts arise not 
only from our ignorance of the forces which act between particles at 
distances approaching values smaller than the electronic radius, but 
from certain other circumstances which cannot be understood without 
explanations to be given in later chapters. One point is evident at 
once. Since the diameter of the nucleus has been shown by collision 
experiments to be of the same order of magnitude as the diameter 
of the electron, it follows that the obviously suggested and long- 
accepted idea that nuclei are built up of protons and electrons alone, 
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presents difficulties. There is no room, as it were, for the electrons 
inside a nucleus; indeed there are many indications that the radius 
of the proton is approximately equal to that of the electron, and not 
1840 times smaller, as we should expect from the formula 
The conclusion that there are no free electrons in nuclei can be drawn 
more definitely from measurements of the angular momentum of 
nuclei, the so-called nuclear spin. We shall return to the matter again 
(§ 9, p. 176); here let only this much be said: in the quantum theory 
the angular momentum of a particle is always a multiple of an elemen- 
tary unit; and if several particles are conjoined, there must be simple 
whole number relations between the angular momenta of the individual 
partners and of the whole. These relations, though in the domain of 
the external electronic envelope they hold without exception, are not 
fulfilled in nuclei— a specially well- verified case is the nitrogen nucleus 
If we construct the nucleus from protons and electrons, then the 
angular momenta behave as if there were only protons present (Heitler, 
Herzberg, 1929). 

Now we have to-day other particles at our disposal, above all the 
neutron, and it is an obvious suggestion to try the experiment of 
calling upon these for the elucidation of nuclear structure. All the above 
difficulties are avoided, if we assume that the nuclei are composed of 
protons and neutrons (Iwanenko, Heisenberg, 1932). In the first place, 
with the help of simple assumptions about the int(u*a,ction forces we 
can then understand the fundamental fa,ct that in light atoms the 
atomic weight A is double tlu^ atomic nurnlxu Z, while in lieavy atoms 
it increases sonu^what liustcn* tluin 2Z. Ih'twcHvn two pi'otons thcT’o a,cts 
the Coulomb re])ulsion of tlnir [)ositi v(^ cluiiges; between two lunitrons 
there presumaldy acts only a, v(vry small forces which may be neglected. 
Between a luvutron and a. ])roton there must be a, V(uy considerjible 
attraction, to ma,lve the formation of the niicle.us })ossil)le. We can 
picture this force in some such wa.y as we pi(tarr(^ (dunnical binding 
forces, which act 1)etwe(ai atoms, and whose quaaituni-theoreti(*-{il 
mechanism we know. It rests upon exclnuige of (fi^ctrons (p. 255; 
Appendix XXXI, p. 3>‘H)) b(tw(^(vn two atoms; on(‘, or two deetroas 
oscillate from one to the otluu*, a.nd so produce a, l)in(ling between a 
pair of atoms, which has tlu'. charaebu* of saturation ((‘hemieal vahuicy), 
while other atoms are only attracted v<ny much mor(‘, wieikly. In tho 
sa.me way we can imagine a,n <‘xclia,ng(‘ of cha,rg(‘ l)etwe(m proton and 
neutron, conne(ted with. a. kind of valency attraction. Tlu^ numlxu’s p 
of the protons, a,nd n of th(‘ muitrons, so adjust th(‘ms(dv(\s that as 
much energy as ])ossil)le is set fr(‘e iji tln^ binding proc<‘ss. This meaais, 
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if we neglect the Coulomb repulsion between the protons, that as 
many pairs proton-neutron are formed as possible. If now the atomic 
weight, or more exactly the mass number, A~-= f n is given, the 
most stable state for small numbers is that in which, p — n; since 
p= Z, the atomic number, it follows that A ^ 2Z. The more protons, 
however, there are in the combination, the more will tlie Coulomb 
repulsion come into account, and that clearly to the disadvantage of 
the protons; hence the difference n — p becomes > 0, and increases 
with increasing p = Z, It follows that A = n-\- p> 2p, or A. > 2Z, 
and that A — 2Z increases as Z increases; and this is actually the 
case. It is very probable that two pairs, proton-neutron, within a 
nucleus always combine so as to form an a-paiticic, so far as that is 
possible; for we know this binding to be particularly rigid (the mass 
defect is great; see p. 55); also, it is a-paiticles which are tmiitted 
from the unstable (radioactive) nuclei; and, finally, the nuclei with 
atomic weight divisible by 4 form a specially regular series of mass 
defects (p. 56). Moreover, the stability of the a-paiticle can be under- 
stood, viz. on the ground of the behaviour of the angular momenta or 
spins of the elementary particles, which have a teiichuicy towards 
saturation (formation of systems with angidar momentum nil, in 
accordance with Pauli’s principle; see § 5, p. 1^9). Tliis tlieory give,s 
a very satisfactory account of radioactive a-disint(‘.gr*ation. As for 
^-disintegration, the expulsion of an electron, tlie new eo]ic(‘j)tion lias 
the advantage of reducing this to a single elementary proci'ss, viz. 
the disintegration of the neutron into a proton and lui electron. 
Eecently, the expulsion of positrons has boon obsiuviHl from sliort- 
lived (aitificially produced) nuclei (p. 64); this proci^ss would be 
the disintegration of the proton into neutron |)Ositrou. l.!{ie clia,rac- 
teristic of the ordinary ^“-emission is, as we have seim (p. JH), a 
continuous velocity spectrum; the same is true of tlie //' -emission 
also. We have already pointed out the fundamental diiluvnlty arising 
from this fact; it means that the principle of energy is infringed in 
these processes (as also, for that matter, the principle of the conserva- 
tion of angular momentum, or spin). To save it, there is nothing for 
it but to assume a third particle, which is concerned in the jirocess, but 
which in consequence of its properties escapes direct observation (Pauli, 
Eermi, 1934). It must be very light, at least as light as the electron, 
and can have no charge; it is therefore called a “ neutrino This is 
no mere playful suggestion; for although the traces of the neutrino 
will perhaps never be directly demonstrable, yet there is an indirect 
proof of its existence, quite analogous to the one for the neutron 
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{§ 6, p. 40). We see the tracks of atomic nuclei which have been struck; 
we then infer the existence of the neutron by applying the principle 
of conservation of momentum. In the case of the neutrino such hits 
will be too rare; in their stead, however, we can use the recoil at the 
emission. In ordinary radioactive materials, whose atoms are all very 
heavy, the track of the recoiling atomic residue at a ^-emission is 
certainly too minute; but to-day we can also manufacture light radio- 
active atoms artificially (§ 6, p. 61), and with these the recoil would 
certainly be observable. If then the direction of the tracks of the 
electron and of the atomic residue are not exactly opposite, the assump- 
tion of a third invisible particle would be preferable to giving up 
even the conservation of momentum (Bethe, Peierls, 1934). If, besides, 
experiments were to lead to a definite unique mass (as calculated 
from energy and momentum, see Appendix V, p. 271), then the exis- 
tence of the neutrino could not be doubted. These experiments, how- 
ever, have not yet been carried out. 

5. Heavy Hydrogen and Heavy Water. 

Most isotopes play no part in the everyday practice of physicist 
and chemist, since their differences in mass are relatively slight, 
and their properties almost identical. It is different with the recently 
discovered isotope of hydrogen, the nucleus of which has about 
double the mass of the proton; it has been given the name 
deuteron (the S(‘Cond) and the symbol D. In this case essential 
di'ffer(vnces occur in physical and chemical behaviour, so that we 
can s})(*ak of an actually new (‘lenumt, whicli is (‘,a,ll('(l de/uteriunL 
The importance of this discovery bc^comes particularly evident 
when we rcaiKunber tlmt the most im])ortant compound of hydrogen, 
water (H^O), which ])hysics from the beginning has tak(m as a stan- 
dard substanc.e, now turns out to be a mixture of scvvm'aJ kinds of 
molecule (HoO, HDO, 1)20), the molecuhir wOglits of which diihu' 
from each other by 5 and 10 |)er ce,nt. It is therc^fon^ for*tunat('. tluit, 
for other rea.sons ol; a ])ra,cticaJ nature, wo have long since given up 
tlie d(vfinition of the kilogra,m as the mass of 1000 c.c. of wat(U* at 
its maximum density, defining it instead as the mass of a certain piece 
of phitinum-iridium. W(‘, may relate tlie almost romaaitic story of the 
discovery, wliich reminds one of the discovery of argon in tlu^ atmosphere 
by Rayhdgh and Ibirnsay (1894); in botli cases the kc^y to tlui dis- 
covery w^as btilief in tlie reality of minute (lis(vre})a,n(*i(‘.s in diffeixvnt 
measurements of the same magnitude. To begin, with, two isotof)cs of 
oxygen, of masses 17 and 18, were discovered spectroscopically; since 
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the frequencies of vibrations are inversely proportional to the square 
root of the mass of the vibrating particle, the isotopes betrayed their 
presence by the occurrence of displaced lines in the molecular spec- 
trum. However, the intensity of the lines was very weak, and the 
amounts of the isotopes so minute that they could not affect practical 
measurements. Theoretically, however, the demonstration of their 
existence, and the measurement of their relative amounts, had impor- 
tant consequences. Prom these amounts, and the chemical molecular 
weights, we can in fact calculate the mass of the H-atom, referred to 
the principal isotope of 0 as 16. On the other hand, this same magni- 
tude has been determined by Aston with the mass-spectrogra/ph. It was 
found by .Birge and Menzel (1931) that a difference of l/5()()() remained 
over, and they concluded that hydrogen also must contain a small 
amount, about 1/4000, of a heavy isotope, of mass 2.* Thereupon spec- 
troscopic investigations on hydrogen were undertaken by Urey, Brick- 
wedde and Murphy (1931). We shall see that the position of the atomic 
lines of an element also depends on the mass of the nucleus (p. 97). 
Actually, weak satellites of the principal hydrogen lines w(^rc found 
at the right distance. Various methods were tlien applied to produce 
enrichment in the heavy isotope D, the most successful of tlu^se being 
ordinary electrolysis (Urey and Washburn, Lewis and Ma,cdonald, 1932). 
It was found that the light Hg escapes from the ca.tho(le 5 or G times 
faster than the heavy Dg. If the original concentration was 1 in, 5()()(), 
the electrolysis of 6 litres of ordinary water should give us al)Out 1 c.c. 
of pure heavy water. In point of fact, sufficient quantities of heavy 
water are now available to allow its properties to be inv(‘stigated in 
all directions. Another method of separation, that of Hertz already 
mentioned (p. 37), depends on the difference in the rates of dif- 
fusion of the gases; by this method about 1 c.c. of Dg was obtiuned of 
such purity that in the spectrum the atomic lines of H (the so-called 
Balmer lines; see p. 93) were no longer visible at all. The exact 
mass of the D-atom is 2*0147 (Aston, 1936), referred to the prin- 
cipal isotope of 0 as 16, while that of the H-atom is 1*()081. From the 
point of view taken by Heisenberg (p, 57), we must look upon the 
D-nncleus as the combination proton -f- neutron. Tliis has been directly 
proved by decomposition into these particles by means of y-rays (Chad- 
wick and Goldhaber, 1934; p. 65). The properties of heavy water 
DgO, differ very noticeably from those of ordinary water, ILO; the 
freezing-point is about 3*8°, the boiling-point about 1*4°, higher; the 

* Recent measurements of Aston show, however, that this conclusion which has 
proved so fruitful was based on incorrect measurements. 
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Ch. Ill, 7. — IClaslic collision of an ^-particle with 

a nucleus of liydrofjfcn. 'The tracks of the two particles 
after the collision are of nearly etpial lenfflh. 



C’h. Ill, I'ijjt. S. I'.lastic lollision of an «-parti( h‘ with a 
nucleus of nitroifcn. The sliorl track corrc-s|)oiKls to llu- 
nitr()j4:en. (Eroni I'mc. liny. Sor. A. \’ol. 1.14.) 
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density is as mnch as about 11 per cent greater than that of H 2 O. 
Similar results hold for other combinations in which H is wholly or 
partly replaced by D. The velocities of reaction in these show consider- 
able changes. Thus an entirely new branch of chemistry has emerged, 
which is also important for biology. 

For the physicist, however, the importance of heavy hydrogen is 
mainly due to the fact that we can produce D canal rays just as easily 
as H canal rays, and accordingly have now a new means of bombard- 
ing other nuclei, which has already given us valuable information 
about their constitution. Of this we shall speak in the following 
section. 

6. Artificial Disintegration of the Nucleus and Artificial Radioactivity. 

As we know, all experience shows that radioactive nuclear dis- 
integration cannot be affected by any ordinary physical means; it 
takes place spontaneously in accordance with statistical laws. If we 
had to depend on these processes alone, we would never get direct 
information as to the structure of the majority of (non-radioactive) 
nuclei, and would always have to rely on hypotheses. 

The greatest importance, therefore, attaches to Rutherford’s dis- 
covery (1919) that nuclei can be broken up by bombardment with 
a-rays. The first element with which this was accomplished was 
nitrogen; in the cloud chamber, nuclear hits are occasionally seen in 
which the track of the incident a-particle suddenly disappears, and the 
track of the nucleus which was struck, and that of a particle of greater 
range, begin where the first track ends (hgs. 6, 7, 8, Plates III, IV). 
The same result was afterwards obtained with many other elements, 
boron, fluorine, neon, sodium, &c. (Rutherford, Chadwick, Kirsch and 
Petterson, 1920-1925), and it was shown by deflection experiments 
that the light particles expelled are protons. The a-particle is obviously 
captured by the nucleus; from (below, the atomic number Z; 

above, the mass number or rounded off atomic weight A) is formed the 
isotope of oxygen of mass 17, already mentioned above, in accordance 
with the equation 

Jle^ iHh 

We are here at the starting-point of a sort of nuclear chemistry, the 
laws of which, as in the example just given, can be written down in 
a form exactly analogous to chemical formula3. (We can also add the 
binding energies, which are analogous to heat evolved or absorbed, 
and which must exactly compensate the kinetic, energies of the particles.) 
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TEe pEenomenon, contrary to wEat was tEougEt at first and is still 
frequently said, is not one of destruction of tEe nucleus, but of a nuclear 
transformation, wEicE sEould ratEer be called nuclear construction. 
More recently, many otEer swift corpuscular rays Eave been used to 
bombard tEe nucleus, and the resultmg transformations studied. 

TEe first step was tEe discovery by Cockcroft and Walton (1932) that 
artificially produced beams of protons, with energy of 120,000 electron 
volts, equal to about a value quite trifling comjiared with the 

energy of natural a-rays (about 16 mc^), are capable of breaking up 
the nucleus of the lithium atom, according to the relation 

3LP + iff ^ aHe* + 2He<‘. 

In point of fact, it was shown in the Wilson chamber that two helium 
nuclei, i.e. a-particles, were alw'ays shot out simultaneously in opposite 
directions from the bombarded lithium foil (Kirchner, Dee a.nd Walton, 
1934; see Plate V, fig. 9). Similar transformations were successfully 
brought about in a whole series of nuclei, and it is reniarka,bl(' that 
the measurements of the masses of the nuclei involv(Hl with, helj) of 
the mass-spectrograph and the determination ol the l,inetic eixsigies 
of the particles before and after the disintegration eau la; pt'rfornie.d 
with such accuracy that one gets a direct experimental vcu’ificafion 
of Einstein’s law E = (Bainbridge, 1933). 

The nuclear-chemical pi'ocesses take phice witliout flu'. incident 
proton approaching the nucleus very closely in viitiie ol its kinetic 
energy; for of course we can calculate how mnu' tln^ niniei come by 
equating the potential energy e^Z/r at the. mininuim distance, to the 
kinetic energy of a proton eV, where V is the. ac.c.(i(U"a.ting ])oteni.ia]. thus 



Hence, with an energy eV of lO'^ electron volts, i.e. 1-59 X 10 ’ ergs, 
so that y = 5 X 10® e.s.u., wo have, for Z -= 1, 

r= 4-77 X 10-®“ X 1 X 3 X 10 -®— 14 x lO-^® cm., 

which is of the order of magnitude of the nuclear radius (§ 3, i). 54). 
But the disintegration effect in lithium is dimionstrable down to less 
than 30,000 electron volts (Rausch von Traubenberg and Dopel, 1933), 
in which case the proton is still far outside the nucleus. The explanation 
of this fact will be given later (p. 183). 

The heavy hydrogen isotope D has also boon user! to bring about 
disintegration (Lewis, Livingstone and Lawrence, 1933) and proved 
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TABLE III 


AKTiriCIAL NUCLEAR TRANSEORMATIONS 
Radioactive nuclei emitting |pQgj^rons indicated by | ^. 


Bombarding 

Particle 



xH^ 

xD“ 

aPIe* 

Bombarded 

Nucleus 

7 







1 

He^H-o# 


sLi® 



jHeHaHe^ = 

Li’+iff 

He^+.HeO 


sLF 


3Li8 + Y(?) 


22He^+oXt^ 
3Li8 + iHl 

4Bei“+iHi(F) 

,B6» 

^BeS-fX 

(?) 

,He«+2He« 

(’) 

iBeS-hiD^ 

sBW'+omI 

oC^^+„ni 

sB^® 


,Li’+2He‘ 
2,He^ + iH» 


oC“+o»^ 

SaHe-* 

6B“+iH1 

7N1“4-o«" 





oCi^ + o«’- 

sB'^ + iHi 
SaHo'* + (|W’ 




SaHe^+oXxi 

,N“+Y 



CI3 




5B>1-1-2Ho‘‘ 




5B‘i+„He* 



„0^’+xHi 

,F”+o»" 



„C*3+2He« 




„pl» 





,oNe22-Klli 

-1- 

uNa“2-l-oni 

loNo^o 








„Na“+ y 


iiNa^H-iH' 

' i»Al“-l-„n^ 

12M.g24 





xaAP’-hiff 

x^SP’+ow' 

X3A1^’ 


„Nai“+jHe 

A 

,3A1=«+,H> 

uSpo+xH^ 
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extremely elective. Thus, e.g., we get (according to Cockcroft and 
Walton, 1934) a transformation of the light lithium isotope into the 
heavy one, 

3Lie + iD^==3Li’ + iHk 

and the protons so obtained have a very long range. There is no need 
to quote all the transformations so far effected; with other processes, 
to be discussed immediately, they are collected in Table III (p. 63). 

An important discovery is that of new isotopes of hydrogen and 
helium, viz. (which should be called triton) and aHo^. They were 
first found in disintegration experiments in the Cavendish Laboratory, 
corresponding to the reactions (Oliphant, Harteck, Rutherford, 1934) 

iD^+iD^^2HeH-o< 
and (Oliphant, Kinsey and Rutherford, 1933) 

3Li6 + iHi->aHe4+aHe3. 

Soon afterwards was directly demonstrated by the mass-spectro- 
graph as a weak admixture with and jD® (Bleakney, Lozier and 
Smith, 1934). 

Neutrons were next employed as bombarding particles (F(>ather, 
Harkins, 1932). It is probable on the face of it that tliese should give a 
large output, since they are uncharged and so not repelled by the lield 
of the struck nucleus. This surmise has been confirnnul, and'led to the 
discovery of a new class of transformations, of which wo shall .sj)eak 
presently. In point of fact, these transformations, which may be 
described as an artificial production of radioactivity, wore discovered 
not with neutrons, but with a-rays, the discoverers Iteing Irene Curie 
and her husband Joliot (1934). For instance, it was found tha.t alumi- 
nium which was bombarded with a-rays and so sent out neutrons 
continued to radiate after the irradiation was stopped, the emission 
consisting of positive electrons. Clearly the initial product must, in 
accordance with the equation 

13AI®'' -f aHe"* -> -p gjik 

be an isotope of phosphorus, which is radioactive, and pa.sses over into 
an isotope of silicon, with emission of a positron: 

The half-value period of the “ radio-phosphorus ” was found to be 
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3 rain. This is long enough to allow the correctness of the interpretation 
to be tested in these and similar processes by the old method of chemical 
precipitation (p. 36). The proton and its isotope D also proved 
useful for the production of radioactive nuclei. 

The most abundant output, however, comes from neutrons, with 
which Fermi and his collaborators (1934) have produced new radio- 
active nuclei from the majority of known atoms. In spite of the 
rather short lifetimes of these nuclei (some minutes) it was possible 
to determine the chemical character of the products, and it was found 
that the atomic number of the nucleus which captures a neutron 
changes by 2 or 1 or 0, corresponding to the emission of an a-particle, 
a proton or of light. 

By passing them through substances like water or paraffin wax 
which contain many hydrogen atoms, neutrons are slowed down by 
the impacts with the protons conferring on these particles of equal 
mass half their energy at each collision. In this way it is possible to 
have neutrons nearly in thermal equilibrium with the surrounding 
substance. These slow neutrons are particularly effective in producing 
new nuclei, and they show many interesting properties, such as 
selective absorption in special elements. The study of these processes 
is one of the most powerful methods for revealing the laws of nuclear 
structure. 

Recently Chadwick and Goldhaber (1934) discovered a new type 
of disintegration, using y-rays as bombarding agent. The heavy 
hydrogen isotope D was shown to break up according to the relation 

iZ)2 + y -> 

Thus the binding energy of the D-nucleus {D = p n) was deter- 
mined to be about 4-5mc^, and a value for the mass of the neutron 
could be derived (1*009()). 

At this point we conclude our brief survey of the state of knowledge 
with regard to nuclei, and now turn to the structure of the external 
electronic system. We are thus brought into regions whose linear 
dimensions are several thousand times greater than those of the nucleus. 
Here, by the co-operation of ex|)erimental and theoretical research, 
the fundamental laws have in all esscmtial respects been made clear. 
But this was only made possible by tlui renunciation of ideas to which 
people’s minds had become so accustomed from their experience of 
events on the large scale that a j)rofound critical aiicilysis had firsb 
to be carried out. 



CHAPTER IV 


Wave-Corpuscles 

1. Wave Theory of Light. Interference and Diffraction. 

The ideas which we have arrived at in the preceding chapters with 
regard to the structure of matter all rest on the possibility of demon- 
strating the existence of fast-moving particles by direct experiment, 
and indeed of making their tracks immediately visible, as in the Wilson 
cloud chamber. These experiments pnt it beyond doubt that matter 
is composed of corpuscles. We are now to learn of experiments which 
just as definitely seem to be only reconcilable with the idea that a 
molecular or electronic beam is a wave train. Before we enter upon 
this, however, we shall briefly recall the main facts of wave motioii 
in general, using the phenomena of optical diflraction as a concrete 
example. 

While in the eighteenth century physicists almost universally adhered 
to Newton’s emission theory (about 1680), according to which light con- 
sists of an aggregate of very small corpuscles, which are sent out by the 
source of light, and the wave theory of Huygens (1690) could chiim only 
a few supporters (among them the great mathematician Euler), the 
state of matters changed completely when at the beginning of the 
nineteenth century Young made the discovery that in certain circum- 
stances two beams of light can enfeeble each other, a phenomenon 
quite incapable of explanation on the corpuscular theory. The results 
of the further investigations of Young and Fresnel spoke unequivo- 
cally in favour of the wave conception of Huygens, for it is impossible 
to explain interference phenomena except by a wave theory. 

We give here a short discussion of Young’s interference experirnent 
(fig. 1). The source of monochromatic light Q illuminates the double 
slit in the diaphragm B with parallel light by means of the lens L. 
On the screen S behind the diaphragm a system of equidistant bright 
and dark strips (fringes) appears. How this comes about may be 
explained as follows. From the two openings in the diaphragm spherical 
waves spread outwards; these are “ coherent ”, i.e. they are capable 
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of mutual interference. The two wave motions become superimposed, 
and reinforce each other at those places where a crest of the one wave 
coincides with a crest of the 
other; on the contrary, they de- 
stroy each other where a crest 
of the one wave is superimposed 
on a hollow of the other. Hence 
we can tell at once at what 
places on the screen there will 

Fig. I. — Diffraction at two narrow slits 
close to each other. The difl’raction pattern 
consists of a system of equidistant bright and 
dark bands (fringes). 
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be brightness; they are the points whose distances from the two 
openings in the diaphragm differ exactly by an integral multiple 
of the wave-length. From fig. 1 we see that the difference of the 
distances is d sin <j>\ there is therefore on the screen 

brightness, if d sin ^ = nA 1 / __ a 1 t 

darkness, if d sin^ == (^ 4- DA J ^ ^ »•••)? 


where d is the distance between the two openings, and ^ is thii angle 
of deflection. 

A similar diffraction pattern is also obtained when light passes 
through one slit. We can picture it roughly as due to the mubiial 
interference of the elementary Huygens waves s{)rearling out from 
the individual points of the slit. There are two essential differences, 
however, as compared with the previous case. In the first phice, we 
easily see that the relation 

d sin</) riX (n = 1, 2, . . . ), 


where d is the slit-width, does not now give the places at which there 
is brightness, but those wliere there is darkness. B'or in the packet of 
wave trains which' sprcaid out from the slit in the direction given by 
the equation, all “ phases ” am in tliis c.ase rxqiresented exactly the 
same number of times; i.e. we find in the packet exa.ctly as many 
wave trains which reach the screem witli a crest, as trains which arrive 
at it with a hollow; the trains will therefore extinguish each otlier. 
We find, further, that the diifra,ction maxima are not, as Ixyfon',, all 
equally bright; but that their intensity falls off very strongly from 
the middle maximum outwards, in the way indicated* in fig. 2 by the 
wavy line shown at the side. It should also be specially emphasized 
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that when the slit-width is reduced the diffraction pattern widens out, 
as may easily b© deduced either from the above equation, defining the 

position of the difEraction 
minima, or directly from 
fig. 2. 

The fact that the form 
of the difeaction pattern 
depends essentially on the 

Fig. 2 . — Diffraction at a slit. The 
diffraction pattern shows a strong 
maximum of intensity for the angle of 
diffraction (j!> = o, and also a series of 
equidistant maxima which become pro- 
gressively weaker as the angle of 
diffraction increases. 

wave-length of the light makes it possible to carry out spectral 
investigations by means of interference phenomena (ruled g.‘ating, 
echelon grating, Perot-Fabry plate, Lummer plate). For difirac- 
tion patterns to show themselves, it is necessary that the width of 
the slit employed should be of the order of magnitude of the wave- 
length of the light. If then we wish to obtain interference pheno- 
mena with X-rays, we have to use a grating in which the distance 
between the rulings is of the order of magnitude of 1 A. = 10”“® cm. 

Such gratings are put into our hands by nature, 
as von Lane (1912) has shown, in the shape of 
crystals, in which the lattice distances are just 
of this order of magnitude. If a beam of X-rays 
is passed through a crystal, we do in fact obtain 

Fig. 3. — Diffraction of X-rays at a crystal. As explained by 
Bragg, the rays are reflected at the lattice planes of the crystal, and 
thus made to interfere. 

interference phenomena. Following Bragg (1913), we can interprid, 
these as due to interference of the rays reflected at different lattice 
planes of the crystal (fig. 3). Moreover, Compton (1925) and otluTs 
succeeded in producing X-ray interference in artificial gratings also, 
this being found possible at grazing incidence of the rays. 

Interference of X-rays supplies a powerful weapon for investigating 
the structure of crystals. For this purpose we do not even require large 
pieces of the crystal, but can use it in the form of powder (I)ebye- 
Scherrer, 1915; Hull, 1917). The interference figures in the lattcu cause 
are rings round the direction of the incident beam. Indeed, the powder 
grains may be of molecular size even. What is more, it is found that 
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the interference phenomena due to the individual atoms of the mole- 
cule are by no means completely obliterated by the irregular setting 
and motion of the molecules in liquids and gases. Circular interference 
rings are observed, from the intensity distribution of which we can 
draw conclusions with regard to the distances of the atoms in the mole- 
cule (Debye, 1929). However, we shall not enter further into these 
methods of investigating how matter is built up from atoms. 

We add here, in the form of a scale, a summary of the wave-lengths 
of the types of radiation at present known (fig. 4). The scale is 


Y-raiis X-rm/s 

I ■ " ‘ ‘ 


Visible 


M 

M. 


Irj/ra-red 


RndiX) 


Fig. 4. — Logarithmic scale of wave-lengths; the numbers shown refer to 
a unit of length Ao = i cm., and represent logio(A/Ao) 


logarithmic; the numbers shown are therefore indices of powers of 
10. As unit Aq = 1 cm. is taken. Next to the wide range of wave- 
lengths employed in wireless communication comes the region of 
infra-red waves, which affect our senses as radiant heat. Then comes 
the relatively narrow stretch of the visible region (7700 to 3900 A.), 
followed by the ultra-violet and Schumann regions, which in turn 
lead into the domain of X-rays (100 to 0*05 A.). The radioactive 
y-radiation reaches to about 0-001 A. The cosmic radiation seems 
to contain y-rays of very short wave-length (10~^ A.) which would 
lie beyond the scale of our figure. 

2. Light Quanta. 

Great as has been the success of classical ideas in the interpretation 
of interference phenomena, their incapacity to account for the pro- 
cesses of absorption and emission of radiation is no less striking. Here 
classical electrodynamics and classical mechanics absolutely fail. 

To give a few examples of this failure, we recall the experimental 
fact that a hydrogen atom, for example, emits an infinite series of 
sharp spectral lines. Now the hydrogen atom possesses only a single 
electron, which revolves round the nucleus. By the rules of electro- 
dynamics, an electron accelerated like this sends out radiation con- 
tinuously, and so loses energy; in its orbit it would therefore neces- 
sarily get nearer and nearer the nucleus, into which it would finally 
plunge. The electron, which initially revolved with a definite fre- 
quency, will radiate light of this frequency; in the case when the 

(e90H) 6 
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frequency of revolution changes (continuously) (luring tlie raclijition 
process, it will also emit frequencies close to th(‘ ground fnunuyncy; 
but how then the spectrum of hydrogen should c.onsiHt of' a dis(‘.r( 3 to 
series of sharply separated lines, it is quit{^ iinpossihh^ f.o undc^rstjind. 

Further, the stability of the atom is inoxpli(‘a,l)l(\ W(^ may think 
by way of comparison of the system of plaiudis circling round tlH‘ sun, 
all, when undisturbed, moving in tlmir iixed orbits. Supposm how(‘ver, 
that the whole solar system arrived in tht‘ n(‘igld)ourhood of Sirius, 
for example; the mere propinquity would to (h^fh^ct all the 

planets out of their courses. If then tli(3 solar systfuu uiovtMi a, way 
again to a distance from Sirius, the plamdis would now ri*volv(^ round 
the sun in new orbits with new v(dooiti(‘.s and |>ci*iods of r(‘, volution. 
If the electrons in the atom obeyed tlie Baano ni(‘(duuii{‘ai laws a.s the 
planets in the solar system, the nec-essary (‘.onscMjucniu^. of a, collision 
of the atom with another atom would be tliat tlu^ ground frtHpuuujicjs 
of all the electrons would be comphtely chang<Hb so tliat aftfCr the 
collision the atom would radiate light of wa,v(‘d(‘ngt-hs also (uitirtdy 
different. In direct opposition to this, we luivc tlu^ (‘xqauinuml.a,! fact 
that an atom of a gas, which by the kinetic, tlu^ory of gas<‘.s is sulqccdu'd 
to something like 100 million collisions p(‘r s<‘(‘on(l, lU'Viu’thcless, aftcT 
these as before, sends out the same sharp sp(‘ctral lim\s. 

Finally, classical mechanics and statist, ics fail witJi <‘X|>la, nation 
of the laws of radiation of heat (or energy). sindl not, go into this 
complex question in detail until later (Clia.p. V I 1, p, 185). and luu’ti 
merely quote the result to which Planck (1900) was led by t-hc above 
considerations. To make the laws of radia,tion intclligibl(\ lu^ found 
the following hypothesis to bo n(K‘.essa,ry: cHiUsian and al)s(}rp(i()ifh 
of radiant energy by rnaUer does not take place eondn noasly, hat in jiniie 
quanta of energy hv {h^ Planck’s constant 0*55 x 10 erg sik‘.., 
V = frequency). On the other hand, the conmaxion witli t,h(‘ (^(‘ctro- 
magnetic theory of light is to he nuuntauuMl 1,0 t-hiH <‘xt(mt, that 
the classical laws are to hold for tlu^ |)ro|)a.ga,1,ion of t,he riidiation 
(difiraction, interference) . 

Einstein (1905), however, went even furtluu tha.n Planek. Jl(i not 
merely postulated quantum properti(‘s for tln^ pro{-(\ss<‘s of al)sor|>tion 
and emission of radiation, but also (‘xplaiiuMl sucii prop(‘rti<‘S as in- 
herent in the nature of radiation itsedf, Ac(!ordiiig to t,in^ hypothesis 
of light quanta (photons) which he mhnuKuab light, consistH of quanta 
(corpuscles) of energy hv, which fly through spa.c(‘ lik(‘ a. Iniil of sliot, 
with the velocity of light. Daring as at first siglif, this hyi)ot,li(\sis 
appears to be, there is nevertheless a wh.ol(‘ smuxs of ex{)erirnent8 
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which, seem scarcely possible to explain on the wave theory, but which 
can be understood at once if we accept the hypothesis of the light 
quantum. Some account of these experiments, which were cited by 
Einstein himself in proof of his hypothesis, will now be given. 

The most direct transformation of light into mechanical energy occurs 
in the photoelectric effect (Hertz (1887), Hallwachs, Elster and Geitel, 
Ladenburg). If short-wave (ultra-violet) light falls on a metal surface 
(alkalies) in a high vacuum, it is observed in the first place that the 
surface becomes positively charged (fig. 5); it is therefore giving off 
negative electricity, which issues from it 
in the form of electrons. We can now 
on the one hand, by capture of the elec- 
trons, measure the total current issuing 

Fig. 5- — Production of photoclectrons (after Lenard). 

Lighf entering by the window F strikes the cathode C, and 
there liberates photoelectrons, which are accelerated (or 
retarded) in the field between C and A. 

from the metal surface, and on the other hand determine the velocity 
of the electrons by deflection experiments or by a counter field. 
Exact experiments have shown that the velocity of the emergent 
electrons does not depexid, as one might at first expect, on the 
intensity of the light; but that only their number increases as 
the light becomes stronger, the number being in fact proportional to 
the intensity of the light. The velocity of the photoelectrons depends 
only on the frequency p of the light; for the energy E of the electrons 
the following relation is found: 

E -- hv - /I, 

where A is a constant characteristic of the metal. 

From the standpoint of the light quantum hypothesis, both these 
results can be understood at once. Every liglit quantum striking the 
metal and colliding with one of its electrons hands over its whole energy 
to the electron, and so knocks it out of the metal; before it emerges 
however, the electron loses a part of this energy equal in amount to 
the work, A, requir(‘,d to remove it from the ra(‘ta,l. The number of 
electrons expelled is eqiuil to tlie number of inc.ident liglit quanta, 
and this is given by the intensity of the light falling on tho 
metal. 

l^videnc-e even more patent than this, for tho existence of light 
quanta,, is given l)y the experiments of E. Meyer and W. Gerhich (1914) 
on the photoelectric effect witli the sma.ll partie.les of metal dust; by 
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irradiation of these with ultra-violet light photoelectrons are again 
liberated, so that the metallic particles become positivelj charged. 
The advance on the previous case consists in this, that we can now 
observe the time relations in the process of charging the particles, 
by causing them to become suspended in an electric field, as in Milli- 
kan’s droplet method for determining e, the elementary electric charge; 
a fresh emission of a photoelectron is then shown by the acceleration 
caused by the increase of charge. 

If we start from the hypothesis that the incident light actually 
represents an electromagnetic alternating field, we can deduce from 
the size of the particles the time that must elapse before a particle 
of metal can have taken from this field by absorption the quantity of 
energy which is required for the release of an electron. These times 
are of the order of magnitude of some seconds; if the classical theory 
of light were correct, a photoelectron could in no case bo emitted 
before the expiry of this time after starting the irradiation. But the 
experiment when carried out proved on the contrary that the emission 
of photoelectrons set in immediately the irradiation began — a result 
which is clearly unintelligible except on the basis of the idea tliat light 
consists of a hail of light quanta, which can knoclc out an electron 
the moment they strike a metal particle. 

3. Quantum Theory of the Atom. 

Planck’s original quantum hypothesis was that to (vvivry spectral 
line there corresponds a harmonic oscillator of definite fr(u]uericy v 
which cannot, as in the classical theory, absorb or emit an aii)itrary 
quantity of energy, but only integral multiples of hv. Niels ]3ohr (1913) 
made the great advance of elucidating the comicxioii of tluvse “ oscil- 
lators ” with one another and with the structure, of the atom. He 
dropped the idea that the electrons actually beluive like oscillators, 
i.e. that they are quasi-elastically boiiiid. His leading thought was 
something like this. The atom does not behave lilve a classical 
mechanical system, which can absorb energy in })ortions wdiich are 
arbitrarily small. From the fact of the existence of sharp emission 
and absorption lines on the one hand, and from Einstein’s light quantum 
hypothesis on the other, it seems preferable to infer that the atom can 
exist only in definite discrete stationary states, with energies 
E ^, .... Thus only those spectral lines can be absorbed for which 
hv has exactly such a value that it can raise the atom from one 
stationary state to a higher one; the absorption lines are therefore 
defined by the equations. E^ — Eq = E^ — Eq^ j where 
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jBq is the energy of the lowest state in which the atom exists in the 
absence of special excitation. 

If the atom is excited by any process, i.e. if it is raised to a state 
with energy > Eq, it can give up this energy again in the form 
of radiation. It can in fact radiate all those quanta whose energy is 
equal to the difference of the energies of two stationary states. The 
emission lines are therefore given by the equation 

A direct confirmation of this theory can be seen in the following fact. 
If Bohr’s hypothesis is correct, an excited atom has open to it various 
possible ways of falling back to the ground state by giving up energy 
as radiation. For example, an atom in the third excited state can 
either give up its excess of energy relative to the ground state in one 
elementary process by radiating a line of the 
frequency or it can begin with a transition 
into the first excited state with the energy 
and surrender of the energy quantum hv^^, and 
then in a second radiation process (frequency 
Vjq) fall back into the ground state; and so 

Fig. 6. — Ritz’s Combination Principle. An atom in the third 
excited state can radiate its energy either in the form of a single 
light quantum of frequency j'ao, or as two quanta, the sum of whose 
frequencies must be exactly rgo- 
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on (fig. 6). Since the total energy radiated must always be the 
same, viz. E^ — E^, the following relation must always exist between 
the radiated frequencies: 

^30 = ^31 + ^^10 ^ ^32 + ^20 ^32 ^^21 + '^ 0 - 

This combination principle must of course hold in all cases, and is 
a deduction from the theory which can easily be put to the test of 
experiment. Historically, it is true, the order of these two aspects of 
the matter was reversed; for Ritz, eight years before Bohr’s theory 
was propounded, deduced this combination principle from collected 
spectroscopic material which had been obtained by experiment. It 
is by no means the case, however, that all possible “ combination 
lines ” do actually occur with perceptible intensity. 

A further direct confirmation of Bohr’s theory on the existence of 
discrete energy levels in the atom is given by the experiments of Franck 
and Hertz (1914). If the atoms arc supplied with energy in any way, 
e.g. by electronic collision, i.e. by bombarding the atom with (dectrons, 
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tken tLe atoms caa only take up such portions of energy as exactly 
correspond to an excitation energy of the atoms. 

Thus, if we bombard the atoms with electrons whose kinetic energy 
is less than the first excitation energy of the atoms, no communi- 
cation of energy from the colliding electron to the atom takes place 
at all (beyond the trifling amount of energy which is transferred in 
accordance with the laws of elastic collision, and shows itself only in 
the kinetic energy of the relative motion of the partners in the col- 
lision). With respect to collisions of no great strength the atoms are 
therefore stable in the ground state. Among such slight collisions are 
those which a gas atom is subjected to in consequence of the thermal 
motion of the particles of the gas. This is easily verified, roughly, as 
follows. The mean kinetic energy of a gas particle, by the results of 
the first chapter, is given by where h = RjL = 1-37 X 10““^® 

erg/degree; if the whole of this energy were converted at a collision 
into excitation energy, the energy quantum hv = |/cT would be 
transferred to the particle struck; where, if we take T 300° K. 
(room temperature), v will be 10^^ sec“^ approximately. On the other 
hand, frequencies of absorption lines in the visible or even in the 
infra-red part of the spectrum have values about 10^‘^ to seo""^. 
Higher temperatures will therefore be necessary before ‘‘ thermal 
excitation ” of the atoms of the gas becomes possible. 

We return now to the collision experiments of Franck and Hertz. 
We see that if the energy E of the electrons is less than tlie first 
excitation energy E^ — Eq, the atoms remain in the ground state. 
If E becomes greater than E-^ — E^, but remains less than E^^ jBq, 
the atom can be brought by the collision into the first excited state, and 
consequently when it falls back into the ground state radii ites only 
the line v-^ = v^q. li E ^ Eq lies between E^ and E^, the iitorn which 
is struck can pass into either the first or the second excited state, and 
so can radiate the lines Vgo, and similarly in other cases 

(figs. 7a, 7b, Plate V). But we can also measure the energies of 
the electrons after the collision, by causing them to eiiter an opposing 
field of known potential difference, and observing the number of elec- 
trons which pass through it. In this way also the energy rehxtion was 
found to be fulfilled exactly to this extent, that the energy loss of the 
electron due to the collision with an atom was j ust equal to an excita- 
tion energy E^ — Eq of the atom. 
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4. Compton Effect. 

Tke phenomena described up to tMs point prove only that energy 
exchange between light and atoms, or between electrons and atoms, 
takes place by quanta. The corpuscular nature of light itself is proved 
in the most obvious way by the laws of frequency change in the scatter- 
ing of X-rays. We have in an earlier chapter (Chap. Ill, p. 51) dis- 
cussed the classical theory of the scattering of X-rays at compara- 
tively weakly bound (nearly free) electrons, and reached the result 
that the scattered radiation has always the same frequency v as the 
primary radiation; for the electron vibrates in the same rhythm as 
the electric vector of the incident wave and, like every oscillating 
dipole, generates a secondary wave of equal frequency. 

Compton (1922) investigated the scattering of X-rays by a block of 
paraffin, and found that the radiation scattered at an angle of less 
than 90° possesses a greater wave-length than 
the primary radiation, so that the v' of the 
scattered wave, contrary to the prediction of the 
classical theory, is smaller than the v of the 

Fig. 8. — Compton Effect. A light quantum on colliding with 
an electron transfers part of its energy to the latter, and its wave- 
length becomes greater after the scattering. 



incident radiation (see fig. 8). On the principles of the wave theory, 
this phenomenon is unintelligible. 

The result, however, can be explained at once (Compton and Debye) 
if, taking the corpuscular point of view, we regard the process as one 
of elastic collision of two particles, the electron and the light quantum 
(fig. 8). For if the light quantum hv strikes an electron, it will com- 
municate kinetic energy to the electron, and therefore will itself lose 
energy. The scattered light quantum will therefore have a smaller 
energy hv. The exact calculation of the energy loss proceeds as in 
the case of the collision of two elastic spheres; the total momentum 
must be the same after the collision as before, likewise the total energy. 
The full calculation is given in Appendix X, p. 279; hero we merely 
quote the result. The Compton formula for the change of wave-length of 
the light quantum due to the scattering process runs: 

h ^ 

(A^^ = — == 0-0242 A., the Compton wave-length). 
me 
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The increase in tke wave-lengtE is accordingly independent of tke 
wave-lengtk itself, and depends only on tke angle of scattering. 
The tteory is susceptible of searching experimental tests, and is found 
to be thoroughly in accord with the facts. In the first place, Compton 
himself confirmed that the change of wave-length is correctly given by 
the Compton formula. The recoil electrons, which according to the 
theory are necessarily produced in the scattering process, and take 
over the energy loss hv — hv of the light quanta in the form of kinetic 
energy, were successfully demonstrated by Compton; and that not 
only in scattering by solid bodies, but also in the Wilson chamber, 
where the tracks of the recoil electrons can be seen directly. 

But, as has been shown by Compton and Simon, we can take 
a further step and test experimentally the relation between the angles 
of scattering ^ and ijj of the light quantum and the electron. Certainly 
a light quantum shows no track in the cloud chamber, but all the same 
we can determine the direction of the scattered quantum, provided 
it is scattered a second time and again liberates a recoil electron; the 
direction of the scattered quantum being found as that of the lino 
joining the initial points of the tracks of the two recoil electrons. 
Although in the actual carrying out of the experiment there is a con- 
siderable amount of uncertainty, owing to the fact that several tracks 
may be present, and it is not always possible to det-ermine a pair 
uniquely as corresponding to each other in the foregoing sense (i.c. pro- 
duced by one and the same quantum), still Compton and Simon W(n*o 
able to establish agreement between theory and experiment with a 
fair amount of certainty. 

Further confirmation of our ideas a, bout the mechanism of the 
Compton effect was produced by Bothe and Geiger. Tliey ca,use.d 
X-rays to be scattered in hydrogen, and with a. Geigiu’ count(‘r re- 
corded when recoil electrons made their a])peaj*a,nce; by nu^.ans of a 
second counter they determined the instants at w^hieli scattered light 
quanta appeared. (The counter, it is true, did not reacd. directly to 
a light quantum, striking it, but it did react, indin'ctly to th,(‘- eh^.ctrons 
liberated by the light quantum in the chamber of tlie counter.) They 
succeeded in tins way in establishing tha,t tlu^ emission of tin^ r(H‘()il 
electrons took place at the same moment a,s tlie scatvtcu'ing of th(^ light 
quantum. 

Recent investigations by Bothe, Jacobsiui a,nd others (Ilt‘h)) with 
powerful modern equipment (made, it is tru(\ to (iisprov(‘ a n(‘gative 
result of Shanklaxid), have definitely confirmed the sirnulta, neons 
appearance of the recoiling light quantum and idtHdron. 
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In the Compton scattering we have therefore a typical example 
of a process in which radiation behaves like a corpuscle of well-defined 
energy (and momentum); an explanation by the wave theory of 
the experimental results which we have described seems absolutely 
impossible. On the other hand, interference phenomena are quite 
irreconcilable with the corpuscular view of radiation. Until a few 
years ago, to explain this contradiction in the theory of light seemed 
to be beyond the bounds of possibility. 

5. Wave Nature of Matter. De Broglie’s Theory. 

The dilemma was still further intensified, when in 1925 de Broglie 
propounded the hypothesis that the same dualism of wave and cor- 
puscle as is present in light may also occur in matter. A material 
particle will have a matter wave corresponding to it, just as a light 
quantum has a light wave; and in fact the connexion between the 
two opposing aspects must again be given by the relation E = Av. 
Further, since from the standpoint of the theory of relativity energy 
and momentum are entities of the same kind (momentum is the spatial 
part of a relativistic four- vector, whose time component is energy), 
it is obviously suggested that for consistency we should write 'p ~ hr] 
if V denotes the number of vibrations per unit time, r must signify 
the number of waves per unit length, and therefore be equal to 
the reciprocal of the wave-length A of the wave motion; hence 
p = A/A. 

The extension of the wave idea from optics to mechanics can be 
carried through consistently. Before we go into this, however, we 
should like once more to point out the ‘‘ irrationality ” (as Bohr calls 
it) involved in thus connecting the corpuscular and wave conceptions. 
E and p refer to a point mass of vanishingly small dimensions; v and r, 
on the contrary, to a wave which is infinitely extended in space and 
time. The imagination can scarcely conceive two ideas which appear 
less capable of being united than these two, which the quantum theory 
proposes to bring into such close connexion. The solution of this 
paradox will occupy us later. 

We shall first develop de Broglie’s theory further from a formal 
point of view. A particle of momentum p in the direction of the x-axis 
and energy E is to be associated, then, with an infinitely extended 
wave of the form u{x, t) = means of the two relations 

E hv, p = hr. 

This wave advances through space with a definite velocity, the phase 
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velocity u. The value of u we can find at once, by considering the 
(plane) surfaces of constant phase, viz. 


= vt — rX'^ const., or x = -t const.; 

r’ 


it follows that 


/dx\ 
\^dt / (j) 


= " = vA. 

= const. X 


Since v is in general a function of A, and conversely, this equation 
embodies the law of dispersion of the waves. 

But it must be remarked that the phase velocity is a purely arti- 
ficial conception, inasmuch as it cannot be determined experimentally. 
In fact, to measure this velocity it would be necessary to affix a mark 
to the infinitely extended smooth wave, and to measure the velocity 
of the mark. But the only way in which we can malce a mark on the 
wave train is by superimposing other wave trains upon it, wldch 
mutually reinforce each other at a definite place, and so create a hump 
in the smooth wave function. We have now to determine the velocity 
with which this hump moves; it is called the group-velocity. 

A general method is given in Appendix XI (p^ 281); here wo con- 
fine ourselves to a simple special case, which gives the same result, 
and brings out the difference between phase-velocity and group- 
velocity with particular clearness. On the primary wave, whi(d:i we 
suppose to have the form of u(x, t) above, we superimpose a 
wave with the same amplitude and a slightly different frequency v 
and wave-length A'. In this case, as we know, beat ’’ plumonnuia 
occur, and we make use of one of the beat maxima as the mark in our 
wave train. What we are interested in, then, is the velocity w^ith 
which the beat maximum moves. 

The superposition of the two wave trains gives us inathemati(‘.ally 
a vibration of the form 

u(:x, t) == 


This expression can be written 

= 2 oo.2„ 

It therefore represents a vibration of frequency (i/+ v')/2 and wave- 
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lengtli 2/(t + t'), tie amplitude of which varies slowly (beats) relative 
to the vibration itself. The phase, as we deduce at once from the 
formula moves with the velocity (i/+ i,')/(t -J- t'). On the other 
hand, ^the maximum of the amplitude moves with the velocity 
(v v)I{t—t'). In the limit when v' tends to v, and therefore 

T to_ T, we find from this the value already found for the phase- 
velocity ^ 

u = - == pX, 

r 

while the group- velocity is given by the limiting value 

U= lim 

r — T 

But this is simply, by definition, the derivative (differential coefficient) 
ol the frequency v with reference to the wave-number r, if we regard 
i' as a function of r (law of dispersion); hence we have 

t/" — 

dr d(iixy 

As is shown in Appendix XI (p. 281), this expression for the group- 
velocity holds perfectly generally. 

We now apply these formulae to the case of a free particle with 
ve ocity V. Writing p for v/c, and employing the relativistic formulae 
tor energy and momentum (see p. 271), we have here 


E 




WnC 


h 


The phase-velocity is given by 


-P. 
' h 


m„e 






V 

T 


c 


and IS therefore greater than the velocity of light c, if the particle’s 
velocity IS less than c. The phases of the matter wave are therefore 
propagated with a velocity exceeding that of light-another indication 
that the phase-velocity has no physical significance. For the (^roup- 
velocity we find ^ 


dv dv I dr 



8o 


WAVE-CORPUSCLES 


[Chap. 


it is exactly equal to tte particle’s velocity, for 
dv rriffi CjS 

dr __ nifp 1 

^ “ T" (1 - ^2)^2’ 

and therefore U — ==^ v. 

The relationship thus brought out is very attractive; in particxilar 
it tempts us to try to interpret a particle of matter as a wave packet 
due to the superposition of a number of wave trains. This tentative 
interpretation, however, comes up against insurmountable difficxilties, 
since a wave packet of this kind is in general very soon dissipated. 
We need only consider the corresponding case in water waves. If 
we produce a wave crest at any point of an otherwise smooth surface, 
it is not long before it spreads out and disappears. 

6. Experimental Demonstration of Matter Waves. 

In view of the boldness of de Broglie’s hypothesis, that matter is 
to be regarded as a wave process, the question of course at once sug- 
gested itself, whether and in what way the hypothesis could be put to 
the test of experiment. The first answer was given by Einstein (1925), 
who pointed out that the wave idea gives a simple explanation of the 
degeneration of electrons in metals^ which expresses itself in the abnormal 
behaviour of metals in regard to their specific heat, and as an experi- 
mental fact was known to theoretical physicists before de Broglie. 
The subject will be discussed in detail in Chapter VII (§ 7, p. 217). 

Further, it was known from the investigations of Davisson and 
Germer (1927) that in the reflection of beams of electrons l)y metals 
deviations occurred from the result to be expected on classical prin- 
ciples, more electrons being reflected in certain directions than in otlu^rs, 
so that at certain angles a sort of selective reflection took place. The 
conjecture was first propounded by Elsasser (1925) that we have before 
us here a diffraction effect of electronic waves in the metallic lattic.e, 
similar to that which occurs in X-ray interference in crystals. The 
exact investigations which were then undertaken by Davisson and 
Germer actually gave interference phenomena in precisely tlie same 
form as the known Lane interference with X-rays. 

Further experiments by 6. P. Thomson, Rupp and others showed 
that when beams of electrons are made to pass tlirough thin foils 
(metals, mica), diffraction phenomena are obtained, of the same kind 



IV] DEMONSTRATION OF MATTER WAVES 8i 

as the Debye-Scherrer rings in X-ray interferences (fig. 9, Plate V). 
Moreover, when the conditions of interference and the known lattice 
distances were used as data, it was found that de Broglie’s relation 
between wave-length and the momentum of the electrons was com- 
pletely confirmed. 

The following rough calculation gives an indication of the kind 
of wave-lengths we have to deal with in beams of electrons. Accord- 
ing to de Broglie, we have X— hjp or, if we confine ourselves to elec- 
trons of not too high speed, so that we can leave relativistic corrections 
out of account, A = hjmv. On the other hand, the velocity of the 
electrons is determined by the potential Y applied to the cathode 
tube: = eV. Hence A = A/V(2m6y), or, on inserting the 

numerical values (e = 4*77 X e.s.u., m = 9-0 X lO-^s gm., Ji = 
6*56 X 10“^’ erg sec.). 



when Y is expressed in volts. Thus, to an accelerating potential 
of 10,000 volts there corresponds a wave-length of 0*122 A .; the wave- 
lengths of the electronic beams employed in practice therefore lie in 
approximately the same region as those of hard X-rays. 

Although it is astonishing that the discovery of the diffraction of 
electrons was not made earlier, the fact must nevertheless be con- 
sidered a piece of great good fortune for the development of atomic 
theory. What confusion there would have been if, soon after the dis- 
covery of cathode rays, experiments had been undertaken simul- 
taneously on their charge and capability of deflection, and on their 
possibilities in regard to interference! Again, Bohr’s theory of the 
atom, which later was to serve as the foundation of the expansion 
of atomic theory into wave mechanics, was essentially based on the 
assumption that the electron is an electrically charged corpuscle. 

To-day the technique of electronic diffraction is so far advanced 
that it is already employed to some extent in industry instead of the 
earlier methods with X-rays for the purposes of research on materials. 
One advantage of using electrons is that decidedly higher intensities 
are available than there are with X-rays. Thus, for example, an 
interference photograph requiring an exposure of twenty-four hours 
with X-rays can be produced by means of electrons, with the same 
working data, in something like one second. Another advantage is 
that the wave-length of the beams of electrons can be varied at will 
by changing the tube potential; if the setting of the potentiometer is 
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changed, it can he seen at once on the screen how the whole diffraction 
image contracts or expands according as the wave-length is made 
shorter or longer. 

Still more impressive than the establishment of the fact that elec- 
trons when they pass through a crystal lattice behave like waves, 
is the discovery of Stern and his collaborators (1932) that molecular rays 
(of Hg and He) also show diffraction phenomena when they are re- 
flected at the surfaces of crystals. It was even possible to separate a 
beam of molecules of nearly uniform velocity with the help of a device 
similar to the arrangement for measuring the velocity of light: two 
toothed wheels rotating on the same axis. De Broglie’s equation was 
confirmed for these particles with an accuracy of about 1 per cent. 
Here, surely, we are dealing with material particles, which must be 
regarded as the elementary constituents not only of gases (we recall 
our discussion of the subject of the kinetic theory of gases), but also 
of liquids and solids. If we intercept the molecular ray after its 
diffraction at the crystal lattice, and collect it in a receiving vessel, 
we find in the vessel a gas which has still the ordinary properties. 

These diffraction experiments on whole atoms show that the wave 
structure is not a property peculiar to beams of electrons, but that 
there is a general principle in question; classical mechanics is replaced 
by a new wave mechanics. For, in the case of an atom, it is ch'-arly 
the centroid of all its particles (nucleus and electrons), i.e. an abstract 
point, which satisfies the same wave laws as the individual free electron. 
Wave mechanics in its developed form does actually render an account 
of this. 

7. The Contradiction between the Wave Theory and the Corpuscular 
Theory, and its Removal. 

In the preceding sections we have had a series of fiicts l)ro light 
before us which seem to indicate unequivocally that not only light, 
but also electrons and matter, behave in some cases like a wave pro- 
cess, in other cases like pure corpuscles. How are these contradicjtory 
aspects to be reconciled? 

To begin with, Schrfidinger attempted to interpret corpus(il(‘s, 
and particularly electrons, as wave 'packets. Although his formula are 
entirely correct, his interpretation cannot be maintained, since on the 
one hand, as we have already explained above, the wave packiits must 
in course of time become dissipated, and on the other hand the de- 
scription of the interaction of two electrons as a collision of two wave 
packets in ordinary three-dimensional space lands us in grave difficulties. 
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TEe interpretation generally accepted at present goes back to the 
present writer. According to this view, the whole course of events is 
determined by the laws of probability; to a state in space there cor- 
responds a definite probability, which is given by the de Broglie wave 
associated with the state. A mechanical process is therefore accom- 
panied by a wave process, the guiding wave, described by Schrodinger’s 
equation, the significance of which is that it gives the probability of a 
definite course of the mechanical process. If, for example, the ampli- 
tude of the guiding wave is zero at a certain point in space, this means 
that the probability of finding the electron at this point is vanishingly 
small. 

The physical justification for this hypothesis is derived from the 
consideration of scattering processes from the two points of view, the 
corpuscular and the undulatory. The problem of the scattering of 
light by small particles of dust or by molecules, from the standpoint 
of the classical wave theory, was worked out long ago. If the idea of 
light quanta is to be applied, we see at once that the number of incident 
light quanta must be put proportional to the intensity of the light at 
the place concerned, as calculated by the wave theory. This suggests 
that we should attempt (Born, 1926) to calculate the scattering of elec- 
trons by atoms, by means of wave mechanics. We think of an incident 
beam of electrons as having a de Broglie wave associated with it. 
When it passes over the atom this wave generates a secondary spherical 
wave; and analogy with optics suggests that a certain quadratic 
expression formed from the wave amjfiitude should be interpreted 
as the current strength, or as the number of scattered electrons. On 
carrying out the calculation (Wentzel, Gordon) it has been found that 
for scattering by a nucleus we get exactly Rutherford’s formula 
(p. 53; Appendix IX, p. 276, and XX, p. 307). Many other scattering 
processes were afterwards subjected to calculation m this way, and 
the results found in good agreement with observation (Born, Bethe, 
Mott). These are the grounds for the conviction of the correctness of 
the principle of associating wave amplitude with number of particles 
(or probability). 

In this picture the particles are regarded as independent of one 
another. If we take their mutual action into account, the pictorial 
view is to some extent lost again. We have then two possibilities. 
Either we use waves in spaces of more than three dimensions (with 
two interacting particles we would have 2x3 “= 6 co-ordinates), 
or we remain in three-dimensional space, but give up the simple picture 
of the wave amplitude as an ordinary physical magnitude, and replace 
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it by a purely abstract matbeniatical concept (the second quantisation 
of Dirac, Jordan) into wbicli we cannot enter. Neither can we discuss 
the extensive formalism of the quantum theory which has arisen from 
this theory of scattering processes, and has been developed so far that 
every problem with physical meaning can in principle be solved by 
the theory (Appendix XXII, p. 312). What, then, is a problem with 
physical meaning? This is for us the really important question, for 
clearly enough the corpuscular and wave ideas cannot be fitted to- 
gether in a homogeneous theoretical formalism, without giving up 
some fundamental principles of the classical theory. The unifying 
concept is that of probability; this is here much more closely inter- 
woven with physical principles than in the older physics (e.g. the 
kinetic theory of gases, § 2, p 3; § 6, p. 9). The elucidation of these 
relationships we owe to Heisenberg and Bohr (1927). According to them 
we must ask ourselves what after all it means when we speak of the 
description of a process in terms of corpuscles or in terms of waves. 
Hitherto we have always spoken of waves and corpuscles as given 
facts, without giving any consideration at all to the question wluitlier 
we are justified in assuming that such things actually exist. The 
position has some similarity to that which existed at the time the 
theory of relativity was brought forward. Before Einstein, no one 
ever hesitated to speak of the simultaneous occurrence of two evtmts, 
or ever stopped to consider whether the assertion of the simultaneity 
of two events at different places can be estahlishcd ])hysi<*ally, or 
whether the concept of simultaneity has any meaning a^t all. In point 
of fact Einstein proved that this concept must be “ rdalvivizcd ”, since 
two events may be simultaneous in one system of rcvferencc, but talco 
place at different times in another. In a similar way, according to 
Heisenberg, the concepts corpuscle and wave must also be sul)j(‘ct(Ki 
to close scrutiny. With the concept of corpuscle, tlie idea is nticcssarily 
bound up that the thing in question possesses a perfectly definite 
momentum, and that it is at a definite place at th(3 time (‘.onsiderxHl. 
But the question arises: can we actually determine (sxactly both tlie 
position and the velocity of the particle ” at a given moment? If 
we cannot do so — and as a matter of fact we cariri()t^""-i if we can 
never actually determine more than one of the two properti(\s (|)OS“ 
session of a definite position and of a definite momentum), and if 
when one is determined we can make no assertion at all about the 
other property for the same moment, so far as our experiment goes, 
then we are not justified in concluding that the ‘‘thing” under 
examination can actually be described as a particle in the usual 
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sense of the term. We are equally unjustified in drawing this con- 
clusion even if we can determine both properties simultaneously, if 
neither can then be determined exactly, that is to say, if from our 
experiment we can only infer that this '' thing ’’ is somewhere within 
a certain definite volume and is moving in some way with a velocity 
which lies within a certain definite interval. We shall show late 
means of examples that the simultaneous determination of posi 
and velocity is actually impossible, being inconsistent with quantum 
laws securely founded on experiment. 

The ultimate origin of the difficulty lies in the fact (or philosophical 
principle) that we are compelled to use the words of common language 
when we wish to describe a phenomenon, not by logical or mathema- 
tical analysis, but by a picture appealing to the imagination. Common 
language has grown by everyday experience and can never surpass 
these limits. Classical physics has restricted itself to the use of con- 
cepts of this kind; by analysing visible motions it has developed two 
ways of representing them by elementary processes: moving particles 
and waves. There is no other way of giving a pictorial description of 
motions — we have to apply it even in the region of atomic processes, 
where classical physics breaks down. 

Every process can be interpreted either in terms of corpuscles or in 
terms of waves, but on the other hand it is beyond our power to produce 
proof that it is actually corpuscles or waves with which we are dealing, 
for we cannot simultaneously determine all the other properties which 
are distinctive of a corpuscle or of a wave, as the case may be. We 
can therefore say that the wave and corpuscular descriptions are 
only to be regarded as complementary ways of viewing one and the 
same objective process, a process which only in definite limiting 
cases admits of compl(‘te pictorial interpretation.. It is just the 
limited feasibility of measurements that defines the boundaries 
between our concepts of a particle and a wave. The corpuscular 
description means at bottom that we carry out the measurements 
with the object of getting exact information about momentum and 
energy relations (e.g. in the Compton eflect), while experiments which 
amount to determinations of place and time we can always picture to 
ourselves in terms of the wave representation (e.g. ])assage of electrons 
through thin foils and observations of tlie deflected beam). 

We shall now give the proof of the assertion that position and 
momentum (of an electron, for instance) cannot be exactly determined 
simultaneously. We illustrate this by the example of diflraction 
through a slit (fig. 10). If we propose to regard the passage of an electron 
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through, a slit and the observation of the diffraction pattern as simnl- 
taneous measurement of position and momentum from the standpoint 
of the corpuscle concept, then the breadth of the slit gives the un- 
certainty ” Ajt, in the specification of position perpendicular to the 

direction of flight. Eor the 
fact that a diffraction pat- 
tern appears merely allows 
us to assert that the elec- 
tron has passed through the 
slit; at what place in the 
slit the passage took place 
remains quite indefinit©. 
Again, from the standpoint 
of the corpuscular theory, 
the occurrence of the dif- 
raction pattern on the 
screen must be understood 
in the sense that the individual electron suffers deflection at the 
slit, upwards or downwards. It acquires component inonientuin 
perpendicular to its original direction of flight, of amount Ap (the 
resultant momentum p remaining constant). The mean value of Ap, 
by fig. 11, is given by A^ sin a, if a is the mean angle of deflection. 
We know that the experimental results can be explained satisfactorily 
on bhe basis of the wave representation, according to which a is con- 
nected with the slit- width Ax and the wave-length A — hip by the 
equation Ax sina ^ A = A/p. Thus the mean added momentum in. 
the direction parallel to the slit is given by the relation 

Ap ^ p A/Ax = A/Ax, 

A A 7 

Ax Ap h. 

This relation is called Heisenberg^ s uncertainty relation. In our example 
therefore, it signifies that, as the result of the definition of the electron’s 
position by means of the slit, which involves the xmcertainty (or 
possible error) ^ Ax, the particle acquires momentum parallel to the 
slit of the order of magnitude stated (i.e. with the indicated degree 
of uncertainty). Only subject to this uncertainty is its momentum 
known from the diffraction pattern. According to the uncertainty 
relation, therefore, A represents an absolute limit to the sim/ultaneous 
mmsurement of co-ordinate and momentum, a limit which i,n the most 
favourable case we may get down to, but which we can never get 
beneath. In quantum mechanics, moreover, the uncertainty relation 
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holds generally for any arbitrary pair of “ conjugated variables 
A- second example of the uncertainty relation is the definition of 
position by a microscope (fig. 11). Here the order of ideas is as follows. 
If we wish to determine the position of an electron in the optical way 
by illuminating it and observing the scattered light, then it is clear, 
and known as a general rule in optics, that the wave-length of the 
light employed forms a lower limit to the resolution and accordingly 
to the exactness of the determination of position. If we wish to 'define 
the position as accurately as possible, we will employ light of the 
shortest possible wave-length (y-rays). The employment of short- 
wave radiation implies, however, the occuiTence of a Com,pton scatter- 
ing process when the electron is irradiated, so that the electron ex- 
periences a recoil, which to a certain extent is 
imleterminate. We may investigate the circum- 
stances mathematically. Let the electron under 
the miscroscope be irradiated in any direction with 

Fig. II. — Determination of the position of an electron by means of the 
7-ray microscope. 

light of frequency v. Then, by the rules of optics (resolving power 
of the microscope) its position can only be determined subject to 
th(j possible error 

Ax ‘ -j 

sin a 

where a is the angular aperture. Now, a-cc-ording to the corpuscular 
view, the particle in the radiation ])rocess suil’ers a Compton recoil 
of the order of magnitude hvic, the dir(‘.ction of which is undetermined 
to the same extent as is tlie direcition in which the liglit quantum flies 
off after the process. Sincii the light quantum is actually observed 
in the microscope, this indeterminateness of direction is given by the 
angular aperture a. Tlie component inonKuituni of tlu^ electron per- 
pendicular to the axis of tlie microscope is theixvfore after the process 
undeterniined to the extent A]), whore approximately 

A • 

A']) sin a. 

6 * 

Thus the order of magnitude relation 

Ax Aj) h 

holds good here also. 

Just as every determination of position carries with it an un- 
ceitainty in the momentum, and every determination of time an 
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uncertainty in tLe energy (although, we have not yet proved the latter 
statement), so the converse is also true. The more accurately we 
determine momentum and energy, the more latitude we introduce 
into the position of the particle and the time of an event. We give an 
example of this also, viz. the so-called resonance fluorescence. We have 
seen above (p. V3) that the atoms of a gas which is irradiated with light 
of frequency corresponding to the energy difference between the 
ground state and the first excited state, are raised to the latter state. 
They then fall back again to the lower state, at the same time emitting 
the frequency v-y^\ and if the pressure of the gas is sufficiently low, 
so that the number of gas-kinetic collisions which occur while the 
atom remains in the excited state is negligible, then the whole energy 
which was absorbed will again be emitted. Thus the atom behaves 
like a classical resonator which is in resonance with the incident light 
wave, and we speak of resonance fluorescence. 

But the energy of excitation of the atoms can also be utilized, not 
for re-emission of light, but for other actions, by introducing another 
gas as an indicator. If the latter consists, say, of not too rigidly 
bound diatomic molecules, the energy transferred in collisions with 
the excited atoms of the first gas can be utilized for dissociation 
(Eranck, 1922). Again, if the added gas is monatomic, and has a lower 
excitation level than the first gas, it is itself caused to radiate by the 
•collisions; this is called sensitized fluorescence (Franck). In any 
case we see that a fraction of the atoms of the first gas is certainly 
thrown into the excited state by the exciting light. We may take 
the following view of the matter. Excitation by monochromatic light 
means communication of exact quanta to the atom. We there- 
fore know the energy of the excited atoms exactly. Consequently, 
by Heisenberg’s relation AEAtr^h, the time at which the absorp- 
tion takes place must be absolutely indeterminate. We can satisfy 
ourselves that this is so, by considering that any experiment to de- 
termine the moment in question would necessarily require a mark 
in the original wave train— an interruption of the train, for example. 
But that means disturbing the monochromatic character of the light 
wave, and so contradicts the hypothesis. A rigorous discussion of the 
circumstances shows that, if the light is kept monochromatic, the 
moment at which the elementary act happens does actually altogether 
elude observation. 

The uncertainty relation can also be deduced from the following 
general idea. If we propose to build up a wave packet, extending for 
a finite distance in the cc-direction, from separate wave trains, we 
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need for tLe purpose a definite finite frequency-range in the mono- 
cfiromatic waves, i.e., since A = hjp, a finite momentum-range in the 
particles. But it can be proved generally (Appendix XII) that the 
length of the wave packet is connected with the requisite range of 
momenta by the relation 

Ao; ^ h. 

The analogous relation 

AjE* Aj( h 

can be derived in a similar way. 

Bohr is in the habit of saying: the wave and corpuscular views 
are complementary. By this he means: if we prove the corpuscular 
character of an experiment, then it is impossible at the same time to 
prove its wave character, and conversely. Let us illustrate this further 
by an example. 

Consider, say. Young's interference experiment with the two slits 
(p. 67); then we have on the screen a system of interference fringes. 
By replacing the screen by a photoelectric cell, we can demonstrate 
the corpuscular character of the light even in the fringes. It there- 
fore appears as if we had here an experiment in which waves and 
particles are demonstrated simultaneously. Really, however, it is. 
not so; for, to speak of a particle means nothing unless at least twO’ 
points of its path can be specified experimentally; and similarly with 
a wave, unless at least two interference maxima are observed. If then 
we propose to carry out the demonstration of a corpuscle we must 
settle the question whether its path has gone through the upper or 
the lower of the two slits to the receiver. We therefore repeat the 
experiment, not only setting up a photoelectrically sensitive instru- 
ment as receiver, but also providing some contrivance which shows, 
whether the light has passed through the upper slit (say a thin photo- 
graphic film or the like). This contrivance in the slit, however, neces- 
sarily throws the light quantum out of its undisturbed path; the 
probability of getting it in the receiver (the screen) is therefore not 
the same as it was originally, i.e. the preliminary calculation by wave 
theory of the interference phenomenon is illusory. Thus, if pure 
interference is to be observed, we are necessarily precluded from 
making an observation of any point of the path of the light quajitum 
before it strikes the screen. 

We add. in conclusion a few general remarks on tlie philosophical 
side of the question. In the first place it is clear that the dualism,, 
wave-corpuscle, and the indeterminateness essentially involved therein,. 
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compel us to abandou anj attempt to set up a deterministic theory, 
Tbe law of causation^ according to which the course of events in an 
isolated system is completely determined by the state of the system 
at time ^ = 0, loses its validity, at any rate in the sense of classical 
physics. In reply to the question whether a law of causation still holds 
good in the new theory, two standpoints are possible. Either we may 
look upon processes from the pictorial side, holding fast to the wave- 
corpuscle picture — in this case the law of causation certainly ceases 
to hold; or, as is done in the further development of the theory, we 
describe the instantaneous state of the system by a (complex) quantity 
i/f, which satisfies a difierential equation, and therefore changes with 
the time in a way which is completely determined by its form at time 
if = 0, so that its behaviour is rigorously causal. Since, however, 
physical significance is confined to the quantity | (the square of 
the amplitude), and to other similarly constructed quadratic exprtis- 
sions (matrix elements), which only partially define i/f, it follows that, 
even when the physically determinable quantities are completely 
known at time t == 0, the initial value of the ?/f-function is necessarily 
not completely definable. This view of the matter is equivalent to 
the assertion that events happen indeed in a strictly causal way, but 
that we do not know the initial state exactly. In this sense the law 
of causation is therefore empty; physics is in the nature of the case 
indeterminate, and therefore the affair of statistics. 
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Atomic Structure and Spectral Lines 

1. The Bohr Atom; Stationary Orbits for Simply Periodic Motions. 

We have already had before ns (Chap. IV, § 2, p. 69) a series of 
arguments to prove that the classical laws of motion cease to hold 
good ill the interior of atoms. We recall in particular the existence of 
sharp spectral lines, and the great stability of atoms, phenomena 
which from the classical standpoint are perfectly unintelligible. 

Bohr’s explanation of spectra, which we expounded in § 3, 
p. 72, points out the road we must follow in setting up a new 
atomic mechanics. In fact, long even before the discovery of 
the wave nature of matter, an at least provisional atomic mechanics 
was successfully founded by Bohr and developed by himself and his 
collaborators, the most prominent of whom is Kramers. 

The leading idea (Bohr’s correspondence principle, 1923) may be 
stated broadly as follows. Judged by the test of experience, the laws 
of classical physics have brilliantly justified themselves in all processes 
of motion, macroscopic and microscopic, down to the motions of atoms 
as a whole (kinetic theory of matter). It must therefore be laid down, 
as an unconditionally necessary postulate, that the new mechanics, 
supposed still unknown, must in all these problems reach ''the same 
results as the classical mechanics. In other words, it must be demanded 
that, for the limiting case of large masses, or orbits of largo dimen- 
sions, the new mechanics passes over into classical mechanics. 
We may obtain a concrete idea of the significance of the correspon- 
dence principle from the example of the hydrogen atom, which 
according to Rutherford consists of a massive nucleus, with an electron 
revolving round it. By the laws of classical mechanics (Kepler’s first 
law) the orbit of the electron is an ellipse, or in special cases a circle; 
in the following discussion we shall confine ourselves to this special 
case. Let the radius of the circular orbit be a, and let it be described 

1)1 
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with, the angular velocity co. These two quantities are connected by 
the relation 




m ’ 


which corresponds to Kepler’s third law; it follows from the equality 
of the centrifugal force wiaco^ and the Coulomb force of attraction 
Ze^ja^, where Z is the nuclear charge number (1 for H, 2 for He+, 
3 for Li++ and so on). 

What specially interests us here is the value of the energy of the 
revolving electron. By the principle of energy the sum of the kinetic 
and the potential energy is constant: 


m 

2 “ 


a^o)^ 



a 


In this equation the energy, which is indeterminate to the extent of 
an additive constant, is so normalized that E denotes the work needed 
just to release the electron from its connexion to the atom, i.e. to 
bring it to rest {aoj 0) at an infinite distance {a co ) from the 
nucleus. By combining the two equations, we find 



Ze^ 

2a 
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V 


) 


It follows from this that 

\E\^ __ Zh^n 


is constant. We may add that this equation also .holds in the case 
when the orbit is an ellipse (with semi-major axis a) if we understand 
that (X) means 27T/r, where T is the period of a revolution (sec also* 
Appendix XIV, p. 286). 

So much for the hydrogen atom, according to classical ideas and 
fundamental laws; to any orbital radius a, or to any angular velocity 
CO, there corresponds a definite value E of the energy, while a, or co, 
can assume any value we choose. 

In contrast with this we have the hypothesis of Bohr (§ 3, p. 72), 
according to which the atom can exist only in definite discrete states, 
and, at a transition from a state with the energy Ej to a state with 
the smaller energy E^, emits the spectral line for which hv = E^ — E^. 
From the frequencies of the emission or absorption lines we can find 
the energies of the individual Bohr states. 
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Now the relations observed in tbe line spectrum of the hydrogen 
atom are known very exactly (fig. 1). It was Balmer (1885) who first 
showed that the lines situated in the visible region — all that were then 
known — can be represented by the formula 



with a spectral line corresponding to every integral value of m > 2; 
R being a constant, the so-called Rydberg constant, the value of 
which was afterwards determined very exactly by Paschen (1916): 

R = 109678 cmr\ 


Here v, in accordance with the usage of spectroscopists, stands for the 
wave number^ i.e. the number of wave-lengths per cm.: v= 1/A. 
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Fig. I.— Diagram of the Balmer series, showing the notation used for the individual lines 


The form of the above equation suggests the idea that the general 
law for the frequencies may be obtained by taking instead of 4 
(= 2 ^): 



In fact, on the basis of this formula the lines corresponding to the 
values w = 1, 3, 4, . . . could likewise be determined spectroscopically^ 
they were not found in the earlier investigations, since they lie outside 
the visible spectral region. To-day the following series, called after 
their discoverers, are known: 

n—\\ Lyman series (ultra-violet), 
n = 2: Balmer series (visible), 
n= 3: Paschen series (infra-red), 
n= i: Brackett series (infra-red). 


It ought further to be particularly remarked that the agreement 
between the numbers given by the preceding formula apd the values 
found spectroscopically is extraordinarily close. The accuracy of 
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spectroscopic work is liigli, and allows tte position of the lines to be 
determined to 5 or 6 figures, yet the values calculated by the formula 
only differ from the observed values by at most a few units in the last 
place. The form of Balmer’s equation — the difference of two expres- 
sions of the same type — suggests, in view of Bohr’s theory, that these 
expressions should be brought into connexion with the energy levels 
(terms) of the Bohr atomic model: 

== — ^ (Balmer term). 


The frequency emitted, when the atom makes a transition from a 

state n to another state m, is then 
given, in agreement with the Bal- 
mer formula, by the relation 



hv = Ey: 




If we know the term scheme for an 
atom, we can at once road off 
from it the structure of the spec- 
trum. For the hydrogen Jitom 
the term scheme has the form 


Fig. 3. — Term diagram for the hyilrogen 
atom. The most important lines of the hydrogen 
spectrum (with some wave-lengths, in A.) are 
shown as transitions between two terms. 


shown above (fig. 2). The energy scale is normalized in such a way 
that its zero point corresponds to n —> co. Beginning at the lowt‘,st 
term the terms follow each other more and more closely, adul 
asymptotically approach the limit Eao == 0. 

In what precedes we have contrasted the statements of classi(‘al 
atomic mechanics with the results of experimental research. The 
latter, on Bohr’s interpretation, give discrete energy levels witli tlie 
values En = —hRjn^, where R stands for a constant determined 
experimentally. It is of course the business of the new atomic 
mechanics to explain the value found for the Balmer tium. Tlie lin(‘. of 
approach to the solution of the problem is indicated by the principle 
which we stated at the outset (p. 91) — the correspondence principle. 

In the application to the hydrogen atom, this principle assorts that 
the higher the Bohr state of the atom is, the more closely the atom 
obeys the laws of classical mechanics; as n increases, the intervals 
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between the individual energy levels become smaller and smaller, the 
levels come closer and closer, and the atom approaches asymptotically 
the state of motion required by classical mechanics. 

If then we calculate the emitted frequency by the Balmer formula, 
for the case when the initial and final states are highly excited states, 
we find, if m ~ n is small compared to m and n, the value 

2R , , 

(m — n). 


The lowest frequency emitted is got by taking m — n = 1, viz. 








for m — = 2 we get a frequency twice as high, for m — n = 3 one 

three times as high, and so on. The spectrum has therefore the same 
character as that of an electrically charged particle vibrating, on the 
classical theory, with the proper frequency oj == and the associated 
harmonic frequencies. If we now introduce the ground frequency 
instead of the ordinal number n in the energy formula (Balmer term), 
we obtain (with co = 27rvi) the expression 



This formula, in regard to the way in which it involves the frequency, 
has exactly the same structure as the formula which we obtained 
above (p. 92) for the energy of the classical revolving electron. As 
there, we have 



I6772 


— constant. 


But, according to the correspondence principle, in the limiting case 
of very high values of n, i.e. of very low frequencies, the two formulae 
must agree. It follows that 


where 


R = R^Z^ 


Rq — 


27r^me^ 
— ^3 ' • 


Hence, on the basis of the correspondence principle, and under the 
assumption that the energy values are actually given by the Balmer 
terms, we have even at this early stage obtained an unambiguous 
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statement about the value of the Eydberg constant appearing in the 
Balmei term, and accordingly a possible means of testing the 
theory. 

If we insert the values of e, m and h, as determined by other 
methods, in the formula for we find Eq ~ 3-290 X 10^"’ sec.“^, or, 
when converted into wave numbers, 109700 cm.“^; a value 

which, within the limits of accuracy of our present knowledge of the 
values of e, m and h (a few thousandth parts), agrees with the experi- 
mental value. Moreover, the formula depends in the right way on the 
ordinal number Z, as is shown by measurements on the ions IIe+, 
Li++, .... 

Additional evidence for the legitimacy of our argument is given 
by the fact that by a simple extension of the above formula the motion 
of the nucleus can also be taken into account, and that its eliect, as 
thus found, upon the values of the terms has been completely verified 
by experiment. In the calculation given above, we proceeded as if the 
nucleus had infinite mass, and therefore assumed it to be at rest. In 
reality its mass, though certainly great compared to the mass m of an 
electron (~ 1840 m for the hydrogen nucleus), is still finite. It follows 
that the nucleus must also move when the electron revolves, and that 
it describes a circular orbit round the common centre of mass with 
the same angular velocity o> as the electron, since of course the centre 
of mass of the whole atom is to be at rest. If we denote the radii of the 
orbits of electron and nucleus by and then by the definition of 
the centre of mass we have ma^ = where M. is the mass of tho 
nucleus. The equality of centrifugal force and Coulomb attraction 
gives then 

= . 

In the formula for the energy the motion of the nucleus manifests it self, 
first, in the additional term arising from the Icinetic energy 

of the nucleus; and, secondly, in the fact that the potential energy 
contains, not as before the radius of the circular orbit of the elcH’-tron, 
but the sum By the same process as before (p. 92), wo 

obtain here the formula 

\8(m+ M)/ \8(1 + m/M)/ 

If now, using the correspondence idea, we equate this value of 
tbe energy to the value coming from the Balmer term for high 



THE BOHR ATOM 


V] 


97 


quantum numbers, we obtain for the Rydberg constant the expression 




1 + mjM' 


R. 


27T^me^ 

If 


The motion of the nucleus manifests itself therefore in a correcting 
factor, which indeed amounts only to fractions of a thousandth part, 
but which the high accuracy of spectroscopic methods allows to be 
exactly tested. 

Apart from the correcting factor, every energy term of even order 
of singly ionized helium coincides, according to the theory, with a 
hydrogen term, because Z — 2 for He+; and therefore the second 
term of He+ is the same as the first of H, the fourth of He+ the same 
as the second of H, and so on. If, however, the motion of the nucleus is 
taken into account, these terms become separated, since the helium 
nucleus has four times the mass of the hydrogen nucleus, and there- 
fore participates to a slighter degree in the motion of the electron than 
the latter. In fact, the formula for the energy terms of even order 
{2n) of He+ gives the expressions 

iRJi 1 

(‘^He+/2n 


RJl 


1 + 


(1 + 


while the hydrogen terms are given by 

(^h).= 


RJi 


(1 + mlM^)n^ 


Every alternate helium line therefore almost, but not quite, coincides 
with a hydrogen line; the distance between them is easily calculated 
from the above formulae; as to order of magnitude, it is approximately 
in the ratio m/M smaller than the wave-length of the lines themselves 
and therefore roughly of the order of magnitude of 1 1.., so that it can 
easily be measured spectroscopically. Experimental tests of this result 
of the theory have verified it completely. 

We may mention further that the value of the Rydberg constant, 
as measured by Paschen on the lines of hydrogen, which we have given 
above, is not equal to Rq, but equal to Ro/(l + We thus find 

the value 

= 109737 cm.-i. 

It is at once obvious that the dependence of the frequency of the 
spectral lines on the mass of the nucleus will hold for other atoms 
also; it therefore becomes a possibility to discover isotopes spectro- 
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scopically. TEe most important case is that of the heavy hydrogen 
isotope D itself, for which our formula holds exactly, if we insert 
the nuclear mass M^. In point of fact, as has already been mentioned 
(p. 60), the isotope D was first discovered by these spectroscopic 
methods. 

The line of thought followed so far may be summarized as follows. 
Classical mechanics, on the basis of the picture of the election revolv- 
ing round the nucleus, certainly enables us to deduce formula! for the 
connexion between orbital radius, frequency of revolution, and energy, 
but it is incapable of explaining the spectrum emitted by the atom. 
Tor the latter purpose we have, following Bohr, to introduce a new 
hypothesis, viz. that the atom only possesses certain definite energy 
levels E„ = —hRjn^-, and it is the business of the new mechanics to 
explain these energy levels. From the correspondence principle, i.e. 
from the single requirement of asymptotic agreement of the new 
mechanics with the old for large quantum numbers, wo have alrea,dy 
been able to obtain definite information with regard to the connexion 
between the experimentally determined Rydberg constant and the 
atomic constants e, m and h. But oven so, there is still no explanation 
of why the Balmer terms occur at all; up to this point we only know 
that, if we make the special assumption that the formula A’,, — —Min- 
is correct, then on account of the correspondence principle the factor 
of proportionality R must depend in a definite way on t% m. and h. 
It is for the new mechanics to explain those assumptions, or at least 
to make them intelligible. We may mention in anticipa.tion tluit this 
was not accomplished until the introduction of wave meclianics. 
Nevertheless, we shall in the following pages deal brii'fly with the 
leading features and most important results of Bohr’s quantum tluiory 
of the atom, since these are not only partly required as foundations 
for the structure of wave mechanics, but are also capable of (ixjilaining 
many experimental results. 

In the first place, we collect here, in connexion with flio preceding 
calculations, a few formulse which are of great importnne.e for the 
further development of Bohr’s theory. If in the Bohr atom we think 
of the electrons as revolving in definite fixed orbits (ellip.si^s, e.ircle.s) 
round the nucleus, then with every energy level of the atom (in the 
special case of a circular orbit) we can associate a radius, an angidar 
velocity, and so on, on the basis of the formula! of classical mechanics. 
It then follows from the formulse already given (p. 92) that (neglect- 
ing the motion of the nucleus) we have for the radius a of the circular 
orbit corresponding to the nth energy state 



V] 


THE BOHR ATOM 


where 


a 


Ze^ ZeV 


«o 


iTT^me^ 


== 0*628 


A. 


represents the radius of the first circular Bohr orbit in the hydrogen 
atom, or, briefly, the ''Bohr radius Similarly, for the angular velocity, 
we find the expression 

with 

coq = 471 JSq = 4*13 X 10^® sec.""^. 

Of special importance is the formula for the angular momentum (or, 
in other words, the moment of momentum) of the electron about the 
nucleus; from the two preceding formulae it follows that 

p = ma^oj = maffoj^n == n . 

277 

In the Bohr atom the angular momentum is equal to a multiple of 
hj^rr. This fact is called the quantum condition for angular momentum. 

Conversely, we may postulate this condition, and, by working 
backwards and using the formulae of classical atomic mechanics, deduce 
the Balmer terms. Thus (p. 92), from 

E = — , and a^co^ , 

2a m, 

it follows that 

2p^ 

where p = denotes the angular momentum. If we substitute the 
value of p from the quantum condition, we find at once 

2 h^n^ 

It seems now a natural suggestion, that we should regard the quanti- 
sation condition for the angular momentum as an essential feature of 
the new mechanics. We therefore postulate that it is universally valid 
At the same time, we must show by means of examples that the postu- 
late leads to reasonable results. Although from the standpoint of 
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Bohr’s theory the underlying reason for this quantisation rule remains 
entirely obscure, nevertheless in the further development of the theory 
it has justified itself by results. 

As an example we take the case of the rotating molecule, which we 
treat as a rotator (i.e. as a rigid body which can rotate about a fixed 
axis). If A is its moment of inertia about this axis, then its kinetic 
energy when rotating with angular velocity co is, according to classical 
mechanics, 

2 

and there is no potential energy. The angular momentum about the 
axis is found from the energy by differentiating with respect to co: 

p = Aco. 

We now apply the formula for the angular momentum, found for the 
case of the hydrogen atom: 



where n denotes a whole number. Eliminating co, we obta,in the energy 
formula: 




p^ 

2 A ■“ 87M 




This expression for the value of the energy is called the Deslandres 
term. To this term scheme there corresponds a definite (unission 
spectrum. The transition from the nth state to the (n — l)tli is l)()und 
up with the emission of a line of frequency 


V = 





_h 


{n^ — n — P) == 



Tlie spectrum consists of a sequence of equidistant lines, S'^ing us tho 
simplest type of band spectrum. Other transitions than those to tho 
next lower (and next higher) state cannot occur, as follows from corre- 
spondence considerations; for, as wo have already shown in the case 
of the hydrogen atom, and as we also see here at once, transition to 
the next quantum state hut one, or to the next but two, for high 
quantum numbers involves the emission of double, or three times, tho 
ground frequency, i.e. of harmonics. Now, classically, in the Fourier 
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expansion for circular motion (rotator), only the ground frequency 
occurs: 

x=^ a GOBoit, y~ a sincaif; 

and the same of course holds good for the emitted radiation as calcu- 
lated classically. Therefore, by the correspondence principle, in the 
quantum theory also no lines can be emitted which correspond to the 
classical harmonics in the Tourier resolution of the orbital motion; 
in other words, we have for the rotator the selection rules: n n — 1 
for emission transitions, and ^ ^ -f 1 for absorption transitions. 
We have only proved these rules, it is true, for high quantum numbers, 
since we have made use of the correspondence principle; but it ' is 
obviously suggested that we should postulate their validity for all 
quantum numbers. 

2. Quantum Conditions for Simply and Multiply Periodic Motions. 

The quantum condition for the angular momentum, which we 
have deduced from the Balmer term (which is given by experiment), 
and the application of which to the rotating molecule led us to the 
Deslandres term (which is in agreement with experiment), gives an 
indication of the way we have to follow in constructing the new 
mechanics. It comes to this clearly, that certain quantities can only 
take values which are whole numbers — ^they are called quantisable 
quantities — and the question arises of how in general these quantisable 
quantities are to be discovered. We shall try to make the matter clear 
with the aid of simple examples; and in Appendix XIII (p. 283) we give 
a general formulation of the problem on the basis of the Hamiltonian 
theory. 

An idea of Ehrenfest’s (1914) is helpful at this point. Consider a 
mechanical system, in which such quantisable variables occur, that 
is to say, quantities capable of integral values only. If we introduce 
a small disturbance, the new mechanics must hold good in the dis- 
turbed system just as in the undisturbed, so that the quantities in 
question must still have integral values. They must therefore at the 
beginning of the disturbance either have changed by a whole number 
at a jump, or have remained constant. If the actions affecting the 
system change slowly, the latter must be the case; when that is so, 
we say that these quantities are adiahatically invariant. As the con- 
verse of this argument, we may propound the theorem, that only adia- 
batically invariant quantities are quantisable. It is therefore necessary 
to discover such quantities, under the classical laws of motion. 

( E 908) 8 
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We may stow by a simple example bow this can be clone. Con- 
sider a simple pendulum (fig. 3) whose length can be altered, say 
by drawing the thread over a pulley. If we shorten the thread 

slowly, we do work, first against 
gravity, secondly against the cen- 
trifugal force of the oscillating pen- 
dulum. Let the length of the thread 
be altered slowly from I to I + to 
fix ideas we may suppose Al to be a 
negative number, so that the pendulum 
is shortened. The component of the 

Fig. 3. — Simple pendulum of variable length. If the 
length is reduced slowly enough, the ratio of energy 
to frequency is constant. 

weight, which stretches the thread, is mg cos^S, and the centrifugal 
force is where </> is the angular velocity. The work done against 
gravity and centrifugal force is 

J+Ai 

A ^ {mg cos^ + mlp) ( —dl). 

We now assume that the shortening of the thread takes place extrenifdy 
slowly, so that during the process the pendulum oscillates to and fro 
a great many times. We can then disregard the variability of the 
amplitude of the oscillation with the length of the thread, and integrate 
over the motion on the supposition that the amplitude is constant. 
We thus obtain 

A == —{mg cos^ + 

where the bar indicates averaging over the undisturbed motion. If 
further we confine ourselves to small amplitudes, we can replace 
cos</> by 1 — Thus 

X2 

A = —mgAl + {mg — ml4>^)Al = —mgAl -I AW. 

Jj 

Tke first term corresponds to the elevation of the position of eqnili- 
brinin, -which does not interest us. The second part of the expression, 
i.e. the product of Ai by the expression in brackets, repre, scuts the 
increase Alf in the energy of the 'pmdulu'm, motion. Now the energy 
of the undisturbed pendulum motion is 

W = ^ + ingl{l — cos cj>}, 

z 




V] 


QUANTUM CONDITIONS 


103 


where the first term represents the Idnetic energy, and the second the 
potential energy relative to the position of rest. Eeplacing 1 — cos ^ 
by the approximation ^2^2, we get 


But this is just the energy function for a linear oscillator with the 
linear amplitude q = l(j). The motion is therefore a simple harmonic 
vibration coscot, and we have therefore 




from which, since co = ^ttv = it follows easily that 


W 


mV 


2^., 2 


mgl ^ 


<l>o^ 


while, from the second term in the last expression for A, 

AIf=-*VA!=-3'A! 

i 2 ! ' 

Hence we have 

AW _ 

w ^ r 


But on the other hand, since v varies as l~^, we have 


so that 


Av _ _ 1 Ai 

v ^ I’ 

Alf ^A_v 
W' V ■ 


This is a differential equation for IT as a function of the frequency v, 
and its solution is 

IT 

— — const. = J. 

V 


Thus, during the slow (adiabatic) shortening of the pendulum, this 
quantity J remains constant, so that without infringing Ehrenfest’s 
principle mentioned above, we can put it equal to an integral multiple 
of h, i.e. 
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We thus obtain tbe energy levels of the harmonic oscillator, in agree- 
ment with Planck’s fundamental assumption. 

The adiabatic invariants for other systems can be determined, 
theoretically, in a similar way. Still, this direct method is in general 
extremely troublesome, and one may well ask whether there is no 
simpler method of discovering invariants. We shall now show how 

it is possible to do so by means of a 
geometrical interpretation of the in- 
variant quantity J = W/v, taking as 
a special case our previous example 
of the oscillator (simple pendulum 
with small oscillations). 

Fig. 4. — ^Phase paths for the linear oscillator; in the 
p^-plane the phase point describes an ellipse, whose 
area is an integral multiple of h. 



We write down the energy once more, using a somewhat difierent 
notation {q = Icf), mq,f= mg /I): 


W = -i- 4- - 


In a jjg^-plane (fig. 4) this equation represents an ellipse with the semi- 
axes 


a = ^{2mW), b = V(2W//), 


as we see at once by writing the equation in the form 




.+ 


r „ 


2m If 2 IF// 


= 1 . 


The area of the ellipse is known to be 


so that, in our case. 


^pdq= abn, 


^pdq= 27TW'\/{mlf). 


(The symbol j) means that we have to integrate over a whole period, 
i.e. here, over the whole circumference of the ellipse.) But we have 
27tv= 's/iflm), so that 



The adiabatic invariant is therefore simply the area of the ellipse, 
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and the quantuin postulate states tiiat tie area of tie closed curve 
described in tie j)g-plane (piase plane), in one period of tie motion, 
is an integral multiple of h (Debye, 1913). 

Tie relation thus formulated is capable of immediate generalization. 
Consider in tie first place, as an example witi one degree of freedom, 
tie case already treated above (p. 100), tiat of tie rotator. Here tie 
co-ordinate is tie azimuti ^ to wiici belongs, as canonically 
conjugated quantity, tie angular momentum (or, in other words, tie 
moment of momentum) p. In tie free rotation p is constant, i.e. inde- 
pendent of tie angle turned tirougi. Tins 

J = ^pdq = p^dq. 

If we represent tie motion in tie y>y-plane, tiis integral is to be taken 
over tie straight line p = const., not over a closed curve. But we 
must observe that in this plane points with the same p, 
whose 2'-co-ordinates differ by 277, represent tie same 
state of the rotator. Properly speaking, therefore, we 
should consider, not a y>g'-plane but a j9j-cylinder (fig. 5) 
of circumference 277 , so tiat tie integral has now to be 
taken over tie circumference of tie cylinder, and has the 

Fig. 5. ^Representation of the phase path of a rotator on a cylindrical surface. V 

value 2'7 t. We therefore obtain J = 27Tp. If we now assume tie 
correctness of our quantisation rule 

J ~^pdq = nh, 

it follows that p = n{hl27T), tie formula which we found before in 
quite a different way for the hydrogen atom, and successfully applied 
to the rigid rotator for the interpretation of band spectra. 

It is found that the quantisation rule 



can be applied not only in systems with one degree of freedom, but 
also in complicated systems with many degrees of freedom, and always 
leads to results which agree with experience. The extension to more 
than one degree of freedom depends (Sommorfeld, Wilson, 1916) on the 
fact that in many cases co-ordinates q^, q.^, . . . can be introduced 
such that the momenta associated with them have the property that 
Pi depends only on q-^, p^ on q^, and so on. Systems of this kind are 
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said to be separable. In general, they are multiply periodic. In that 
case the motion, can be resolved into the superposition of simple 
periodic vibrations and their harmonics (so-called Lissajous’ figures). 
As an example, consider the case of motion in a plane, where the rect- 


y 

u 



-b 


angular co-ordinates x and y 
oscillate with two frequencies 
and V 2 (fig. 6). If were eqxial 
to V 2 : the path would bo a circle, 
an ellipse or a straight line, ac- 
cording to the relation of the 
phases. If the ratio of ^2 

Fig. 6. — Curve representing the motion of a 
system with two degrees of freedom, in which 
the two frequencies I'l and i-a are incommensur- 
able (Lissajous figure). 


is a rational number, we again get closed orbits. If and are 
incommensurable, i.e. if their ratio is irrational, the curve does not 
close, but gradually fills the whole rectangle within which the variables 
range. For multiply periodic motions in general, the orbits are of this 
type. If, however, an orbital curve closes after a finite number of 
revolutions, there is in reality only one period, and there will be only 
one quantum condition of the type 


If the curve does not close, i.e. if two or more incommensurable periods 
are present, then there will be as many quantum conditions jis there 
are periods: 


^Pidqi = n-Ji, 



This is the general case, also referred to as whereas 

the case of coincident or commensurable periods is (*.{illed a case of 
degeneracy. If u is the number of periods, v the number of (legT(;K\s of 
freedom, then = 'y — ■ w is called the degree of degeneracy. In A| )pcndix 
XIII (p. 283) we shall go into these relations a little more deeply. 

As an example of the above rules we shall now give a discussion 
of the hydrogen atom, the complete quantisation of whicli was carried 
out by Sommerfeld. By Kepler’s laws, the orbit of the electron round 
the nucleus is an ellipse; it is therefore simply periodic. Since the 
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electron has three degrees of freedom, this is a case of double de- 


generacy. In Appendix XIV (p. 286) we give the quantisation of the 
Kepler ellipse, which leads to the correct energy levels (Balmer terms). 
The degeneracy is partly 


removed by taking into ac- 
count the relativistic varia- 
bility of mass, or dependence 
of the mass of the electron 
on its velocity. In this case 
the orbit, according to Som- 
merfeld, is given by a pro- 
cessing ellipse (rosette); its 
major axis revolves in the 
plane of the ellipse round 

Fig. 7. — Orbit (rosette) of the electron 
about the nucleus, taking into account 
the I’elativistic variability of mass; the 
motion is doubly periodic, the peri- 
helion being displaced by the angle 
A(/> per revolution. 



the nucleus with constant angular velocity (fig. 7). The orbit is now 
doubly periodic; besides the original period of revolution, which 
remains unchanged if the precession is slight, we have now the period 
of the processional motion. In accordance with 
this, we have here two quantum conditions: ^ ^ J\ 

j, - nh, = Jdi y 

(compare Appendix XIV, p. 286); n determines the 8 — Elliptic orbit 

semi-major axis a of the approximate ellipse, k its with the nucleus k as 
senii-latus rectum q: a -- q ka^ (fig. 8). 

Further, the cjilciilation shows that the total angular momentum is 

7 h 


and that the energy contains a term additional to the Balmer term: 

RJirr- , , 

A’ = - -A - + 6(n, 


From the first formula it follows that for h ™ 0 the angular momentum 
vanishes; this gives the pendulum orbits ”, in which the orbital 
ellipse degenerates into a straight line. For k ~ n we obtain the 
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greatest possible angular momentum for a fixed n\ this gives the 
circular orbits. For Jfc < n we get the elliptic orbits. In the spectra, 
no sign has been found of the energy terms corresponding to the pen- 
dulum orbits; the terms not being realized, the theory must delete 
them from the term scheme. The reason given for their exclusion is 
that the pendulum orbits pass through the nucleus, so that the electron 
would collide with the nucleus, which of course is impossible. 

The supplementary term €{% A), the value of which will be given 
later, expresses the minuter detail of the hydrogen lines; its effect 
is to split up every Balmer term into a number of energy terms, corre- 
sponding to the quantum number /c. The spectral lines themselves are 
therefore made up of a system of finer lines, which are determined by 
the transitions between the energy levels of the upper state (n — n^, 
1, 2, . . . , %) and the lower state {n = Z: -- 1, 2, . . . , %). 

1 This is called the fine structure of the spectral lines. 

H Its theory was given by Sommerfeld for the case of 
atoms of the hydrogen type (EE, He^', Li+‘^ ), and was 

f ) tested by Fowler and Paschen on the spectrum of singly 
ionized helium (He"''), which was found in complete 
agreement with the theory. The test is easier with, IIe+ 
than with H for this reason, that the eiK'.rgy terms of 
He+ are four times as far apart, on account of the 
nuclear charge number Z being doubled, whereas the 

Fig. 9. — Top-like motion of the normals to the plane of an orbit, in an ex- 
ternal field; the normal moves in a cone as shown. 



corresponding factor for the fine structure splitting, as the. theory 
shows, is 16; the fine structure of the lines of He/i- is tluTcfoTv^ more 
easily demonstrated and measured. 

When the relativistic variability of mass is ta.ken into c.oMsideration, 
the degeneracy of the hydrogen atom is certainly reinov(‘d in part, 
hut the motion is still simply degenerate. Tliis d(‘.gen(u-acy is (‘.on- 
nected with the fact that in the absence of an exhuTial field tlu^ orliital 
plane of the electron is fixed in space, and its orientation piu'fectly 
arbitrary. The degeneracy is only removed by the introducivion of an 
external field. If the atom is brought into a homogeneous ma-giudlc 
field H, a motion of precession of the orbital plane sets in, round the 
direction of the field (fig. 9). For the electron revolving in its orbital 
plane gives the atom angular momentum and also ma-giudac moment; 
considered as vectors, these are both at right angles to the orbital 
plane. The magnetic field takes hold of the magnetic moincuit and 
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seeks to turn it round into the field direction. The effort to do this 
is opposed by the rotational inertia due to the revolution of the electron, 
in a way known, sufficiently well for our purpose, from the theory of 
the top; the effect, as in the case of the mechanical top, is processional 
motion. 

This motion gives the third of the periodicities possible in the 
hydrogen atom. In accordance with our rules, it is to be quantised 
in the same way as the angular momentum of the orbital motion. 
This leads to the formula 


n'- 


m ■ 


277 


{m — -f- 1, . . . , 


Here is the component of the angular momentum p in the direction 
of the field, so that this is quantised. Consequently the resultant 
angular momentum, the magnitude p of which must 
be an integral multiple of 7t/27r, can have only a finite 
number of possible inclinations to the direction of H, 
in fact 2h + 1 inclinations (fig. 10), corresponding 
to the + 1 possible values for its component p^^ 

Fig. 10. — Example of quantisation of direction for the case /« = 3; the 
total angular momentum must be inclined at such an angle to the field direc- 
tion that its projection m on that direction is a whole number (of units hlzir), -,5^- 



parallel to H. We speak of quantising of direction. On the experi- 
mental side, this quantising of direction can be demonstrated by the 
experiments of Stern and Gerlach, of which we shall give an account 
later (p. 167). 

The precossional motion in the magnetic field contributes an 
additional quantity of energy nivji, where v^ — eHI{ 4 c 7 Tfic) is the 
so-called Larmor frequency, /x being the mass of the electron. This 
value for the energy is obtained as follows. The potential energy of a 
magnet of moment M in a homogeneous magnetic field H, with which 
it makes the angle 6, is equal to (—)HM coad. In our case the angle 
6 is defined by the quantising of direction: cos^ == mhl{ 27 Tp). 

On th(i other hand, a revolving charge (— e), which on account of its 
mass p, gives rise to an orbital angular momentum p, produces by the 
rules of (ile.ctron theory a magnetic moment of {—ep)({2ijuc). By com- 
bining these results, wc find for the additional energy the value stated. 

Every term is tluis split up into 2k + 1 terms by the magnetic 
field. It is therefore to be expected that the spectral lines also possess 
the property of splitting in the magnetic field. That this is actually 
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so was found experimental^ by Zeeman (1896), at a time when nothing 
was yet known of quantum theory, and attempted explanations of 
optical processes relied on classical mechanics. Zeeman’s earli(\st 
observations showed that the lines in question, when observed trails- 
versally (magnetic field at right angles to the light path), are s|)lit up 
into toee, the middle line being polarized parallel to the fiidd, and 
the outside lines at right angles to the field; but that, when tiny are 
observed longitudinally (field parallel to light path), tlioy split, into 
two, which are circularly polarized in opposite directions. This ca.so is 
now called the normal Zeeman effect. It was shown by ’Lonmtz that a 
classical oscillator in a magnetic field may actually be exp(M*t(Ml to 
show these phenomena. Suppose the linear vibration of tlie ostdllator 
resolved into two opposite circular motions at right angles to tlie. iichi, 
along with a linear motion parallel to the field; then, by the action of 
the field, according to Lorentz’s theory, the frequency of one of tlio 
circular motions is increased exactly hy the Larnior friHjucsiHy 
and that of the other circular motion is diminished by the sanu^ a-riiou ut. 
This agrees with the splitting and polarization observed in one (liree-tion 
or another as described above. 

Fig. II. — Transitions in a magnetic field; on accotuU <»f the 
selection rule ym = o, d: i. only the transilions indicateti by 
arrows occur; since the terin.s corresponding to the vari<njj(i 
values of m are equally far apart in a homogeneous nnignetic 
field, each spectral line splits up in the magnetic field into 
three lines only (normal Zeeman efTect). 

It is aow easy to see tkat our quantum tlicory leads to prt'cisely 
the same result. In spite of the splitting into 2/>; H- 1 term.s, vvt^ olituin 
two, or tiiree, component lines, according as wo olisorve in tiu. dinuduon 
of the magnetic field, or perpendicular to it. In the light of t,lie col•r(^- 
spondence principle, this result can be understood at otu^(s. For the 
classical explanation of the Zeeman effect given l)y Lonuitz implit's 
that the atomic system, by the action of the magnetic Hold, i.s give.n 
an additional motion of rotation with the Lannor fnicjinuicy r, , t.ha.t 
is to say, an additional pure circular motion without hartuoiiies. liy 
the correspondence principle this must also hold asymptotically for 
the treatment hy quantum theory; hence, as in tins' rotai.or, we are 
led to the selection rules Am= ±1. On the other liand, the com- 
ponent of the motion parallel to the field is not cha,ng('.d in Ibis pro- 
cess, we therefore get the additional selection rule Am ■ 0. Ihir the 

possible transitions we therefore obtain the scheme of iig. 1 1 . 'J’he 
splitting of the higher and lower terms is shown on horizontal lines, 
and the arrows correspond to the possible transitions. The height of 
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the energy jump is the same for all the arrows directed obliquely 
to the left, so that these yield one and the same radiated frequency; 
similarly with the arrows pointing vertically downwards, or towards 
the right. We therefore obtain a simple triplet (or doublet). Bohr’s 
theory gives only the nonml Zeeman effect. In reality (for not too 
strong fields), the splitting pattern consists in general, not of three 
lines only, but of a definitely greater number. This anomalous Zeeman 
effect cannot be understood without going beyond the concepts we 
have developed so far. We shall go into it more deeply in next chapter. 

We pass now to the spectra of the alkali atoms (fig. 12, Plate VI). 
They are considered to arise in this way: an electron, the so-called 
radiating electron, moves in the field due to the nucleus and the rest 
of the electrons, and by itself causes the spectrum. This view is 
justified in the first place by the fact that in the alkalies, according 
to experiment, one electron is much more loosely bound than the rest, 
so that this electron is chiefly responsible for the chemical behaviour 
of the alkalies; on the other hand, we shall find, in the discussion of 
the periodic system in next chapter, that the remaining Z — - 1 electrons 
form so-called closed shells, round which the odd electron, i.e. the 
radiating electron, revolves. The field in which it moves is centrally 
symmetric, so that the potential depends only on the distance from 
the nucleus; the Coulomb field of the nucleus is '' screened ” by the 
remaining Z — 1 electrons, and it is just these deviations from the 
Coulomb field which causes the differences between the spectra of the 
alkalies and that of hydrogen. 

Here also the radiating electron moves in a processing ellipse; the 
pure ellipse occurs as the form of the orbit in a pure Coulomb field 
only, any deviiition from which, such as that determined by the vari- 
ability of mass in the hydrogen atom, implies precession. We quantise 
this motion as before, and so obtain two quantum numbers n and k. 
By general agreement the terms are denoted by a number and a letter. 
The number indica,tes the principal quantum number n. For the 
speciiicjation of the a;^iniuthal quantum number Ic the following notation 
has established itself: 

k -- 1 2 3 4 ..., 

s p d f ... term. 

Thus, e.g., id denotes the term with 4 and /i: = 3. Since the 
prt^cc^ssional motion is purely periodic, the correspondence principle 
leads as before to the selection rule A/c ~ ±1- The only transitions 
which occur are therefore those from an s-term to a jo-term, from a 
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3 ?-term to an s or d!-term, and so on. Tor tlie sake of general distinc- 
tion, tLe most important series of spectral lines Itave been given the 
following names: 

n][) Is principal series, 

ns 2p sharp series, 

nd diffuse series, 

nf -> 3eZ fundamental series, 


(The sharp, difiuse and fundamental series are occasionally called 
respectively the second subordinate, first subordinate and Bergniann 

series.) In this list, we have on 
the left the terms between which 
the transition takes place, in the 
notation just explained; on the 
right, the names of the series ob- 
tained by giving different values to 
n. In the term scheme (fig. 13) it 
is to be understood that the energies 
increase upwards. For every azi- 
muthal quantum number h there 
is a series of energy terms, which 
correspond to the various values 
of n, and which converge to a 

Fig. 13.— Term scheme of sodium (with not certain valuc (the s(f.nes limit) wlicn 
too high resolution). The transitions between mi i t t j. 

the various levels give the emission lines. U ^ . Ihe oblique lincS H^.prc^Hent 

the possible transitioriH; those to 
the l5-term correspond to the spectral lines of th.e principal series, 
those from the 5-series to the 2p--term to the spoc-tral liiu^s of the 
sharp series, and so on. By the formation of such tcum selumK^s, 
founded on theoretical considerations, it has become possible to intro- 
duce order into the chaos of spectral lines as found expcvrimentally. 

As a last application of Bohr's theory wc give a discussion of the 
origin of X-ray spectra. The essential feature distinguishing X-ray 
spectra from optical spectra is that the former are of the sanu^ t.y|)e 
in all elements (fig. 14, Plate VI), whereas the latter, though of like 
structure for elements of like chemical character, are quite diilVu’ent 
for elements belonging to different columns of th<'- pcu'iodicj tal)lo. 
This means in the first place that X-ray spectra must have tluur source 
in the interior of the atom, whereas for optical spectra, just m for 
chemical behaviour, it is the outer region of atoms which matters. 
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Tlie lines found by experiment, winch are denoted by ^^9 ••• 9 
. . . , , can be arranged in a term scheme, by 

taking advantage of the difference relations 

K^ + X^, 

+ L^ = M^, &c., 

which correspond to Eitz’s combination principle; these have been 
tested experimentally with great exactness, and found to be fulfilled 
as stated. 

The interpretation of X-ray spectra was given by Kossel (1917). In 
the atom the electrons are arranged in shells, there being a K shell, an 
X shell, &c. The electrons are most firmly bound in the K shell, less 
firmly in the L shell, still less firmly in the 
M shell, and so on. The energy levels 
indicated by horizontal lines in fig. 15 
correspond to the electrons in the indivi- 
dual shells. The excitation of a X-line, 
according to Kossel, has to be pictured as 
follows. By some process (collision, absorp- 
tion of light) an electron of the K shell 
is ejected from it. For this a definite 
minimum energy is requisite; all amounts of 
energy, which are greater than this least 
amount, can be absorbed. In absorption, 
we therefore find in the spectrum a sharp 
edge, the absorption edge ; wave-lengths 
shorter than this are absorbed. Absorption lines, such as occur in 
the visible region, are not found in the X-ray region. 

If an electron has been ejected in this way from the K shell, an 
electron of the X or M shell can fall down into the K shell, and a 
quantum of radiation is emitted; in this case the lines X^, . . . 
appear in the emission. A similar result follows in the case when the 
excitation causes an electron to be expelled from the X shell. 

From his measurements Moseley was able to deduce the following 
law for the frequencies of the X^-lines of the various elements. 

V = - a)^ = RoiZ - af (^t - 

Here J?o Rydberg constant, which we have already had before 

us (p. 95); « is called the screening constant, and has approximately 


KuKpKyKd 



K- 

Fig. 15. — Term scheme of X-ray 
levels (after Kossel), with the transi- 
tions corresponding to the X-ray 
lines. 
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tLe same value 1*0 for all elements. Tlie experimental facts, as stated 
in Moseley’s law, imply therefore that in X-ray spectra we are con- 
cerned with terms of the hydrogen type hydrogen-like terms 
with the nuclear charge screened off. This result is to be understood 
in the sense that the innermost electrons, on account of the large 
nuclear charge, are bound almost solely to the nucleus, and therefore 
move in a similar way to the electron in the hydrogen atom, without 
being essentially disturbed in their orbits by the rest of the electrons 



Fig. 16, — Diagram of points with abscissae equal to the atomic number Z, and ordinates 
equal to the square roots of the frequencies of Jv-lines 


in the atom. We therefore obtain a term scheme which corresponds 
to that of the alkali atoms. We must in fact associate with the elec- 
trons in the K shell the principal quantum number = 1, with those 
of the L shell n = 2, and so on. 

Further, an exact investigation shows that the /f -level is single, 
the X-level triple, and the M-level quintuple, but the explanation of 
this is postponed to next chapter. 

Moseley’s law puts at our disposal a simple method of testing the 
order of succession in the periodic system. If we plot points in a dia- 
gram, with abscissa 2, and with ordinate the square root of the fre- 
quency of the jK^-lines, the points of the diagram, as determined by 
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experiment, should lie on a straight line (fig. 16). If we gave an element 
a wrong place in the periodic table, i.e. associated the element with a 
wrong nuclear charge, then the corresponding point in the diagram would 
lie off the straight line. In this way it could be proved once again 
that, for instance, cobalt has a lower nuclear charge number (atomic 
number) than nickel, in spite of its greater mass; examples of this class 
are marked with a double arrow in the Table of p. 35. Another result 
of Moseley’s work was the final determination of the gaps in the periodic 
table, i.e. of the elements which at that time were still unknown; in 
particular, the existence of hafnium (Z = 72) could be predicted in 
this way before its real discovery (Coster and von Hevesy, 1923). 

We may mention further that Bohr in his theory of the structure 
of the periodic system has substantially used only those simple pro- 
perties which manifest themselves in the spectra of the alkalies and 
of X-rays. 

Here we conclude our account of Bohr’s theory. Although it has 
led to an enormous advance in our knowledge of the atom, and in 
particular of the laws of line spectra, it involves many difficulties of 
principle. At the very outset, the fundamental assumption of the 
validity of Bohr’s frequency condition amounts to a. direct and un- 
explained contradiction of the laws of the classical theory. Again, 
the purely formal quantisation rule, which stands at the head of the 
theory, is a foreign element which in the first instance is absolutely 
unintelligible from the physical point of view. We shall see later how 
both ot these difficulties are removed in a perfectly natural way in 
wave mechanics. 

Bohr’s theory leaves some questions unexplained. Why must the 
penduluin orbits be excluded? The reason given, which points to the 
collision with the nuchius, is hardly cogent; moreover, it is outside 
the bounds of liohr’s theory. How does the anomalous Zeeman effect 
come about? The (ixplanation of this, as we shall see (p. 140), requires 
us to use the fa(;t that the electron possesses in itself mechanical 
angular monKuitum and magnetic moment. Finally, the calculation 
of the sim])lest problem of the type involving more than one body, 
viz. tlie lielium problem, h'.ads to difficulties, and to results contrary 
to (‘xperimental fjicts. 

S. Matrix Mechanics. 

Tlw main r<‘.a.son for the break-down of Bohr’s theory, according 
to H(yisenb(U’g (1925) is that, it ch^als with quantities which entirely 
(dud(3 observation. Thus, th(^ theory speaks of the orbit and the velocity 
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,n electron rotind the nucleus, without regard to the consideration 
we cannot determine the position of the electron in the atom at 
without immediately breaking up the whok atom. In fact, m 
order to define its position with any exactness within the atom (whose 
diameter is of the order of magnitude of a few Angstrom units), we 
must observe the atom with light of definitely smaller wave-length 
than this, i.e. we must irradiate it with extremely hard X-rays or with 
y-rays; in that case, however, the Compton recoil of the electron is 
so great that its connexion with the atom is immediately severed, 
and the atom becomes ionized. 

Thus, in Heisenberg’s view, Bohr’s theory fails because the funda- 
mental ideas on which it is based (the orbit picture, the validity of 
the classical laws of motion, and so on) can never be put to the test. 
We move, therefore, in a region beyond experience, and ought not to 
be surprised if the theory, constructed as it is on a foundation of hypo- 
theses which cannot be proved experimentally, partially fails in those 
deductions from it which can be subjected to the test of experiment. 

If a logically consistent system of atomic mechanics is to be set 
up, no entities may be introduced into the theory except such as are 
physically observable— -not, say, the orbit of an electron, but only the 
observable frequencies and intensities of the light emitted by the 
atom. Starting from this requirement, Heisenberg was able to lay 
down the leading principles of a theory, which was then developed by 
himself, Born and Jordan (1925), the so-called matrix mechanics, which 
is meant to replace the atomic mechanics of Bohr, and wdiich in its 
applications has been brilliantly successful throughout. Although in 
form it is entirely different from the wave mechanics to bo expounded 
later, yet in content, as Schrodinger has shown, the tw'O are identic.al. 

On this account, and especially in view of the comphsto novelty 
of the calculating technique, we do not consider matrix mciclianics in 
any detail, but content ourselves with some brief indications. If wo 
start from the frequencies 

"h T’ 

as observable quantities, it is a natural suggestion that we arrange 
them in square array as follows: 


o 

II 

^12 

^13 

1^21 

»’22= 0 

^23 

\^Z1 

^32 

O 

II 

eo 

CO 

1 . . . 

. 
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If now we adhere to the arrangement in this scheme once for all, 
so that, say, the place in the fourth row and the second column is 
always associated with the transition from the fourth to the second 
quantum state, then we can also set out in similar square array 
the amplitudes of the “ virtual resonators ” associated with the 
various frequencies emitted, where then denotes the intensity 
of the frequency emitted: 

®12 %3 

^21 ^22 ^23 
^31 ^'32 <^33 


Siniilarly we can insert in an array of this kind other quantitiei 
nected with the transition n-^m. 

The question now is: how do we calculate with these arrays? 1 
the following remark of Heisenberg’s is useful: if we multiply toget 
two vibrational factors and == by the r 

by Ritz’s combination principle we get 

which is a vibrational factor belonging to the same array, so that 
by the method specified for forming a product, we merely pass to 
another place in the square array, in conformity with the rule assign- 
ing places. We can proceed to define the product of two such arrays, 
in such a way that this iiroduct is again a square array of the same 
type. TIk'. miilti})lic‘.ation rule, which Heisenberg deduced solely from 
expierimental facts, runs: 

(b'nyn) km) • 

k 

It was remarked by Born and Jordan that this rule for multiplication 
is identical with one which has long been known in mathematics as 
the rule for forming the |)rodiict of two ''matrices”, such as occur 
in the theory of linear transformations and the theory of deter- 
minants. We may th(u*eforo I’egai'd Heisenlierg’s square arrays as 
infinite matrices, and calculate with them by the Jcnowii rules of the 
theory of matrices. 

We now come to the central feature of matrix mechanics, which is 
this, that a, represivntativo matrix of the above type is associated with 
every physical magnitude. We can form a co-ordinate matrix, a 
momentum matrix, and so on, and then c‘alculate with these matrices 

(kDOS) 9 
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in practically tke very same way as we are accustomed to do witE 
co-ordinates, momenta, and so on, in classical mechanics. 

There is one essential distinction, however, between matrix and 
classical mechanics, viz. that when matrices are introduced as co- 
ordinates qjc and momenta their product is not commutative; it 
is no longer true, as it was in classical mechanics, that 

Mjc “ qicTk = 0 . 

The non-commutativity which presents itself here is not, however, 
of the most general kind, as the theory shows; for the left-hand expres- 
sion, with a pair qj^) of canonically conjugated variables, can take 
only the definite value 

h 

Pk^k ”” ^kPk — 

These commutation laws (Born and Jordan, 1925) take here the place of 
the quantum conditions in Bohr’s theory. The considerations by which 
their adoption is justified, as also the further development of matrix 
mechanics as a formal calculus, are for brevity omitted here. In the 
next section, however (§ 4, p. 121), it will be found that the analogous 
commutation laws in wave mechanics are mere matters of course. In 
Appendix XV (p. 291), taking the harmonic oscillator as an example, 
w© show how and why they lead to the right result. 

It may be mentioned in conclusion that the fundamental idea 
underlying Heisenberg’s work has been worked out by Dirac in a 
very original way. 

4. Wave Mechanics. 

Quite independently of the line of thouglit just explained, the 
problem of atomic structure has been attacked with the lielp of 
the ideas developed in the preceding chapter. According to the 
hypothesis of de Broglie (p. 79), to every cor])uscle ther(> corre- 
sponds a wave, the wave-length of which, in the case of rectilinear 
motion of the corpuscle, is connected with the momentum by the 
relation 



It is only consistent to try to extend the theory by applying this wave 
idea to the atom, that is to say, to the electron revolving round the 
nucleus; in that case we have to picture the atom as a wave motion 
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round a particular point, the nucleus. What the theory has to do is to 
deduce the law of this motion. 

As the first step, following de Broglie, we shall show that the 
quantum conditions of Bohr’s theory can be inter- 
preted at once on the basis of the wave picture. For 
this purpose we consider the simple case of a circular 
motion of the electron round a fixed point (fig. 17). 

Fig. 17. — Motion in a circle from the corpuscular point of view; a 
particle moves in a definite orbit with the momentum p. 

On Bohr’s theory we have for this motion of revolution the quantum 
condition of angular momentum 

h 

where p is the linear momentum mv of the electron. Now imagine 
a revolving wave instead of the revolving electron. If the radius of 
the circular orbit is very great, the same relation will hold for the 
revolving wave as, for the plane wave, viz. 



If we insert this value of the momentum in the preceding quantum 
condition of angular momentum, we obtain the equation 

nA = 2Trf. 

Here the term on tlie right represents the circumference of the circle: 
the formula states that this must be equal to a whole 
number of wave-lengths. 

What then is the meaning of tlui quantum con- 
dition of angular momentum? If we try to construct 

iH. — Motion of a wave in a circle; a single ddinitc wave form is 
only possible when the circumference of the circle is a whole number 
of times the wave-length. 

a wave motion along the circular orbit with an arbitrary wave-length 
A', and for this purpose mark the wave train along the circum- 
ference (fig. 18), beginning at a point P with the ‘‘ phase zero ”, 
then in general after a complete round we shall arrive at P with 
a phase differing from zero; after another round we again arrive with 
a new phase, and so on. We cannot uniquely associate a definite 
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.phase with every point. It is otherwise in the case when we choose 
the wave-length so that 

nX== 2iTr. 

Here, in our construction, after a complete round we reach P again 
with the same phase as we started with. In this case the wave picture, 
or wave motion, is uniq[ue; a complete circuit changes nothing. 

The quantum condition of angular momentum is therefore in this 
example identical with the requirement that the wave function of 
the corresponding vibratory process be one-valued. We therefore, as 
a general method, replace the hitherto unintelligible quantum con- 
dition of Bohr’s theory by the obvious stipulation of uniqueness {and 
finiteness) of the wave function for the whole domain of the indepen- 
dent variables. 

We pass now to the considerations which have led to the setting 
up of a differential equation — ^the wave equation — as the expression 
of the law of the wave motion in an atom. That the fundamental law 
takes the form of a differential equation is of course, by analogy with 
other vibratory processes, only to be expected. There is, naturally, 
no way of deducing the wave equation by strict logic; the formal 
steps which lead to it are merely matters of clever guessing. 

We begia with the motion of a/ree particle] we describe the associated 
wave by a wave function 

Q2Tn(TX-vt) _ ^C2>irijh){px — Et) ^ 

Here v and r are the frequency and wave number; according to de 
Broglie, they are connected with the energy and momentum by the 
equations 

'' h’ ^ X h’ 

By partial differentiation with respect to x and t we find 
h dih , h dih , 

We can now also read these equations in the converse way: the dif- 
ferential equations being given, it is required to find their solution. 
In the case when the particle moves in a straight line, and all values 
of X between — oo and oo are permissible, the solution is represented 
by the function given above. If the particle moves along a circle of 
circumference I, and we denote by x the co-ordinate of a point, viz. 
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its distance from a fixed point on the circumference measured along 
the arc, then only values from 0 to = 27rr are possible for for 
increase of cc by Z brings us back to the same point. Since the value 
of ifj on the circle must be a single definite quantity, an increase of x 
by Z = 27tt must make no change in the function. Now the general 
solution of the first of the two equations above m ip = 
which, when x is increased by Z, is multiplied by hence, if 

ip is to be a '' proper function ”, this factor must be equal to unity, i.e. 

Q{%ttilh)pl ---I 


or 



P==Pn== 


nh nh 

I IttT 


This signifies that the preceding equation, in the case of circular 
motion, does not possess a permissible solution for all values of j?, 
but only for the discrete proper values ” Ihjl, 2A/Z, 3A/Z, .... 

The foregoing equations can also be interpreted as follows. When 
the wave function ip is known, we obtain the corresponding momentum., 
or its a-component by differentiating the wave function partially 
as to x: (hl27Ti)dipldx = To the ir-component of the momentum 
there belongs, as we say, the differential operator 

‘ A a 
2^ dx’ 


similarly for y and z, 
other hand, is 


The operator belonging to the energy, on the 


A 

27Ti dt 


Operators, or entities which operate on any function, that is, which 
when applied to this function, generate another function, can be re- 
presented in the most diverse ways. Heisenberg’s matrices are simply 
one definite kind of representation of such operators; another kind 
is the set of differential coefficients corresponding to the momentum 
components and the energy. In the latter kind of representation the 
Born-Jordan commutation laws admit of a simple interpretation; 
here, by what we have just !rv‘en, pq — qp simply means the application 
of the differential operator 

h d h d 
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to the wave function ijj. But 

h /dqib dilA h , 

Application of tte operator pq — qp is therefore identical with multi- 
plication of >fj by or, in sjunbolioal form, pq — qp = hl2'7Ti. 

The formalism, which Schrodinger (1926) found suitable for the treat- 
ment of the wave theory of the atom, consists of the following rule. 
Write down the energy function H{p, q) of the Hamiltonian theory as 
an operator, by replacing p in it everywhere by {hj2'7Ti)djdq; the 
operator corresponding to terms m p^ is obtained by repetition, viz. 

^ 2-771 dq 27ri dq i-rr^ dq^ 


The energy operator is to be applied to a wave function ijj. 

Instead of the energy equation H{p, q) — E = 0, we obtain the dif- 
ferential equation 






This is called Schrodinger^ s equation for the problem. 

We have thus found the formalism, according to which any 
mechanical problem can be treated. What we have to do is to find the 
one-valued and finite solutions of the wave equation for the problem. 
If in particular we wish to find the stationary solutions, i.e. those in 
which the wave function consists of an amplitude function indepen- 
dent of the time and a factor periodic in the time (standing vibrations), 
we make the assumption that ifj involves the time only in the form of 
the factor Schrodinger ’s equation, we find 

an equation in which the time does not appear, viz. 

We have now before us a typical “ projper value ” problem: we have 
to find those values of the parameter E (the energy) for which this 
differential equation possesses a solution which is one-valued and finite 
in the whole domain of the variables (see Appendix XVIII, p. 300). 

As an example of the method of forming the wave equation we take 
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first the harmonic oscillator. Its Hamiltonian function, already given 
above (p. 104 ), is 

H-f+y. 

2 m 2 ^ 


Erom this, by the preceding rule, we obtain, as the Schrodinger equation 

( 1 ^ f . . h d \ , . 

\ 2 m 477^ dq^ 2 ^ 277 -^ dtl ^ 

or, as the time-free equation of the stationary problem, 

jJL^ + ('E-MU=o. 

1 877 % dq^ \ z / } 

More important for us is the case of the hydrogen atom. Here the 
Hamiltonian function is 

E = L 4- 

2 m r 


and the difEereiitial equation derived from it is 

11 ^ + A,?U_o, 

( 2 'm \ 277 V \ 3 a;^ dz^/ r Znidt) 


If we now introduce the usual differential symbol A for Laplace’s 
operator d^jdx" -h 3 ^/ 92 /**^ “h and pass to the time-free equation 


by putting 


1/7 - — ' e 


~C2rrilh)Et 


we obtain the wave equation 


I Srrhn 


A+ E + 



[^A== 0. 


This is a wave equation in three-dimensional space, whose solutions 
we shall investigate later. It may make matters easier for the reader 
if we begin with coiTesponding problems in one and two dimensions; 
and for the sake of perspicuity we shall take our examples from classical 
mechanics (acoustics). 

An example of this kind, in one dimension, is that of the vibrating 
string. Its differential equation follows from the theory of elasticity: 
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Here A depends on the mechanical conditions (tension, thickness of 
the string) and represents in effect the square of the frequency of 
vibration. (It may be remarked that in classical vibrational processes 
the proper value parameter always contains the square of the fre- 
quency of vibration, while in wave-mechanical problems the proper 
value parameter is given in general by the energy E = hv, and there- 
fore contains the frequency in the first power.) The solutions of this 
differential equation are 


= a . 


j cobV Xx, 
IsinV Xx. 


On account of the boundary conditions ^/f(0) = 0 and i/j{l) = 0 (string 
of length I with ends fixed) the cosine vibration drops out at once as 
being inconsistent with the first condition. But even the sine vibration 
is not a solution of the boundary value problem, unless l\/X is an 
exact integral multiple of tt, so that ifj vanishes when x = 1. It is 
only for definite values of A (the proper values) that we obtain possible 
forms of vibration; these are given in fact by 

1 / \ • N 

'^<"> = ““ 1 — > 

The vibration with n = \ represents the fundamental, that with ^ = 2* 
the first harmonic (octave), and so on. In the 
vibrational process, at definite points on the 
string there are nodes, that is to say, points 
which remain at rest throughout the vibration 

Fig. IQ. — ^Vibrational forms of a string fixed at both ends. The- 
fundamental {n ~ i), and the first two harmonics (n = z and n == 3). 

(fig. 19). The number of nodes is determined by the parameter n, and 
in fact is clearly equal to — 1. 

As an actual example of such a system with one degree of freedom, 
in the quantum theory, we consider the hamonic oscillator, the wave 
equation for which we have already given above (p. 123). Its solution 
is dealt with in Appendix XVI (p. 295). Instead of Planck’s energy 
levels E = nhv, wave mechanics, exactly like matrix mechanics (see 
Appendix XV, p. 291), gives the energy terms 

£ = (n + ^)hv. 

The ground state (i.e. as regards energy, the lowest state, = 0) accord- 
ingly possesses a finite energy E ~ hvj^ (zero-point energy). We shall 
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make use of tMs later (Chap. VIII, § 7, p. 255, App. XXXII, p. 343). 

We next consider, as a two-dimensional example of a mechanical 
vibration, the vibrating circular membrane, the differential equation 
of which is 


dy^ ^ 


0 . 


Here also the proper value parameter A depends on the nature of the 
plate and in effect represents the square of the frequency. The dif- 
ferential equation can be easily solved in polar co-ordinates (Appendix 
XVII, p. 297). In this case again we obtain possible forms of vibration 

Fig. 20. — Some vibrational forms of a cir- 
cular membrane fixed at the circumference; the 
number of radial nodal lines is here (in dis- 
agreement with the custom in wave mechanics) 
called n, that of the azimuthal nodal lines m; 
n and m are the “ quantum numbers ” of the 
state of vibration. 

for certain definite values of A only. Instead of nodes, we have here 
nodal lines, of which indeed there are two kinds: 

1. Lines for which const.; these are defined by the radial 

ordinal number, or quantum number ”, = 1, 2 , . . . . 

2. Lines for which </> -- const., corresponding to the azimuthal 

ordinal number m ~ 0 , 1, 2 , . . . . 

Fig, 20 shows sevtu’al examples. The signs and •— in the different 
regions indicate that adjacent regions are always vibrating in opposite 
phases. 

The solution can also be obtained in polar co-ordinates for the 
hydrogen, atom, as a three-dimensional quantum problem; this is shown 
in Appendix XVIII, p. 298). In this problem, it should be added, 
we cannot spe<‘ik of ordinary boundary conditions, since the domain 
over which tiio independent variables range is the whole of three- 
dimensional space. Instead of boundary conditions, we have now a 
rule with regard to the behaviour of the wave function at infinity. 
The natural condition to impose is that the wave function should 
vanish at infinity “more strongly” than 1/r. This follows from the 
statist! c.al intfvrpretation of the square of the amplitude of the wave 
function, as the proba-bility of the electron being found at a definite 
point of space. Th(‘. ('-ondition is equivalent to this, that the electron 
must always be at a finite distance. 

Taking this “ boundary condition ” into account, we obtain 
solutions of tlie wave equation which correspond to a bound electron 


n^2 n«7 n^3 

TTl^O 771’^£ TTZ-^S 
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(elliptic orbit in the Bohr atom), only for definite discrete values of E, 
In this way we find as proper values exactly the Balmer terms with 
the correct Rydberg constant, E = — Rhjn^. Here n is the principal 
quantum number. Besides this, the azimuthal quantum number I 
and the magnetic quantum number m also make their appearance. 
The number of nodal surfaces r == const, is n — Z — 1; for a given n, 

I can therefore be any integer from 0 to n — 1; as for m, it can 
take all values from — Z to -|-Z. 

When the relativistic correction for the mass is taken into account, 
the energy depends on Z also. Moreover, as follows from the form of 
this dependence, Z -]- 1 corresponds to the Bohr quantum number k, 
so that our nomenclature for the terms (see § 2, p. Ill) has now to be 
understood as follows: 

Z= 0 1 2 . . . 

■ s j) d ... term. 

In a magnetic field, E depends on m also, indeed the extra term 
mvji occurs as an addition to the energy, exactly as in Bohr’s theory. 
Wave mechanics, so far as we have developed it up to the present, 
yields only the normal Zeeman effect (as above, § 2, p. 110). To the 
directional quantisation of Bohr’s theory there corresponds here the 
finite number of values of m, i.e. of energy levels in the magnetic field; 
there are in fact 2Z + 1 of these, in place of each term which occurs 
when there is no magnetic field. The splitting of the terms in an electric 
field (Stark efiect) is correctly reproduced by wave mechanics, quali- 
tatively and quantitatively. 

The states of the hydrogen atom, as considered so far, correspond 
clearly to the elliptic orbits of the old Bohr theory; in both cases the 
electron remains at a finite distance. But in Bohr’s theory there are 
also hyperbolic orbits; what corresponds to these in quantum me- 
chanics? Clearly, solutions of the wave equation which do not disappear 
at infinity. In order to obtain them we must give up the boundary 
condition — vanishing of ifj at infinity^ — and look for solutions which 
at a great distance from the nucleus behave approximately like plane 
waves. In point of fact there are such solutions, and that for all 
positive values of the energy. Physically interpreted, they describe 
what happens when an electron coming from infinity passes near the 
nucleus and is deflected by it. It can actually be proved that Ruther- 
ford’s scattering formula is strictly valid in wave mechanics also; 
we shall return to this again (§ 6, p. 130; Appendix XX, p. 304). 
Further, corresponding to the transitions between such states of posi- 
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tive energy and the qiiantnm states of negative energy, we have now 
the processes of emission and absorption of light, which form a con- 
tinnons spectrum, and are particularly important for the purpose of 
understanding the distribution of intensity in X-rays. 

We add a few remarks on the wave mechanics of many-hody prob- 
lems. Here of course we are concerned with the solution of a wave 
equation in many-dimensional space; thus the calculation of the 
helium spectrum needs as many as six co-ordinates, and that of the 
lithium spectrum nine. It is clear that in these cases an exact solution 
is not to be looked for, so that we must be content with an approximate 
solution of the problem. The methods of a highly developed pertur- 
bation theory enable us to push this approximation as far as we please; 
the labour involved, however, increases without limit with the order 
of the approximation. The lowest terms of He, Li+ and Li have already 
been successfxilly calculated by this method, with results in good 
agreement with experiment (Hylleraas, 1930). 

Deductions which are quite exact can be made from any properties 
of symmetry which the wave function must possess in virtue of the 
symmetrical character of the problem. The most important of these 
properties of symmetry is the one which is involved in the complete 
equivalence of the electrons, and their consequent interchangeability; 
the wave function must of course be the same, whether, say, the first 
elootron is situat(‘.d in the K shell and the second in the L shell, or the 
second in the K shell and the first in the L shell. This leads to general 
rules for th(^ tabulation of the terms in atoms with several radiating 
electrons. Still, the results thus obtained are not immediately com- 
paral)le with experinuvnt, since in wave mechanics, so far as developed 
above, an essential principle is lacking, which was discovered by 
Pauli, and which will come before our notice in next chapter. 

6. Angular Momentum (Moment of Momentum) in Wave Mechanics. 

In Bohr’s theory, angular momentum was of special importance 
for the cljxssificjation of the spectral lines and the systematic arrange- 
ment of the terms; it was found that it corresponded to a quantum 
number h. This again led to the idea of the quantisation of direction, 
the experimenta-l confirmation of which by Stern and Gerlach’s ex- 
periment is perhaps the most impressive evidence we have of the 
fundamental diilerence between classical and quantum mechanics. 
The question is thus raised: how docs wave mechanics deal with these 
things? Is it capal:)le of taking account of quantisation of direction in 
a natural way? 
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In wave meclianics, angular momentum, just like linear momentum, 
kas a difierential operator corresponding to it, the components of the 
operator being 



What is the significance of these operators? The electronic state is 
given by the wave function ifj. In order to decide the question whether 
definite values of the components of angular momentum round the 
three co-ordinate axes belong to this state, we have to apply ’’ the 
above operators, according to the rules of wave mechanics, to the 
wave function ijj] i.e. we perform the difierentiations involved in the 
operators. There are now two possibilities: either this operation 
reproduces the wave function except for a constant factor, or it does 
not. In the first case, the wave function is also at the same time a 
proper function of the equation of angular momentum 

and the state represented by the proper function therefore possesses 
a definite angular momentum round the cc-axis, whose value is given 
by the proper value ” here is an ordinary number (not, 
like ikfa-j an operator). If, however, when we apply the operator M'x 
to the wave function we obtain another function, which does not 
agree with the wave function except for a constant factor, that is to 
say, if i/f is not a proper function of the equation of angular momentum, 
this means that the electronic state in question is not associated with 
a fixed value of the angular momentum about this axis. In the case 
of the proper functions given in Appendix XVIII (p. 298 ), by our 
choice of the polar axis (2:-axis) we have specially distinguished this 
axis from the beginning. According to Bohr’s theory, the component 
angular momentum round this axis must be quantised. Now wave 
mechanics does in fact show that the proper values of the 2J-component 
of the angular momentum are integral multiples of A/27 t. Thus, on 
introducing spherical polar co-ordinates 

h / d d 


h d 
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and on applying this operator to the proper function of the state 
characterized by the quantum numbers n, I, m, we obtain at once on 
account of the way in which (j> is involved 

jr , h d , h , 

•^zYnlm — ^ r Tnlm ^ q " Tnlnn 
ZTTl d<p 27T 

SO that the proper values of the component angular momentum 
are actually m/i/27r. In the other two co-ordinate directions, in the 
case before us, we may easily satisfy ourselves that we do not get 
proper values, and therefore do not get definite values of Tkfa, and 
On the other hand, the value of the resultant angular momentum for 
an atom which can rotate freely (in the absence of an external field) 
is in all circumstances quantised. Eor brevity we refer to Appendix 
XIX (p. 302) for the requisite calculations, and give only the result 
here: the square of the value of the resultant 

is, according to wave mechanics, l{l + l)(/i/27r)^, not, as in Bohr’s 
theory, r*^(A/27T)2. This spcxiial feature is characteristic of the whole 
wave mechanics of the atom, and in next chapter we shall often meet 

it. Moreover, as we shall also see there, the splitting patterns of the 
terms in the anomalous Zeeman eiiect give direct confirmation of the 
fact that the square of the angular momentum is actually equal to 

1), and not to If, however, we disregard this difference, we 
can apply in wave mcichanics th(^ representation of the angular momen- 
tum l)y a vector diagram, known from Bohr’s theory; we therefore 
here also repT'('.s(mt the total angular momontuin by a vector Z, with 
regard to which, we must note once for all that it has the absolute value 
] y in the case when the z-direction is specially marked out, 
say by the fact that an (extremely) weak magnetic field H acts along 
it, tlien tlie component in this direction of this vector angular momen- 
tum is capable of intcigral values m only (in units and this state 

of matters continuers to hold even in the limiting case II -> 0. Here, 
and (rspeciariy in next chapter, for the sake of greater perspicuity 
we talv<‘- over the V(‘,ctor r<qu*csentation of the angular momentum 
preccssing round tlui specially distinguished axis, and having a 
component in the direc.tion of tlie axis wliich can, talve only integral 
values. 

Wo expressly (unjdiasize, however, that tliis idea cannot in this 
way without more ado be brought into harmony with the conceptual 
structure of wave mechanics. For the lattc^r purpose, and particularly 
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for tlie proof that two angular momenta may be compounded vec- 
torially in wave mechanics in the same way as in Bohr’s semi-classical 
theory, higher mathematical methods are required, especially so- 
called group theory. For this reason we cannot go further into these 
questions at this point. It may be mentioned, however, that further 
development has led to the electron being regarded, not as a particle, 
defined by three space co-ordinates, but as a top-like structure, pos- 
sessing an angular momentum of its own. This “ spin ” theory of the 
electron will be dealt with later (Chap, VI, p. 136). 

In conclusion, we have still to consider the meaning of the wave 
function itself; so far, we have obtained it as a mere by-product, so 
to speak, in the search for proper values. But in a vibrational process 
knowledge of the amplitude is at least as important as knowledge of 
the proper frequency; similarly, it is to be expected that in wave 
mechanics great physical significance attaches to the wave function ifs, 
or rather, to the square of its modulus, since of course the instantaneous 
value of the oscillating function itself cannot play any part, on account 
of the high frequency. The reason for taking the square of the modulus 
is that the wave function itself (because of the imaginary coefficient 
of the time derivative in the differential equation) is a complex 
quantity, while quantities susceptible of physical interpretation must 
of course be purely real. 

6. The Statistical Interpretation of Wave Mechanics. 

We have already mentioned the interpretation of the wave func- 
tion given by the author (p. 83). Let the proper function corre- 
sponding to any state be j/r^; then | \^dv is the probability that the 
electron (regarded as a corpuscle) is in the volume element dv. 

This interpretation is almost self-evident, if we consider, not the 
quantum states proper (with discrete, negative energy-values), but 
the states of positive energy, which correspond to the hyperbolic 
orbits of Bohr’s theory. We have then to solve a wave equation 

where, instead of the Coulomb potential — c^Z/r, V(r) is written some- 
what more generally, in order to take into account possible screen- 
ing of the action of the nucleus by firmly bound electrons. For par- 
ticles entering the atom with very high speeds, and therefore very 
large energy E, F(r) will only come into consideration as a small 
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disturbance or 
a solution of 


“ perturbation 


STT^m 


A ~f" ^ 


if we neglect it, we kave as 
0 


tke plane wave ifj == eC27rt/;i)/>5?^ wkere 



and tke direction of tke wave normal is assumed arbitrarily as parallel 
to tke 2 :-axis. Tke disturbance can be taken into account to a first 
approximation by substituting the plane wave expression for iff in 
tke term F(r)?/f in tke original equation; we kave tken to find a solution 
(Born, 1926) of 

( ^ + e\ = •|7(y)e(2«7&)i)* 

\8TThn / 

corresponding to a wave receding from the nucleus. It is perfectly 
clear, especially in the light of the analogy with the scattering of light 
waves, that the intensity of the secondary wave gives the number 
of electrons, belonging to a given incident beam, which are deflected 
in a definite direction; and this in effect implies the statistical inter- 
pretation as stated. A more rigorous investigation will he found in 
Appendix XX (p. 304); it is there shown how the intensity, i.o. the 
nvunber of particles in a stream, per square centimetre and per second, 
is to be defined. In particular, if V(r) is chosen so as to correspond 
to a (screened) Coulomb field, the result obtained is precisely Euther- 
ford’s law of scattering (p. 53). As a matter of fact it is only for swift 
particles tliat tliis proof is valid; but it can be shown (Gordon, Mott, 
1928) that the I'csult is stric.tly correct. The exact solution differs from 
the approximate one only in terms which have no influence on the 
stream-intensity. This is very remarkable, and is analogous to the 
fact that, in the Coulomb fiold, the discrete term values, as given by 
wave mechanics, arts in agreement with the values calculated with 
the help of quantised classical orbits. 

If we extend this statistical interpretation to the case of discon- 
tinuous states, and if is the energy and !/<„ the proper function of 
such a state, then | i/fn \‘^(lv is the probability that an electron will 
be found precisely in the volume element dv, this holds in spite 
of the fact that the experiment if carried out would destroy the 
connexion with the atom altogether. The probability of finding the 
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electroiL somewliorc or other in the atom must according to this inter- 
pretation be equal to 1; that is to say, the factor in the solution of the 
(homogeneous) wave equation, which in the first instance is quite 
indefinite, must be determined so that the equation 

is satisfied. TMs “normalizing integral”, whicli has no meaning 
except in the domain of discontinuous energy values, plays a remark- 
able part in this respect, that it does not vary with the time, even when 
we do not confine ourselves to stationary states alone, but substitute 
for ifi any solution at all of the wave e<juation, in the form containing 
the time. 

We speak frequently of a density distribution of the electrons in 
the atom, or of an electronic cloud round the nucleus. By this wo 
mean the distribution of charge which is obtained when we multiply 
the probability function | p for a definite state by the charge e of 
the electron. From the standpoint of the statistical interpretation its 
meaning is clear; it can be represented pictorially in the way shown 
in fig. 21, Plate VII. The figures represent the projections (shadows) 
of the electronic clouds in various states; the positions of the nodal 
surfaces can be recognized in them at once. 

From another point of view, the statistical interpretation of wave 
functions suggests how the radiation emitted by the atom may bo 
calculated on wave-mechanical principles. In the classical theory this 
radiation is determined by the electric dipole moment ^ of the atom, 
or rather by its time-rate of variation. By the correspondence principle, 
this connexion must continue to subsist in the wave mechanics. Now 
the dipole moment ^ is easily calculated by wave mechanics; if we 
adhere to the analogy with classical atomic mechanics, it is given by 

^ = ejr I \^dv = ej np^^xlindv, 

where r stands for the radius vector from the nucleus to the point oi 
integration, or field point. (As usual, the asterisk denotes replaeemon-t 
by the conjugate complex quantity.) The integral represents of course 
the position of the “ electrical centroid of the electronic cloud ”. Now^ 
as is easily proved, this integral vanishes for all states of an atom 
so that the derivative of the dipole moment vanishes, and accordiriglj 
the emitted radiation also; that is, a stationary state does not radiate 
This gives an explanation of the fact— unintelligible from the stand 
point of Bohr’s theory — ^that an electron which is revolving about thi 
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nucleus, and according to tlie classical laws ouglit to emit radiation 
of tlie same frequency as tke revolution, can continue to revolve in 
its orbit without radiating. In wave mechanics this absence of emitted 
radiation is brought about by the fact that the elements of radiation, 
emitted on the classical theory by the individual moving elements of 
the electronic cloud, annul each other by interference. 

But now, in analogy with the probability function or density 
function ^ definite state, as defined above (p. 131), we can 

form, in the first instance in a purely formal way, the transition 
density ” corresponding to a transition from a state n to another 

state m; it corresponds physically to the well-known beat pheno- 
mena ”, which occur when two vibrations with neighbouring fre- 
quencies are superimposed on each other; its rhythm is given by the 
time factor 

g— (2Trilh)(En—Em)t 

of the transition density, and the beat frequency is found from the 
difference of the energies of the two states: 

^nm j • 

h 

We now form also, in an analogous way to this, the dipole moment 
corresponding to the transition from n to m 

It oscillates with the beat frequency given above, and therefore, by 
the classical fonnula3 (Appendix VIII, p. 275), radiates per unit time 
the energy 

J = I3 ^ ^ \ 1 ^- 

The quantity whose meaning follows from the formula for 
(s])litting of the time factor), is called the wMrix element of the vector 
co-ordinate r\ as Schrodinger has shown, it is identical with the matrix 
element which, in Heisenberg’s co-ordinate matrix, occupies the nth 
row and tlie mth column (Appendix XV, p. 291). 

Thus, according to wave mechanics, we obtain the emitted radiation 
by calculating, in purely correspondence fashion, the radiation emitted 
by an oscillating dipole, as obtained by the rules of classical electro- 
dynamics. From tliis it follows automatically that in the spec- 
trum only those lines can occur whose frequency agrees with a beat 

(e908) 10 
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frequency between two states of tbe atom. These are exactly the lines 
to explain which Bohr had to introduce, as a fundamental postulate 
of his theory, the radiation condition 


which is perfectly unintelligible from the classical standpoint. It is 
not to be understood, however, that both states n and m are excited 
simultaneously when emission occurs; it is rather a matter of their 
virtual presence. In point of fact, in order that a spectral line may le 
spontaneously emitted, the upper state must be excited in some way 
or other; the emission is then a companion process to the jump to the 
lower quantum state (vibration of an associated virtual resonator). 

The intensity of the spectral line is the product of two factors, the 
number of excited atoms and the radiating strength J of an individual 
atom, which we have just calculated. Thus, with regard to the con- 
ditions of excitation of lines, those ideas in Bohr’s theory which^ are 
brilliantly verified by experiment are just the ideas which are retained 
in their entirety in the wave mechanics. The latter theory adds a 
more exact calculation of the intensity J of the individual elementary 
act, depending on evaluation of the integrals occurring in the matrix 
elements, while on this question Bohr’s theory could only with 
dif&culty make a few statements, with the help of very considerable 

use of the correspondence principle. 

As is shown in Appendix XXI (p. 308), the evaluation of the matrix 
elements in the case of the hydrogen atom leads to the selection rubs 
and Am=0, +1; that is, all matrix elements vanish 
which do not correspond to one of the transitions mentioned, and 
with them vanishes also the radiation of the corresponding frequencies. 
Application of this to hydrogen-like atoms (such as the halogens) 
gives the theoretical foundation for the facts that, for instance, 
transitions occur between s and p terms or between p and d terms, 
but ' not between s and d terms or between p and / terms. 

Besides the diseontinuous states there are also states forming a 
continuous range (with positive energy); they correspond to the 
hyperbolic orbits of Bohr’s theory. The jumps from one hyperbola 
to another or to a stationary state give rise to the emission of the 
continuous X-ray spectrum emitted when electrons are scattered or 
caught by nuclei. The intensity of this spectrum has been cal- 
culated by Kramers (1923) from the standpoint of Bohr’s theory by 
a very ingenious application of the correspondence principle. His 
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results can now be confirmed and improved by evaluating’ tbe matri 
elements belonging to two states, one or both of which are in thv^ 
continuous range (Oppenheimer, 1926). 

Eurther, the method just explained for the wave-mechanical 
calculation of the radiation emitted can be put on a rigorous basis, 
as has been shown by Dirac. Tor this purpose we must on the one 
hand “ quantise ” the radiation field, and on the other hand take 
fully into account the coupling, as given by electrodynamics, between 
the radiation field and the atoms present in it. It is beyond our scope, 
however, to take up these problems here. 

It might appear that wave mechanics involves a one-sided 
preference for the wave standpoint, and that the introduction of the 
corpuscle concept is therefore only made possible by the artificial 
importation of the statistical interpretation. As against that, it may 
be remarked, while the matrix or “ quantum mechanics ” of Heisen- 
berg, briefly outlined above, is in complete agreement with wave 
mechanics in its content, and only differs from it in the form of presen- 
tation, still in its methods it attaches itself rather to corpuscular 
mechanics. 

The true philosophical import of the statistical interpretation has 
already been explained in § 7 (p. 82). It consists in the recognition 
that the wave picture and the corpuscle picture are not mutually 
exclusive, but are two complementary ways of considering the same 
process — a process whose accessibility to intuitive apprehension is 
never complete, but always subject to certain limitations given by 
the principle of uncertainty. Here we have only one more important 
point to mention. The uncertainty relations, which we have obtained 
simply by contrasting -with one another the descriptions of a process 
in the language of waves and in that of corpuscles, may also be 
rigorously deduced from the formalism of quantum mechanics— as 
exact inequalities, indeed; for instance, between the co-ordinate q 
and momentum p we have the relation 

if A(? and Ap are defined as root-mean-squares (see Appendix XXII, 
p. 312). 



CHAPTER VI 


Spin of the Electron and Pauli’s Principle 

1. Alkali Doublets and the Spinning Electron, 

The great success of Bohr’s theory and especvially of wave mechanics 
shows that in the interpretation of atomic processes we are on the 
right road to knowledge. The theory, however, as wo have repeatedly 
emphasized in the preceding chapter, is still inc()ni|)lete. In particular, 
explanations cannot yet he given of the anomalous Zcunnan effect, 
the synthesis of the shells in the atom, &c. The wave mechanics of 
the atom, in its form as developed up to tliis point, still needs a far- 
reaching extension by the introduction of now ideas and hypotheses, 
which will form the subject of the present chaptt^r. 

The starting-point is given by the observation that tlie lines of 
the principal series in the alkalies are double. A well-knowm example 
is the DAme of sodium, whose doublet nature (‘.an bo obsivrviMl even 
with simple spectroscopic appliances. The splitting ol the line is rather 
considerable — it amounts to 6 A.; the two componc-iits ari', demoted by 
and Dg: their wave-lengths being A SSDG A. for and A • - 5890 
A. for JOg. The term analysis of the alkali spectra, to wlvicdi tlu^ spectrum 
of sodium belongs, gives the definite information al)out them that the 

s- terms (I = 0) arc sinifilo, 

j}-, cZ-, . . . terms (Z = 1, 2, . . .) arc doulde. 

This experimental result cannot be explained oitlu^r from tlie stand- 
point of Bohr’s theory, or from that of wave mechanics so far as 
developed above. We have investigated al)Ove (p. 125) the most 
general motion of an electron in the atom, on the basis ol: its three 
dcigrees of freedom, and have arrived at the conclusion that the motion 
is completely determined and described by the three cpiantuin numbers 
n, Z, m. Any further splitting of the energy terms than tliat con- 
ditioned by these quantum numbers is therefore unintelligible, so 

136 
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long as we adhere to the idea that the motion of the electron is at most 

triply periodic. i n j •+ 

Under the compulsion of experiment, Uhlenheck and Goudsmit 
(1925) put forward the following bold hypothesis. Previously the elec- 
tron was regarded as an unextended structure, possessing only three 
degrees of freedom and, moreover, determined by two constants, viz. 
its charge e and its mass m. If, however, the electron is regarded as 
a structure with finite extension, then, like every extended system, it 
possesses three rotational degrees of freedom besides its three trans- 
lational freedoms. It is therefore an obvious suggestion to ascribe to 
the electron angular momentum about an arbitrary axis (also fre- 
quently called “ mechanical moment ”). Developiug the idea further, 
we must assume that the electron also possesses magnetic moment, 
for the electron carries an electric charge e, which rotates convectively, 
about the axis mentioned, along with the electron; so that the rotat- 
ing electron is equivalent magnetically to a system of circular currents 
round the axis of rotation, and these, as we know, give rise to a mag- 
netic moment. With regard to the magnitude of the magnetic and the 
mechanical moments, experiment must of course decide in the first 
instance; afterwards, we can try to deduce these magnitudes theoreti- 

This property of the electron, in virtue of which it has a mechanical 
and a magnetic moment, is called its spin. 

The magnitude of the mechanical moment follows immediately 
from known facts about the spectra of the alkalies. The angular 
momentum of the electron must of course, like every angular monnen- 
tum, be quantised, and the same holds good for its component in a 
specially distinguished direction (external magnetic field). If then 
the value of the mechanical spin-moment is s (in units hj^n), there 
must, by the rules for the quantisation of direction, be 2s + 1 possible 
“ settings ” (i.e. orientations or inclinations) with respect to the special 
direction; the individual components of s, which wo call a, differing 
from each other by successive units. To see this, consider the analo- 
gous relations in the Bohr atom, in which the plane of an orbit wfih 
angular momentum I has precisely 2? -f- 1 possible settings with 
respect to the special direction, these settings being characterized by 
the components m of I in that direction (see fig. 10, p. 109). This exten- 
sion of the concept of orbital angular momentum to spin angular 
momentum is justified by the fact that the consequences deduced 
from it are found to be in full accord with the facts._ As regards this 
point, we may refer here once again to what was said in § 5, p. 1 ", 
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about tbe applicability of tbe classical vector-model to tlie descriptioir 
of atomic states in. wave mechanics. In this chapter we shall be 
concerned almost exclusively with the conceptual scheme, and shall 
therefore use the pictorial vector-model, postponing the wave- 
mechanical treatment of the spinning electron until the close of the 
chapter (§ 8, p. 169). 

As has just been brought out, the spin-moment s of the electron 
must have 25+1 possible settings with respect to a specially dis- 
j tinguished direction. Now experiment shows that the 
terms of sodium, excepting the s-terms, are double. This 




Fig. I. — Setting of the spin with respect to Especially distinguished direction; 
there are two possible settings, parallel and antiparallel to this direction. 


compels the conclusion that the spin-moment has only two possible 
settings (fig. 1), unless we are altogether wrong in assuming that 
this term-splitting is deternoined by the spin. Hence we must have 
2s —j— 1 == 2, or 

s = I 

(in units A/27r). The two possible settings have then the components 

= -f-i? ^2 “ — i* 

The occurrence of half -integers here as “ quantum numbers ’’ contra- 
dicts, at first sight, our ideas regarding the quantisation of angular 
momenta. It is to be noted, however, that the hypothesis we have 
used above of a rotating electron, extended in space, possesses merely 
heuristic value; we must be prepared, on following out these ideas, 
to encounter difficulties. (For instance, a point at the surface of the 
electron would have to move with a velocity greater than that of 
light, if such values as have been determined experimentally for 
angular momentum and magnetic moment are to agree with those 
calculated by the classical theory.) The use of half -integral com- 
ponents of angular momentum for the spin consistently leads, however, 
to results which are in complete agreement with the experimental 
facts. On the other hand, the wave mechanics of the spinning electron, 
in the form given to it by Dirac, leads automatically to this half- 
integral property, merely as a consequence of the conditions of linearity 
and relativistic invariance, without any subsidiary assumption. 

An electron revolving about the nucleus possesses an orbital 
m.oment Z; besides this, it has the mechanical spin-moment s. The 
question arises: how are these two moments to be compounded with 
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^ach other? Bohr’s theory would reply that they must be combined 
by the method of vector addition. This same rule for the composition 
of I and s holds good according to wave mechanics, although the proof 
(Wigner, v. Neumann, 1927) requires advanced mathematical methods 
(group theory). They therefore combine vectorially, giving a resultant 
(or total) moment j (in units A/27r), so that 

j = Z + s. 

After Sommerfeld, j is called the “ inner ” quantum number, it repre- 
sents the total mechanical moment of the atom. It too must of course 
be quantised. Since s = there are only the two possibilities, 

j is therefore half -integral in this case. Tor each Lvalue there are 
accordingly two possible values for the total mechanical moment, 
so that the corresponding terms are double. The .9-terms alone {I == 0) 
form an exce|)tion; they are always single, for m this case the only 
allowable value is j = s “ |, since j, the total angular momentum, 
must always be positiv(i. The double possibility for the setting of the 
spin with respect to the orlnt is equivalent to a splitting of the energy 
terms, on account of the magnetic coupling of spin and orbit. The 
magnitude of the splitting is in fa,ct given directly by the energy 
vdiicli is lUMMled in. ordivr to turn the spin round, from one setting 
relative to I in the magnetic iield of the orbit, into tlic other setting. 

We take as an example^, the case with which we began (p. 136), that 
of the sodium JJ-lincis. Tlie term analysis show^s that the upper state 
is a y?-term, while the lower is jin .s‘-t(U*m. The former is double, corre- 
sponding to the two |)ossil)]e values of the total angular momentum 
j = I and j |; th<^ lowtn* term, Ix^ing an .s-term, is single {j = |). 
The D| line curresponds to t.h(,‘- transition from the p-term with the 
inner quantum numlxu’ j ^ - -t, the Djj line to the transition from the 
term with j ■ 

The i‘ul(‘. of V(‘ctor addition c.an also be applied to the case of several 
electrons; in this c.as(i tlu^ orbita.] moments Ij, U, • . . of the individual 
electrons, a,nd tlieir s])in“mom<mts , are (jompounded so as to 

give the total angular monumtum Here ;; is integral or half-integral 
according as t}i (3 numlxu* of electrons is even or odd. Similarly, the 
projection w of j on a s])(‘.cially distinguished direction can also bo 
either integral or liidf- integral. 

In conclusion, we may also recall the fact that the whole vector 
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figure of mecliaiiical moments rotates round th.e direction of j, with 
uniform angular velocity; as follows from the meaning of j, the total 
angular momentum. This implies, as we have fully explained in the 
preceding chapter (p. 101 ), that the emitted radiation is subject to the 
rules Aj = ± 1 . In addition, however, as the theory agrees with 
experiment in showing, there are transitions with Aj = 0 ; these 
correspond to changes of state in which the total angular momentum 
does not change. The fact that these transitions are permitted, while 
those with AZ = 0 (or Ah = 0 , see foot of p. Ill) are forbidden, is 
capable of explanation on correspondence principles. We shall not, 
however, consider the matter more closely. 

2. The Anomalous Zeeman Effect. 

It has been shown in the last section, and will further appear in 
succeeding sections, that the hypothesis of the ‘‘spinning electron” has 
made it possible to understand the splitting of terms (multiplets), a 
phenomenon which the orbital picture by itself was quite incapable 
of explaining. The phenomenon in fact depends upon the possession 
of angular momentum by the electron itself; this internal angular 
momentum, by the quantum rules, can be directed in different ways 
with respect to the direction of the orbital moment, or with respect to 
a direction marked out by external means. 

We shall now show that the electron’s own magnetic moment, 
which is bound up with its mechanical moment, supplies the explana- 
tion of the anomalous Zeeman effect, i.e. the observed phenomenon 
that in a (weak) magnetic field a spectral line is split up into a con- 
siderable number of lines (fig. 2 , Plate VII); while, according to 
classical theory, and also according to wave mechanics when spin is 
not taken into account, we can only have the normal Zeeman effect, 
i.e. the splitting up of every spectral line into a Lorentz triplet. 

We may briefly recall the explanation of the normal Zeeman 
effect. The revolution of the electron produces a mechanical moment 
Pi of the orbital motion, and this is quantised by known rules: 


On the other hand, the revolving electron acts like a circular current 
of strength I = 6(00/2*77), where 00 is the frequency of revolution, and 
so generates a magnetic field. But the magnetic field of a circular 
current I is, as we know, equivalent to that of a magnetic dipole of 
moment M = Aljc, where A is the area enclosed by the circuit, and 
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c is tke velocity of light. Hence the revolving electron behaves mag- 
netically like a magnetic dipole of moment 7Tr^(e/c)co/27r; since, how- 
ever, the orbital angular momentum is = /xr^co == Z(A/ 27 r), the 
magnetic moment Mi of the orbital motion becomes 

71/f eh j e 

The value e^/(47r/xc) therefore represents the smallest unit for the 
magnitude of a magnetic orbital moment in the atom; it is called the 
Bohr magneton. 

If a homogeneous magnetic field is applied, the atom is set into 
processional motion (fig. 3) about the direction of the field, as has 
been explained above (p. 109); consequently the com- 
ponent m of II in this direction must be a whole number 
(quantisation of direction). As for the supplementary 

Fig. 3. — Precession of the orbital angular momentum round the direction of 
the magnetic field (in the absence of the spin it would always lead to the normal 
Zeeman effect). 



energy, by which the energy of the atom is increased owing to the 
magnetic field, this is given by 

—MiEcO&e, 


where d is the angle between the magnetic field and the direction of 
the magnetic moment, i.e. the direction of 1. But cos0 is obviously 
equal to mjl, so that 




magn 


eh 

4:7TIJLG 


Hm. 


The terms therefore split up in the magnetic field, the separation being 

eh 


where 




H = 1*40 X 10® /f sec.“b 


ArrfJLC 


which is the same as the Larmor frequency already introduced (p. 109), 
i.e. the amount by which the frequency of a vibrating electrical system 
is changed in a magnetic field, according to the classical theory. 

Thus every term splits up into 2Z+ 1 equidistant terms, corre- 
sponding to the 2Z + 1 setting possibilities. In the emitted radiation, 
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however, every line should be split up into only three components, since 
the processional motion is purely periodic, and therefore the selection 
rules Am = 0, ±1 come into play. In this way, therefore, we get only 
the normal Zeeman effect (see fig. 11, p. 110). 

Even taking the spin of the electron into account, nothing in these 
relations would he changed, if we associated with the electron a mag- 
netic moment, bearing to the mechanical spin-moment ps = .9(A/27 t) 
the same ratio as the magnetic orbital moment does to the mechanical, 
i.e. if 

Ps Pi 2/xc 


For the total angular momentum would then be j, and the total mag- 
netic moment would be = (eA/47r/xc)j; thus j and would have 
the same direction, and would set themselves in the magnetic field 
in accordance with the quantisation of direction, or process round the 
field direction in common. The single difference, with spin, would 
be that now, not 21 + 1, but 2j + 1 setting possibilities exist, and 
that therefore every undisturbed term is split up by the magnetic 
field into 2j + 1 terms, but in such a way that the amount of the 
splitting would be exactly the same as before; in the spectrum there 
would be no difference at all. 

The anomalous Zeeman effect, however, can be explained com- 
pletely by assuming that the magnetic spin-moment is got from the 
mechanical, not by multiplying by el2fjic, as with orbital moments, 
but by multiplying by ejiic, so that 




eh 

Itt/xc 


s. 


Since the mechanical spin-moment is always s = •!, it follows that the 
magnetic moment of the electron is exactly equal to a Bohr magneton 
ehl^TtyiC. This difference in the behaviour of the spin-moments as 
compared with the orbital moments can be put on a theoretical basis, 
as has been first shown by Thomas (1926), and recently in a much 
simpler way by Kramers (1935); it is a necessary consequence of the 
theory of relativity. Moreover, the connexion between mechanical 
and spin-moment, in the form we are now considering, follows rigor- 
ously from the relativistic equation of Dirac. 

It is just this difference between the orbital and the spin-moments 
which is responsible for the anomalous Zeeman effect. The result of 
it is that the vector sum of the magnetic moments, i.e. the total mag- 
netic moment M, is not in general in the same direction as the total 
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meoh.anical moment j. In fig. 4 this is shown for the case of one elec- 
tron, but the principle is the same for the case of several electrons 
also. For clearness, the magnetic 
orbital moment Mi is shown twice 
as large as the mechanical orbital 
moment 1; hence, by the preceding, 
the magnetic spin-moment must 

Fig. 4.— Vector model for the anomalous 
Zeeman effect. The direction of the total 
angular momentum does not coincide with the 
direction of the resultant magnetic moment; 
only the component M\\ parallel to j is magneti- 
cally effective; the other component _ dis- 

appears when averaged, on account of the rota- 
tion of the vector figure about j (the total 
angular momentum). 

be shown four times as large as the mechanical spin-moment s. The 
resultants M and. j therefore fall in different directions. 

In accordance with the meaning of j, the total angular momentum, 
we must regard the atom, and with it the whole vector figure, as in 
rotation about the direction given by j; any vector, not in this direc- 
tion, thoreforf!! precesscs round it. On account of the high Irequency 
of the prec( 3 Ssional motion (it c.an be shown that tlui hv corresponding 
to this frcqu(?iK*y is of tlie order of magnitude of the line Btructuro 
splitting ” of the ter*ms, wliiivli is d(3t(3rniined l)y the coupling of I and 
^ to the V( 3 ctor j; or, in tlu3 case, say, of th(3 sodium D-lines, of the 
order of magnitiide of the splitting of the p-tei-nis, i.e. approximately, 
vr^t) X Kfi*" c,m.“*) only time-aviu'ages can come into question, for 
magnitudes which, vairy slowly as compared witii this frciquency. Thus, 
for example, th (3 a, tom will b(vli.av(3 nia-gnetically, in, the presence of 
an externa,! li(d(l, a,s if the, a.tom laid tlui ma.gnetic, moment If, where 
the bar indic,a,t(‘s a. tim<‘,-av(irage. Ihit th.(3 time-average of M is equal 
to the proji'ction of M on th(^ a,xis of rotation, i.e. (H|ii<d to the com- 
ponent ilf||; the (*oni|)on<‘nt AI , perpiMidic-ular to the axis disappears 
on formation of tim(‘,-a,v(3ra,g(3. 

In the pnhsmiee of a (wea.k) (‘.xt<‘rnal Md the a, tom therefore 
possesses a,n (‘il(‘<vtiv(‘, nia.gnc.tie monKait Mj, in ifie, din'ction of On 
account of th(‘, angula,r momentiun it j)rc<‘(vss(‘.s a, bout the direction of 
the field, and tlu^ sa,m (3 c,onsid(vrations now hold as those adduced 
above*, j poss(bss(‘s, in (a)ns(‘quen<,*e ol this jin'ci'issional motion, only 
2j + 1 possilile settings with res])<ict to the lield direction, these being 
characterized by th (.3 comiionent ni ot: j in this direction, ihe mag- 
netic energiihs of these sc^ttings arc given individually by ■— 
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tLe undisturbed term is tkerefore split up by tbe magnetic field into 
2j + 1 terms with, tbe separation 

Tke difierence now, as compared witb tbe earlier case, is that 
formerly (in the normal Zeeman effect) tbe magnetic moment was 
equal for all terms to the Bohr magneton multiplied by tbe quantum 
number of the total angular momentum; the splitting was the same 
for all terms, irrespective of their quantum numbers, being equal to 
the Bohr magneton multiplied by the field strength H. When, how- 
ever, the spin and the vector composition of the moments are taken 
into consideration, we obtain an effective ” magnetic moment of 
the atom, which in general is not given by tbe product of Bohr mag- 
neton and total angular momentum, but depends also on the rest of 
the quantum numbers and in particular on the angles occurring in 
tbe vector figure. If we write, purely formally in the fii'st instance, 




eh 

47rjLtc 


09 ^ 


then the factor g gives the divergencies which occur in our vector 
model, as compared with tbe theory of the normal Zeeman effect. 
The additional magnetic energy is then given by 




eh 

47T/XC 


Hmg = —hvjng, 


where, as above, is the classical Larmor frequency. The undis- 
turbed term is therefore split up in the 
magnetic field, certainly again into 

Fig- S- — ^Transitions in the anomalous Zeeman effect; 
since the splitting is different in the various term groups, 
we get in general just as many sei:»arated lines as there are 
-2 “■/ 0 -^7 -^2 -^S 771 possible transitions altogether. 


■ 7-2 771 



2j 4“ 1 equidistant terms, but the amount of the splitting hv^^g is 
not equal to that in the normal Zeeman effect, viz. but differs 
from it by the factor g, which is called, after its discoverer, the Lande 
splitting factor (1923). It varies from term to term, and is thus the 
determining cause of the anomalous behaviour of the atom in the Zeeman 
effect. The splitting pattern is not the Lorentz triplet; many more 
lines occur, in accordance with the fact that the energy differences 
corresponding to the selection rules Am=— 1, 0, 1 are not now, 
as they are in the normal Zeeman effect, the same for all values of 
m (fig. 5). 
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The splitting up of a line in the anomalous Zeeman effect is there- 
fore essentially determined by the Land4 factors for the upper and lower 
states. These factors, as will now be shown, can be 
ascertained with comparative ease from the develop- 
ments already given with regard to the vector model. 

For this purpose we have to calculate the value of 

— ^Vector composition of the orbital moment I and the spin-moment 
s, giving the total angular momentum j. 



tte component M|| of the magnetic moment. From fig. 6 we can 
at once read off the relation 

i)f„ = Ml Gos{lJ) + Ms oos{s,j). 

If we now substitute for M,, the expression used above, {ehj4:7rfxo)jg, 
and for the magnetic moments of the orbit and the spin, the values 
already obtained, we find (note the factor 2 in the spin term!) 

jg == 1 1 cos (i, j) + 25 cos (s, j) \ 

4-7r/xc ' 47T/XC i ) 


which gives 


9 = 


1 25 

cos (I, j) cos (s, j). 

3 3 


The values of the cosines appearing in tliis equation may be written 
down at once from the triangle of the vectors I, s and j (fig. 6): 


cos{l,j) 


Ijl 


COS(a', j) : 




P 


2js 


For the Landc splitting factor we thus obtain 

/V __ 






P -h 


P 


2f 


"We have deduced this formula in accordance with the classical vector 
model representation. In quantum mechanics this representation is 
certainly still permissible, but with this difference, that the square of 
the magnitude of an angular momentum, with the quantum number I, 
is not equal to P as in Bohr’s theory, but is given by l{l + 1). This is 
proved in Appendix XIX (p. 302) for the orbital angular momentum; 
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tLe same Folds good for tFe spin angular momentum, so that we 
can adapt tFe formula for the splitting factor to wave mechanics, 
by writing everywhere j{j + 1), l(l + 1), s(s + 1), instead of P‘, sh 

(7=14- i(i + 1) + -f- 1) — l(l 4- 1 ) 

_ 3 s[s + 1) - l{l + I) 

2+ 2i(i+l) 

This method of deducing the ^r-formula may seem rather unconvincing, 
since classical ideas are applied throughout, and it is only at the very 
end, as it were, that corrections from wave mechanics are brought to 
bear. It may be mentioned, however, that the formula can also be 
obtained from wave mechanics directly, though only, it is true, with 
the assistance of group theory. 

An immediate proof of the correctness of the formula is given, 
however, by experiment. In Appendix XXIII (p. 318) the splitting 
pattern in the anomalous Zeeman effect is calculated for the Z)-lines 
of sodium. Even in this simple example — an atom with one radiating 
electron — it can be seen how complicated, comparatively, is this 
splitting pattern in the anomalous Zeeman effect. Experiment, how- 
ever, has fully confirmed the correctness of the calculated pattern, 
with complete spectroscopic accuracy. In every case in which the 
anomalous Zeeman effect has been investigated experimentally, theory 
and experiment have been found to be in complete agreement. Con- 
sidering the enormous numerical material which has been collected 
up to the present time, and which the calculation of Lande’s factors 
has invariably proved capable of explaining, one is compelled to con- 
clude without going further that the theoretical interpretation of the 
anomalous Zeeman effect, and the results which it involves with re- 
spect to the magnitude of the mechanical and magnetic spin-moments, 
represent the actual truth. 

In conclusion, we shall say something about one more phenomenon 
observed in the Zeeman effect; this is called, after its discoverers, the 
Paschen-Back effect (1921). We have stipulated above that the magnetic 
field is not to be too strong. This stipulation was tacitly used when 
we replaced the magnetic moment by its time-average M = This 
is justified so long as the rotation of the whole vector model about 
the direction of the angular momentum j is much more rapid than its 
processional motion about the direction of the magnetic field, the 
frequency of which is, approximately, = 1-40 X 10® H sec.”^. 
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For the former, in the case of the splitting of the sodium terms, we 
found (p. 136) AA ^ 6 A., corresponding to Av 5 X 10^^ sec."'^, so that 
the required condition is certainly fulfilled in this example, for fields 
up to some thousand gauss. 

If, however, we increase the magnetic field strength until the two 
frequencies are of the same order of magnitude, the foregoing con- 
siderations are no longer valid, since it is then not the time-average 
of ikf, but M itself, that is in question. We are now in the region of 
the Paschen-Back effect. We can describe it in another way by saying 
that the internal energy of precession about j becomes comparable 
with the external energy of precession of j about H, so that the fine 
structure splitting depending on the spin is of the same order of mag- 
nitude as the splitting of the terms in the magnetic field. If the 
magnetic field strength is raised further still, so that the energies 
depending on the setting in the field become much 
greater than the energy of coupling between the orbital 
moment I and the spin-moment s, we obtain the normal 
Zeeman effect; in fact, this coupling is then practically 
completely annulled, and the orbital and spin-moments 

Fig. 7. — Vector model for the Paschen-Back effect (transition to the normal 
Zeeman effect). Since the energy of the orbital moment and spin-moment 
in the magnetic field is greater than the magnetic interaction between orbit and 
spin, the orbital and spin-moments process separately round the field direction. 



precess independently round the direction of II (fig. 7). The total 
magnetic energy is then given by 

■®inagn = ^ ^ COs(?i7) + 2.9 COS(.9/f)| . 

If we continue to denote by (a whole number) the projection of I 
on the field direction, and observe that in this case the spin can only 
set itself parallel or antiparallel to the field (cr = + ^), it follows from 
the above equation and the half-integral character of the spin-moment 
that 

^xna«a=-£~^^/K±l). 

We therefore in this case obtain a term-splitting with the term- 
separation corresponding to the normal Zeeman effect. Thus when 
the magnetic field is steadily increased, a gradual transition takes 
place from the anomalous to the normal Zeeman effect; the transitional 
zone is referred to as that of the Paschen-Back effect. The nomen- 
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clatuxe, it may be noted, is not appropriate— normally (at ordinary 
field strengths) we get the “ anomalous ” Zeeman eiiect, while the 
“ normal ” effect is only got at abnormally high field strengths. 

3. The Hydrogen Atom and X-ray Terms. 

We shall now investigate the question of how the statements of 
the atomic theory with regard to the values of the terms are to be 
corrected in the light of the recognition of the existence of spin. We 
begin with the simple example of the hydrogen atom, and with the 
schemes of terms which may be caUed hydrogen-like (alkali terms. 
X-ray terms). In Chapter V (pp. 112, 126) we discussed the values of 
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3, — Diagrammatic synopsis of the notation for the various terms 
and lines in alkaline and X-ray spectra. 


these terms fully, on the basis of Bohr’s theory and wave mechanics, 
without t.fl.kiTig into account the spin of the electron. We may state the 
results once more, in brief summary. The hydrogen-like spectra arise 
when an electron moves in a Coulomb field (hydrogen terms) or in 
a Coulomb-hke central field (screening by the rest of the electrons; 
alVai; and X-ray terms). The value of the term depends mainly 
on the principal quantum number: Balmer terms —Rhjn^. If the 
field deviates from the Coulomb field a correction has to be applied, 
which depends not only on n but also on the azimuthal quantum 
number 1; it was denoted above (p. 107) by 6 (n, /c). where I = I 1. 
A correction is required if we take into account the relativistic 

variability of mass, the influence of which on the hydrogen terms 

has been mentioned above (p. 107). 

The existence of electronic spin leads to a further correction of 
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the terms, since it gives rise to an additional determining number 
i = ^ i I- This additional number, as we have explained in § 1 , p. 139, 
causes a splitting up of the terms into doublets; but the s-terms, 
and these alone, remain single, for in this case j can have only one 
value, viz. Instead of the scheme of terms in fig. 13, p. 112 , we there- 
fore obtain the scheme of fig. 8 . The terms fall in the first place 
into widely separated groups corresponding to the principal quantum 
number (n = 1 , 2 , 3, . . .). The figure is not at all correct in its pro- 
portions; in reality the distance between two groups of terms, with 
different quantum numbers, is 10 ^ to 10 ^ times greater than the 
splitting within such a group; the transitions between two different 
groups of terms correspond in the optical spectra to wave-lengths of 
a few thousand A., while the fine structure splitting of the lines amounts 
at most to a few A. 

Within the group of terms with the same principal quantum 
number, we have in a preceding section (p. 108) discriminated between 
the individual terms by specifying the azimuthal quantum number k; 
instead of h we have now two quantum numbers, viz. the azimuthal 
quantum number I which corresponds tok— 1 , and the inner quantum 
number jf*. Instead of Z == 0 , 1 , 2 , . . . (or, as formerly, ^ = 1 , 2, 3 , . . .), 
it is customary, as was mentioned on p. 126, to use the letters 
s, j), dy ... I the value oij is given as a suffix attached to these letters. 
Examples of this notation are shown in fig. 8 , for the case of the alkali 
terms. Eor the X-ray terms a different notation has become estab- 
lished, the terms being distinguished by a capital letter specifying 
the shell in which they lie (K shell for = 1 , Z shell for = 2 , and 
so on), and by a roman numeral attached to the letter as a suffix, and 
corresponding to the order of numbering within the shell. 

The case of hydrogen is peculiar in one respect. Experiment gives 
distinctly fewer terms than are specified in the term scheme of fig. 8 ; 
for = 2 only two terms are found, for n = 3 only three, and so on. 
The theoretical calculation shows that here (by a mathematical coin- 
cidence, so to speak) two terms sometimes coincide, the reason being 
that the relativity and spin corrections partly compensate each 
other. It is found that terms with the same inner quantum number 
j but different azimuthal quantum numbers I always strictly coincide, 
for instance, the ns and the np^ term, the p.;, and the d., term, and 
so on; such pairs of terms are drawn close together in fig. 8 . Eor 
the value of the terms a formula was given by Sommerfeld (1916), even 
before the introduction of wave mechanics; the same formula is also 
obtained when the hydrogen atom is calculated by Dirac’s relativistic 
(E908) 11 
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wave mecEanics. This formula, wEicE reproduces the values of the 
Eydrogeu terms witE tEe greatest exactness, is: 


-f- J^o == 


1 + 




K + Vn/ ■ 


^ 2 ^ 2)2 


™.l. 


Here E denotes tEe energy of tEe bound electron after deducting tEe 
rest energy, and Eq is tEe rest energy mc^; is tEe radial quantum 
number; (Sommerfeld) is identical witE BoEr’s azimuthal quantum 
number /c, and corresponds therefore to the Z + 1 of wave mechanics. 
Since, however, as we have just seen, two terms with dilierent I but 
the same j always coincide when we take the spin into account, dis- 
crimination between the terms by means of the quantum number 
is identical with discrimination by means of j; we therefore have 
~ i + I- The principal quantum number is then found as the 
sum n= rir TEe constant a is given by 


a = 


2776 ^ 1 ^ 


dimensional considerations show at once that it is a pure number, 
the only quantity indeed of zero dimensions (ignoring trivial numerical 
factors) wEicE can be formed from the three atomic constants e, h 
and c. Since it gives the amount of the fine structure splitting, it is 
called (after Sommerfeld) the fine structure constant. Z is the atomic 
number (1 for hydrogen, 2 for He+, and so on). On account of the 
smallness of a, Sommerfeld’s formula can be expanded in ascending 
powers of a simple calculation gives 



where R is written for j5^Qa^/2/i, so that R is simply the well-known 
Rydberg constant. TEe Balmer term — RhZJ^jn^ is therefore modified 
by a correcting factor, which depends on and gives the fine struc- 
ture; the quantity e(9^, h) of the formula on p. 107 is equal to the 
additive correction 

Rha^Z^ / n 3\ 

n^ \n^ 4/ 

It should be particularly emphasized that the X-ray terms also are 
well represented for all elements by Sommerfeld’s formula. 

One small remark on the fine structure constant may be added. 
When a physical formula is to be devised, it may be possible to go a 



VI] HYDROGEN ATOM AND X-RAY TERMS iS^ 

good length on the score of dimensional considerations alone. An 
example of this sort is the formula deduced in § 2, p. 46 for the scatter- 
ing of light by electrons. Since the ratio of the total scattered enerp 
J to the primary energy Jq incident per square centimetre has the 
dimensions of an area, and since from the three classical electronic 
quantities e, m, c (we are concerned here with a purely classical efiect) 
only one quantity having the dimensions of a length can he formed, 
viz. it follows that the scattering formula must be of the form 

JIJq — where ?b is a factor of proportionality of dimensions 

zero (and of order of magnitude 1). The real task of the theory is to 
determine the constant Jc, by means of geometrical considerations 
based upon definite ideas with regard to the mechanism of the process. 
The occurrence, in the theory of the splitting of terms, of the 
sionless fine structure constant a, whose value is given by e, c and h, 
suggests the idea that there must be a deeper connexion between these 
three quantities, on the strength of which one of them can be deter- 
mined in terms of the other two. If this is so, there must be some 
process involved which we do not yet understand, its geometry and 
mechanism being still quite unknown. The discovery of this con- 
nexion is a problem which fascinates many physicists. Its solution 
would rriAa -n a great stop towards understanding why charge, mass, 
energy, &c., occur in minimum elementary quantities. We may add 
that Eddington has put forward a theory for the geometrical explana- 
tion of a, according to which 1/aisthe value of for ^==4, 

we cannot, however, go into this fm-ther. It may bo remarked that 
the idea that 1 /a is an integer is somewhat dubious, as the most exact 

experimental values give 1/a = 137-2. 

We now proceed to consider the spectral linos which are possible, 
consistently with the above scheme of terms. The selection rules 
have already been stated (p. 140); they are 

Al=±l, Aj=0, ±1; 

they do not allow all transitions, but only those indicated by arrows 

in the scheme of terms (fig. 8, p. 148). , ■ j 

In the hydrogen and alkali spectra, as wo have already explained 
for the simple Bohr theory (fig. 13, p. 112; fig. 8, p. 148), the lines 
which correspond to transitions from a p-term to the ground state 
(s-term) are called the lines of the principal series; a principal series 
of higher order contains the linos which lead to the next s-teiin (in 
our diagram to the 2.s-term). Transitions from the d-terms to the 
p-terms give the diffuse series, those from the s-tcrms to the p-terms 
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tLe sEaip series. Tlie Hgiier series (fundamental series, &c.) lead from 
higher levels to the terms of the third quantum state {n = 3), and 
therefore fall outside the scope of our diagram of terms. We thus 
obtain — for the case of sodium — ^the diagram of terms and lines shown 
in fig. 9, which replaces the simple diagram of p. 112 (fig. 13). 

For X~ray spectra an essentially different notation has secured 
general acceptance; this also is indicated in fig. 8, p. 148 (see also fig. 15, 
p. 113), The lines which correspond to transitions to the -level are 
called iC-lines; lines whose final state is a term of the L shell are called 
i-lines; and so on. Individual lines within these general classes are 
distinguished by small Greek letters in accordance with a recognized 
convention, which was also exemplified in fig. 15, p. 113. The and 

lines form the doublet which arises in a transition of the electron 
from the L to the K shell; and correspond to the transitions 
from the M to the K shell; and so on. 

4. The Helium Atom. 

In the helium atom two electrons revolve about the nucleus (nuclear 
charge 2e)\ we have therefore 6 co-ordinates to deal with instead of 
3, with the result that an exact solution is no longer possible. For 
the purpose of obtaining a general idea of the possible states, an exact 
solution is, however, not at all necessary; following Bohr, we can in 
the first place neglect the mutual interaction of the electrons, and for 
a first approximation treat the problem as if the two electrons moved 
undisturbed in the field of the nucleus. Afterwards, the interaction 
can be taken into account by the methods of the theory of pertur- 
bations. 

We shall therefore (as with the hydrogen atom) associate three 
quantum numbers with each of the two electrons: 

^1? ilj ^2? ^25 ^25 

and we shall assume once for all that in the case of different Z- values 
the first electron possesses the higher azimuthal quantum number 
(^1 ^ ^ 2 )- The corresponding angular momenta are compounded 
srectorially (neglecting the interaction between the two electrons); 
we thus obtain a total angular momentum 

j = 

as also total orbital and spin angular momenta given respectively by 

-> 

Z = Zj -j- Zgj s = 5^ + S 2 . 
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Fig. Q. — Term scheme for sodium, taking account of spin; on the left are shown the energies 
of the terms in electron volts (measured from the ground state); on the right the frequencies (in 
wave numbers) which are emitted at a transition downwards from the series limit, and also the values, 
of V{Rli'). 
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If, however, the interaction of the two electrons is taken into account, 
the angular momenta of the electrons separately are no longer integrals 
of the equations of motion, so that the angular momentum vectors are 
not now fixed in space. The total angular momentum j is constant, 
however, and of course must still be quantised even for an arbitrary 
system of electrons, since it corresponds to a rotation of the electronic 
configuration as a whole. The question is now, whether a many- 
electron (two-electron) problem can still be characterized, at least 
approximately, by other angular momentum quantum numbers. The 
important factor here is the interaction of the two electrons, and the 
coupling relations between the individual angular momentum vectors 
(orbital and spin). If in fact, in consequence of the interactions 

being slight, a processional period is 
slow, it will be possible to associate 
the corresponding angular momenta, 
approximately, with quantum num- 
bers, viz. those which the angular 
momenta would have, if there 
were no coupling. It is entirely a 
matter of the strength of the various 
couplings. 

An obvious assumption to make 

Fig. lo. — Scheme of the so-called (jy)-coupling; 
to a first approximation the orbital and spin-moments 
of each electron, are compounded into a resultant; 
the vector sum of these two resultants gives the 
total angular momentum j. 



is the following. For every electron the orbital and spin moments 
are firmly coupled; but the various electrons influence each other 
comparatively little. Every electron will then be characterized 
individually by the quantum number of its angular momentum j 
(orbital plus spin); that is to say, the vector sum of and s,, 
for the vth electron, still approximately carries out a motion of 
precession round the direction of j^, in spite of the disturbance by 
the other electrons; then the j vectors of the various electrons are 
compounded into a total angular momentum j, and in their turn 
carry out a processional motion round the latter (see fig. 10). 

Another limiting case of the coupling relations is that in which 
the spin vectors and the orbital vectors are compounded separately 
into resultants I and s, so that for two electrons we have the diagram 
o,f fig. 11. The vectors and rotate round the total orbital moment I, 
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the spin vectors Sj, and round s, and then these two vectors precess 
about j. One can understand how this vector model may come into 
play, by supposing that besides the electrical forces of repulsion other 
forces of a magnetic nature also act between the electrons; the latter 
forces being determined by the magnetic moment of the electrons, 
and producing a strong coupling between the spin vectors of the two 
electrons. 

Experimental results show that as a rule (in helium and the alka- 
line earths) the second case of coupling is the one which occurs, it is 
called the normal coupling case or, after its discoverers, the Eussell- 
Saunders coupling. This is the only case we shall consider here 
although the case first described also actually occurs, as well as inter- 
mediate stages between 
these two extreme cases. 

We may remind the reader 
of the similar circumstances 
in the case of the abnormal 
Zeeman effect, where the 

Fiff. II. — Scheme of the Russell- 
Saun tiers or (/.?) -coup ling: to n first 
approximation the orbital moments of 
the electrons are compounded into a total 
orbital moment /, also their spin -mo- 
menta into a resultant spin-moment s, 
and finally I and « into the total ingular 
momentum /. 

strengthening of the coupling between the external magnetic field 
axid the individual magnetic moments determines a transition to 
the normal Zeeman effect, via the Paschen-Back effect. 

In helium, the coupling relations are normal. The two orbital 
moments and Ij, are therefore in the first place combined into a 
total orbital moment I, which must be a whole number and can there- 
fore taJve only the values I — 1, . . . , l^, Smu- 

larly, the two spin-moments and ^2 combine into the total spin- 
moment wliich. (for two electrons) must likewise be a whole number: 
since Si and have the value the two values s = 0 and s = 1 are 
the only possible ones; in the former case the spins are antiparallel, 
in the latter parallel. (In fig. 11, for easier visualization we have 
assumed that the two spins form an obtuse angle with each other; 
in reality they must always be either parallel or antiparallel to each 
other.) 

The term scheme of helium (see fig. 12) breaks up therefore into 
two separate groups, according as the total spin is zero or unity; in 


/ 

/ 




Fig. 12. — Term scheme for helium; there are no inter-combination lines between orthohelium 
and parhelium; orthohelium (for not too great dispersion) has the character of a doublet system. 
The iS term of parhelium is situated much deeper as indicated by the arrow 
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the former case we speak of parhdium terms, in the latter of ortho- 
helium terms. This separation of the terms into two groups is justified 
by the fact, which has been proved experimentally and can easily be 
put on a theoretical footing, that in general there are no transitions 
between terms of the first group and terms of the second. From the 
physical standpoint it is accordingly permissible to distinguish sharply 
between parhehum and orthohelium, especially as it is only in excep- 
tional cases that it is possible to transform a helium atom, which has 
once shown the parhelium spectrum, in such a way that it emits the 
lines of orthohelium. 

In parhelium, then, the total spin moment s is 0; hence the total 
orbital moment is identical with the total angular momentum: j = 1. 
This implies that the whole of the terms of parhelium are singlets, 
i.e. that to every azimuthal q^uantum number I there belongs only 
a single term with the inner quantum number j equal to 1. 

In orthohelium, on the other hand, the total spin moment is equal 
to 1, and it combines vectorially with the total orbital moment to 
form the total moment j. Since all three vectors are whole numbers, 
j in this case can take the three values 

J = l — 1 , I, 1 - 1 - 1 . 

There are therefore three terms for every azimuthal quantum number, 
and the term scheme of orthohelium is a triplet system. Here also, 
however, as in the doublet spectra discussed above (p. 136), the 
s-terms are single; in fact, 1=0 for these, so that j can only be equal 
to s, i.e. to 1. In the alkaline earths (Be, Mg, Ca, Sr, Ba), which hke 
helium have two external electrons, the triplet character can be easily 
observed in the spectrum. In helium, however, a special feature occurs: 
it possesses practically a doublet spectrum, since the and terms 
nearly coincide. As an example of this, we take the first line of the 
sharp series, which corresponds to the transition from ZS to 2P. Exact 
measurements by Houston have shown that this line consists of three 
components: 

3S^2P, ... 7065-707 1,\ AA = 0-495 i, 

3S -> 2Pi ... 7065-212 1, 

ZS -> 2 P 2 . . . 7065-177 = 0-035 A. 

We see from these numbers that the splitting between the two lower 
terms is only about one-fourteenth of that between cither and the upper 
term. The slightness of this splitting is the reason why for a long time 
the spectrum of helium was referred to as a doublet .system. 
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We add a brief remark on the notation for the terms. A few lines 
above we have used capital letters S, P, D, . . . instead of small letters 
(p. 126). This is customary in the case of several electrons for the 
purpose of indicating the total orbital moment. It is also customary 
to define the multiplet character, that is to say, the number of terms 
bebnging to a particular multiplet (all with the same principal and 
azimuthal quantum numbers), by attaching this number to the term 
symbol as a left-hand upper index; also, the multiplicity written down 
is always the one which occurs when I is large, viz. 2s -f 1. In fact, 

the vector sum If- s = j gives the following values: 

for 1 ^ s: I s,l — s -|- 1, • . . , Z + s — 1, Z -|- s (2s 1 values), 
for I ^ s: s — I, s — Z-f-1, ...,s-|-Z — 1, s-f-Z (2Z4-1 values). 

If, for example, s = 1, we have a triplet; but this holds only from 
Z = 1 (P-term) upwards, while the term I — 0 (S-term) is single. This 
peculiarity is ignored in the use of the notation; the two terms are 
written ^S, ®P, although in reality the former of these is single. 

The individual terms of the triplet ®P are distinguished by right- 
hand lower indices (suffixes), which indicate the value of j; in helium, 
for instance, 

^Pi for parhelium, 

®Po, ®Pj, ^Pg for orthohelium. 

Briefly, then, the notation used is as follows. The first number denotes 
the principal quantum number — ^it indicates the shell which the 
electrons occirpy; if the electrons are in difierent shells, this quantum 
number must be omitted. The letter indicates the total orbital moment, 

the letters S,P,... corresponding to the quantum numbers Z = 0, 1, 

The left-hand upper index gives the nmnber of terms (at its maximum) 
in the term group defined by the principal quantum number and the 
letter it is equal to 2s 1. The right-hand lower index distingvdshes 
the individual terms of this group by assigning the inner quantum 
number j for the total angular momentum. 

Returning once more to the term scheme for helium (p. 156), we 
have to point out that we have not shown in it the l®df-term for ortho- 
helium, i.e. the ground state to be expected. The reason is, that no 
fines have been found spectroscopically which could correspond to a 
transition to this term. We must conclude from this that in ortho- 
helium the l®/S-state is missing. In fact, since we ean calculate the 
position of this term approximately, we can tell approximately the 
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•places in tlie spectrum at whicli the lines must lie wEicE correspond 
to transitions to tEis term. In spite of tEe most tEorougE spectro- 
iscopic investigations in tEis region of tEe spectrum, not a single 
line Eas been found wEicE can be brought into connexion with sucE 
transitions. 

TEis result is quite inexplicable hy tEe preceding principles as they 
•stand. If we look for its cause in some special property of the term, 
we find tEe peculiarity that for this term all the quantum numbers 
are tEe same for tEe two electrons. Thus, both electrons lie in the 
K sEell, and Eave therefore the same principal quantum number 
n-^ = ^2 = 1, as is also in fact the case for the parhelium term H/S. 
Since the azimuthal quantum number of an electron can never be 
.greater than n — 1, it must vanish in this case for both electrons: 

=l 2 = 0. (For higher /S-terms, the two orbital moments could be 
different from zero, and by antiparallel setting cause the total orbital 
moment to vanish.) In orthohelium, the two electron spins are parallel, 
and the components of the spin moments are therefore also equal, 
0-1 == (72 = so that the two sets of quantum numbers completely 
agree. In parhelium, however, the electron spins are antiparallel, so 
that the quantum numbers of the two electrons are separated in the 
projection of the two spin components. 

5. Pauli’s Exclusion Principle. 

The state of matters just described in the case of helium, viz. the 
absence of the P/S-term, the expected ground state of the orthohelium 
termsequence, suggested to Pauli (1925) a general examination of spectra, 
to see whether, in other elements and under other conditions, definite 
terms sometimes drop out. It was found that this actually happens; 
moreover, the term analysis showed in all cases that in these missing 
terms all the quantum numbers of the electrons agreed. Converscily, 
it was also found, the terms always drop out when these quantum 
numbers are the same. This discovery led Pauli to the following 
principle: 

The quantum numbers of two (or more) electrons can never entirely 
agree; two systems of quantum numbers, which are dediicible from 
each other by interchange of two electrons, represent one state. 

The second part of the principle enunciates the indistingidshability 
of electrons. It is important for the enumeration of possible states, 
as required for the theory of the periodic system, and especially for 
.statistics. It is to be remarked also that, in applying the principle, 
directional degeneration must be considered to be removed (for instance, 
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by an external magnetic field). The individual electron can then be 
characterized by four qvtantum numbers'. 


^ = 1 , 2 , . . . , 

I = 0, 1, , . . , ~ 1, 

i = ^ ^ i nr ~ — ? + 1, . . . 5 +Z, 

m = -i, -i + 1, • . • , +ij (cr = +i 


Here n denotes the principal quantum number, which can take all 
values from 1 upwards; I is the azimuthal quantum number, which 



runs from 0 to n — 1; j is the inner quantum 
number, and is only capable of the two values 
stated; m is the projection of j on the specially 
distinguished direction and, according to the rules 
for quantisation of direction, runs through the 
2j + 1 values between —j and Alternatively, 
instead of j and m we may use the projections of I 


Fig 13. — Orbital moment I, spin moment s, total moment j; with their projec- 
tions on a specially distinguished direction. 


and s on the special direction, viz. fi, denoted previously by (p. 145) 
and a (see fig, 13). 

Another concept which is frequently employed is this. Two elec- 
trons are said to be equivalent when they possess the same n and the 
same 1. Two equivalent electrons must therefore, in accordance with 
Pauli’s principle, differ from each other in the direction of I, or in the 
spin direction; and only certain definite values, not all values, of 
and O’ are possible for them. It is otherwise with two electrons which 
are not equivalent, but differ either in the principal or the azimuthal 
quantum number (or in both); in this case all values of ^ and o* are 
possible. 

In Appendix XXIV (p. 319) we give an example of the enumera- 
tion of the terms for the two cases of non-equivalent and equivalent 
electrons. We shall not wait here to discuss these problems— which, 
though very simple in principle, are somewhat complicated to work 
out — but proceed at once to the most important and concrete appli- 
cation of Pauli’s principle, the theory of the periodic system. 


6. The Periodic System. Closed Shells. 

We have already frequently referred to the periodic system, or 
table (see Table I, p. 35; fig. 14 shows a somewhat different form). 
The periodic table is an arrangement of the elements in a scheme 
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which, originally was drawn up on the basis of their chemical behaviour 
and their atomic weights. It has turned out, however, that the real 
determining factor in the arrangement is not the atomic weight — 
consider isotopy — ^but the atomic number 2, i.e. the number of elec- 
trons revolving round the nucleus in the neutral atom. Now one of 
the most important applications of Pauli’s principle is to the eluci- 
dation of the shell character of atoms, i.e. that property which finds 
its expression in the periodicity of the atoms with respect to chemical 
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Fig. 14. — Diagram of the periodic system of the elements according to N, Bohr, exhibiting 
the synthesis of the shells, and the chemical relationship, of the atoms. 


behaviour. We shall develop the theory of the periodic system by the 
method of proceeding step by step from a simpler element to the next 
higher. At each step, therefore, starting from an element with an 
electronic configuration which we know, we suppose the nuclear 
•charge to be increased by a unit, and at the same time an electron to 
be inserted in the outer part of the electronic envelope of the known 
atom; what we want to know about is the way in which this addition 
•of an electron takes place. 

We begin with the simplest element — hydrogen (Z = 1). Its electron 
in the ground state is in the lowest orbit, and has therefore for its 
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principal quantum number 1; we say, as has already been re- 
marked (p. 113), that the electron is in the K shell. With helium, 
a second electron appears; thus for both these electrons n — 1, and 
therefore I = 0, and also /x, = 0. Hence, by Pauli’s exclusion principle,., 
they must possess difierent components of the spin moment. Since- 
there are only two possible settings, viz. cr^ = and 
there are only places for two electrons in the K shell. 

If we now add a third electron, there is no place for it in the 
K shell, and so it must settle in the L shell. Let us count the number 
of places in the L shell. First, as in the K shell, there are 2 electrons 
with I = 0, distinguishable only by their spin components; next, 
come 6 places for electrons with 1=1, since of course can take 
the three values —1, 0, 1, and for each of these there are two possible 
settings for the spin. There are therefore 8 places altogether in the 
L shell, and these are arranged (Stoner, 1924:) in two sub-shells with 
2 and 6 electrons. When the atomic number is steadily raised, the L 
shell becomes gradually filled; the atoms concerned are Li, Be, B, C, N, 
0, F, Ne. With Ne the L shell is completed; a new electron must, 
settle in the M shell (Table IV, pp. 163, 164, 165). 

We give the enumeration of the places in the M shell in the form 
of a table: 


z = 0 , 

i^== 

0, 

O’ = i 2 electrons 

Z=l, 

ix = 

-1, 0, 1, 

o-=±|: 6 „ 

Z=2, 

/x = 

-2, -1, 0, 1, 2, 

<r=±i:10 „ 




in all 18 electrons. 


In the M shell there are therefore 18 places, distributed over three- 
sub-groups. The first two groups form together the second short, 
period (of 8 elements); it extends from Na to A. Then, however, a 
deviation occurs from the previously invariable order of succession in 
which the electrons settle. This order is always determined by the- 
energy released when a new electron settles (i.e. is bound). The energy 
relations, however, are not always such that one shell must be com- 
pleted before an electron settles in the next shell. On the contrary, 
it may happen that an electron in an s-orbit of a higher shell is, from; 
the energy point of view, more firmly bound than in a d- or /-orbit 
of the lower, still incomplete, shell. This case occurs in the further- 
development of the M shell; the ten 3d-terms for the 10 electrons 
still wanting are, as experiment shows, higher as regards energy than 
the 4s-terms which correspond to binding of the electrons in the- 
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TABLE IV 

DISTRIBUTION OF ELECTRONS IN THE ATOMS 


Element 

K 

L 

M 

N 

Ground 
Term 
(p. 158) 

Ionization 
Potential 
(in electron volts) 

1 , 0 

2 , o' 

2s 

2, 1 

3, 0 

35 

3,1 

Bp 

3. 2 

Bd 

4, 0 

45 

4, 1 

ip 

H 

1 

1 

_ 

_ 

_ 

_ 

_ 

_ 




13-639 

He 

2 

2 

— 

— 

— 

— 

— 

— 

— 

^So 

24-45 

Li 

3 

2 

1 














5-37 i 

Be 

4 

2 

2 

, — . 

— 

— 

— 

— 

— 

^So 

9-48 

B 

5 

2 

2 

1 

— 

— 

— 

— 

— 


8-4 

C 

6 

2 

2 

2 

— 

— 

— 

— 

— 

“Po 

11*217 


7 

2 

2 

3 

— 

— 

— 

— 

— 


14*47 

0 

8 

2 

2 

4 

— 

— 

— 

— 

— 


13*56 

F 

9 

2 

2 

5 

— 

— 

— 

— 

— 


18*6 

Ne 

10 

2 

2 

6 


— 

— 

— 

— 

^So 

21-5 

Ha 

11 




1 









^®l/2 

5-12 ; 

Mg 

12 




2 

— 

— 

— 

— 

‘So 

7-61 

A1 

13 




2 

1 

— 

— 

— 

"Pl/2 

5-96 

Si 

14 


Neon 

2 

2 

— 

— 

— 

“Po 

7*39 

P 

15 

Configuration 1 

2 

3 

— 

— 



10-3 

S 

16 




2 

4 

— 

— 

— 

“P, 

10*31 

Cl 

17 




2 

5 

— 

— 

— 


12*96 

A 

18 




2 

6 

— 

— 

— 

‘S„ 

15*69 

K 

19 








1 




4*32 

Ca 

20 






— 

2 

— 

‘So 

6*09 ' 

Sc 

21 






1 

2 

— 

" 1 ) 3/2 

6*57 

Ti 

22 






2 

2 

— 

=Po 

6*80 

V 

23 






3 

2 

— 

‘P 3 I 2 

6*76 

Cr 

24 






5 

1 

— 

‘S 3 

6*74 

Mn 

25 






5 

2 

— 


7*40 

Fe 

26 






6 

2 

— 


7*83 

Co 

27 



Argon 


7 

2 

— 

"Po /2 

7*81 

Ni 

28 


Configuration 


8 

2 

— 

"P 4 

7*606 

Cu 

29 






10 

1 

— 

"Si , 2 

7*69 

Zn 

30 






10 

2 

— 

‘So 

9*35 

Ga 

31 






10 

2 

1 

"Pl /2 

5*97 

Ge 

32 






10 

2 

2 

"Po 

7*85 

As 

33 






10 

2 

3 

" 83/2 

9*4 

Se 

34 






10 

2 

4 

“P 3 


Br 

35 






10 

2 

5 

"P3'2 

11*80 

Kr 

36 






10 

2 

6 

‘S„ 

13*940 
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TABLE IV {continued) 




Configuration 

N 

0 

Element 

of Inner 
Shells 

4, 2, 

4 , 3 

5 , 0 

5, 1 

5, 2 



4:d 

4/ 

5s 

bp 

bd 

Rb 

37 




1 



Sr 

38 






2 





Y 

39 


1 



2 





Zr 

Cb 

40 

41 

Krypton 

2 

4 

— 

2 

1 

— 

— 

Mo 

42 

Configura- 

5 

_ 

1 



Ma* 

43 

tion 

6 



1 





Ru 

44 


7 



1 





Rb 

45 


8 



1 





Pd 

46 


10 

— 

— 

— 

— 

Ag 

47 



_ 

1 



Cd 

48 



— 

2 





In 

49 





2 

1 



Sn 

50 

Palladium 



2 

2 



Sb 

51 

Configuration 

— 

2 

3 



Te 

52 





2 

4 



I 

53 



— 

2 

5 



Xe 

54 



— 

2 

6 

— 

Cs 

55 







Ba 

56 








La* 

57 







1 

Ce* 

58 



1 



1 

Pr* 

59 



2 



1 

Xd* 

60 



3 



1 

II* 

61 



4 

The £ 


1 

Sm* 

62 

The shells Is to 

5 

ihells 

1 

Eu* 

63 

4td contain 

46 

6 

OS to bp 

1 

Gd* 

64 

electrons 

7 

contain 8 

1 

Tb* 

65 


8 

electrons 

1 

By* 

66 



9 



1 

Ho* 

67 



10 



1 

Er* 

68 



11 



1 

Tm* 

69 



12 



1 

Yb* 

70 



13 



1 

Lu* 

71 



14 



1 


6 , 0 

(is 


Ground' 
Term 
(P’ 158) 


’S 3 

®Di,/2 

‘P 9/2 

^S„ 


“Si/3 

^So 

^Pl/2 

“Po 

^ 83/3 

“P 3 

^P3/2 

’S„ 


Ionization 
Potential 
(in electron volts) 


4-16 

5*67 

6*5 


7-35 

7.7 

7*7 

8 n 5 


7 - , 74 

8 - 95 
5-76 

7 - 37 

8 - 5 

10 

12-078 


^Sx/2 

’So 

‘Kxx/2 

^Lo/a 

’K, 

®H 3/2 

‘'D2 

“Hx„2 

’Kio 

°Pl»/2 

^Lio 

’R 17/2 

“Ho 

“D3/2 


3-88 

6-19 
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TABLE IV {concluded) 



Configuration 

0 

P 

Q 

Ground 

Ionization 

Element 

of inner 

6,2 

bd 

5, 3 
5/ 

6, 0 

65 

6 1 

6, 2 

Cd 

7, 0 

Is 

Term 

Potential 


Shells 


(p. IS8) 

(in electron volts) 

Hf* 72 


2 



2 


_ 




Ta* 73 

Tbe shells 

3 

— 

2 

— 

— 

— 



W 74 

l5 to 5p 

4 

— 

2 



— 

— 



Re* 75 

contain 

5 

— 

2 

— 

— 

— 



Os* 76 

68 

6 

— 

2 

— 

— 





It* 77 

electrons 

7 

— 

2 

— 

— 

— 

"i'2;2 


Pt 78 


8 

— 

2 

— 

— 

— 

3 F 4 


Au 79 



_L_ 

1 







"Si/2 

9*20 

Hg 80 

The shells 


— 

2 

— 

— - 

— 

‘So 

10-39 

T1 81 
Pb 82 
Bi 83 

l5 to 5d 
contain 
78 


— 

2 

2 

2 

1 

2 

3 

— 


=‘Pl /2 

* 83/2 

6-08 

7- 39 

8- 0 

Po 84 
( )♦ 86 

electrons 



2 

2 

4 

5 



— 

"P 2/2 


Rn 86 



— 

2 

6 

— 

— 

‘So 

10-689 

( )* 87 








1 



Ra* 88 






— 

2 

‘So 


Ac* 89 


Radon 



1 

2 

“P 3/2 


Th* 90 

Configuration 


2 

2 

"F 2 


Pa* 91 






3 

2 

"P 3/2 


U* 92 






4 

2 




The table shows not only those distributions of electrons and ground terms 
which have actually been ascertained from the spectra, but also those which 
have been determined by considerations of analogy; the latter are indicated by 
an asterisk attached to the symbol of the element. The probability of correctness 
of the inferences from analogy is, however, very high. 

N shell. The next two electrons to be added (K, Ca) settle therefore in 
the N shell. Then, but not before, begins the filling up of the M shell, 
which continues from Sc (Z = 21) to Zn (Z = 30). The formation of 
the N shell then proceeds up to the element Kr (Z = 36). The process 
described is repeated in the N shell; the two next electrons (Rb, Sr) 
settle in the 0 shell [n = 5); the filling up of the N shell then begins, 
along with intermittent settlement of electrons in the 0 shell. The 
rare earths correspond to the completion of the N shell, which is 
accompanied by the binding of 8 or 9 electrons in the 0 shell and 
2 in the P shell; this explains the great chemical similarity of these 
elements. All through, as has already been mentioned, the chemical 
behaviour of the elements is determined by the electronic configuration 

(e 908) 12 
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in the outermost shell; elements with outermost shells of similar 
structure possess in Inrge mensure ec^uivnlent chemicnl properties. 
This is the explnnntion of the occurrence of periods in the system of 
the elements. Thus, for example, the inert gases Ne, A, Kr, Xe and Rn 
have all closed shells of 8 electrons; the alkalies are characterized by 
the fact that one electron revolves round the atom outside closed shells; 
the halogens, on the other hand, lack one electron to make up a closed 
shell. The problems of chemical binding and the chemical behaviour 
of the atoms will be taken up again in detail in Chapter VIII (p. 248). 

7. Magnetism. 

In § 2 (p. 140) we have investigated at length the splitting up of 
the terms of an atom in a magnetic field; it is determined by the 
directing force of the magnetic field acting on the magnetic moments 
of the spin and of the orbital motion of the electrons in the atom. 

The magnetic moments within the atoms are also responsible 
for the magnetic behaviour of the substance made up of these atoms. 
Tw'o cases have to be distinguished. A substance is called paramagnetic 
if its a,toms (or molecules) possess a magnetic moment. The mag- 
netization of the substance, which depends on this, is clearly in the 
same direction as the field, since of course it arises from the orientation 
of the magnetic moments in the direction of the field. Further, it is 
characteristically strongly dependent on the temperature, since the 
orientation of the elementary magnets is opposed by the smoothing 
out action upon direction which is due to the thermal motion. We 
shall deal with this more fully in Appendix XXV (p. 322). On the 
other hand, a substance is called diamagnetic if its atoms do not possess 
a permanent magnetic moment; in this case the magnetization which 
IS produced is in the opposite direction to the field, and is practically 
independent of the tenaperature. 

Atomic theory gives the magnetic moments (compare the results 
obtamed above in connexion with the anomalous Zeeman effect, p. 140). 
Thus, for atoms with closed outer shells the moment 0 is found (in 
the mert gases, but also, according to measurements by Stern, in Zn, 

, g). ^'tcrms have no orbital moment (Z — 0 ), so that the magnetic 

moment of the atom is entirely due to the spin; thus the alkalies, 
with one radiating electron in an s-orbit, have a magnetic (spin) 
moment of 1 Bohr magneton, and the same is true also of the noble 
metals (Cu, Ag, Au). Those elements which have an intermediate 
shell not yet completed possess large magnetic moments (for instance, 
the elements of the iron group, and the rare earths). 
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The assertions of the theory about the magnitude of the magnetic 
moments of atoms can be tested by determining the magnetic sus- 
ceptibility jDf the substances in question (Weiss, about 1910). However, 
this only gives a value averaged over all those directions, and all those 
values of magnetic moments, which occur; a direct test of the theory 
cannot therefore be immediately obtained by this method. 

The magnitudes of the moments can also, however, be measured 
in the individual atom, as was shown by Stern and Gerlach (1921). 
Their method bears approximately the same ' relation to the macro- 
scopic method of Weiss, as Aston’s method for the determination of 
atomic masses bears to the macroscopic method of determining atomic 
weights, which only gives mean values over all the isotopes present. 
The method of Stern and Gerlach is based upon the deflection of a 
molecular beam in a non-homogeneous magnetic field. We may regard 
the atom with the magnetic moment as an elementary magnet of dimen- 
sions which though small are still finite. If we bring this magnet into 
a homogeneous magnetic field, it will move in a straight line in the 
field; for the magnetic force acts on its north pole with the same 
strength as on the south pole, but in exactly the opposite direction; 
thus the axis of the magnet may possibly execute a pendulum motion 
or precession about the direction of the field, but the centre of inertia 
of the magnet either remains at rest or moves in a straight line. 

It is otherwise when the field is not homogeneous. In that case the 
forces acting on the north and south poles are not quite the same, so 
that, besides the couple which the two magnetic forces exert on the 
elementary magnet even in the case of a homogeneous field, a resultant 
force also acts on the magnet as a whole, and imparts to it an accelera- 
tion either in the direction of the magnetic field or in the opposite 
direction. If then an elementary magnet flies through a non-homo- 
geneous magnetic field, it will be deflected from its rectilinear path. 
The amount of the deflection is determined by the degree of inhomo- 
geneity of the field; in fact, to produce a deflection of sensible amount 
the inhomogeneity of the field must be so marked that the field changes 
decidedly even within the small length of the elementary magnet 
(which in our case is at most of the order of magnitude of atomic 
linear dimensions, viz. 10"® cm.). Stern succeeded in producing a 
sufficient degree of inhoraogeneity by suitable construction of the 
pole-pieces of a magnet, one piece being shaped as a knife-edge, while 
the other piece, which he set opposite it, had a flat face, or was pro- 
vided with a groove (fig. 15). The magnetic lines of force consequently 
crowd together at the knife-edge, so that the magnetic field strength 
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is considerably greater tkere than at the other pole-piece. A fine 
beam of atoms is now projected from an oven through a diaphragm 



system so as to pass between 
the pole-pieces. Each indi- 
vidual atom is deflected in 
the non -homogeneous field, 
according to the magnitude 


Fig. IS. — Diagrammatic representation 
of Stern and Gerlach’s apparatus. A mole- 
cular beam issues from the oven O, and 
passes between the pole-pieces of the 
magnet (one of which has the form of a 
knife-edge) to the receiving screen S. 


and direction of its moment. The traces of the individual atoms can 
be made visible on the receiving screen (by intensification if necessary, 
as in photography). 

According to the classical theory, a broadening of the beam must 
be produced m this way on the screen, since the moments of the atoms 
flymg though the magnetic field can, on that theory, have all direc- 
tions relative to the field. On the quantum theory, however, on account 
of the quantismg of direction, not all settings are possible, but only a 
certain discrete number, as we have seen above in detail when con- 
sidermg the anomalous Zeeman effect (p. 140). The beam, as it appears 
on the screen, will therefore be split up into a finite number of discrete 
beams; in fact, there must appear on the screen exactly 24-1-1 
separate traces, if the atoms are in a state with the inner quantum 
number p for in this case there are just 2j + 1 possible settings, rela- 
tive to the dnection of the field, for the total angular momentum, 
and accordmgly also for the total magnetic moment. 

The experiment when carried out did in fact show a separation of 
the beam into several distinct beams; thus a beam of lithium atoms 
was split up into two beams (fig. 16, Plate VIII), as it should be, since 
the ground term of the hthium atom is a ^^S-term (one valency electron 
m an s-orbit [I = 0] with the spin moment |). The magnitude of the 
magnetic moment also could be determined from the amount of the 
separation. In this way Gerlach succeeded in producing a direct proof 
that the magnetic spin moment is exactly equal to one Bohr magneton. 
A systematic investigation, upon various elements, yielded results 
winch, were throughout in complete agreement with the theory. 

Later (1933), Stern succeeded in so refi nin g the accuracy of the 
measurements as to make it possible to measure the magnetic moments 



Plate VIII 



Ch. VI, Fig. 1 6. — Magnetic splitting up of a lithium beam by the method of Stern and Gerlach 



Ch. VIII, I'ig. 8. Nitrogen hamls (in the visible), l-'inc "triplets” are seen, which corre- 
spond to diderent rotational changes (hy - i, o, i); the regular secpience of these I'orms rotational 
bands with a “ head All these separate hamls are assocaateil with a juini) ol' the \’ihrational 
quantum number, and with an electronic jum]-), which displaces the system into the visible. 
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of nuclei. In this apparatus, which is a marvel of refined workman- 
ship, the atoms are detected by means of specially constructed, higbly 
sensitive manometers, in which small changes of pressure are con- 
verted into thermal or electrical disturbances, and so made measurable. 
Interest, of course, is mainly directed to the proton. One is inclined 
to conjecture that its magnetic moment is given by the formula for 
the Bohr magneton, with the mass of the electron replaced by that of 
the proton. This nuclear magneton is therefore 1840 times smaller 
than the Bohr magneton. Experiments were made by Stern on mo- 
lecular hydrogen, and by Rabi on atomic hydrogen; the difficulty in 
both cases is to reduce the magnetic moment of the outer electrons. 
The results agreed in giving the moment of the proton as two to three 
times greater than one nuclear magneton. We cannot therefore hope 
to obtain a serviceable theory of the proton from that of the electron 
(see § 8 ) simply by inserting the heavier mass instead of the lighter. 
The moment has also been measured for the heavy isotope D of 
hydrogen; it is less than a nuclear magneton. 

8. Wave Theory of the Spin Electron. 

In the preceding pages we have dealt with the theory of spin, and 
the questions connected with it — fine structure, Pauli’s exclusion 
principle, &c. — solely on the basis of the vector model, regarding the 
angular momentum vectors as given magnitudes, and operating with 
them according to the rules of the classical or the Bohr theory, as the 
case might be. We mentioned at the outset (p. 146) that this pro- 
cedure can be justified by wave mechanics. We cannot give a complete 
treatment here of the wave mechanics of the spinning electron, but 
we should like to point out at least in what way electronic spin is 
actually brought within the ambit of wave mechanics. 

This extension of wave mechanics was introduced by Pauli (1925). 
The leading idea of Pauli’s theory is somewhat as follows. For sim- 
plicity consider an isolated electron. Its state, according to Schrodinger, 
is described by a wave function y, z, t), where | 0 gives the 
probability of the electron being found at the point considered. We 
might now, keeping in view the idea of the rotating electron, introduce 
the spin into the wave equation by taking into account the rotational 
degrees of freedom. This, however, at once proves to l)o impossible; 
for in that case two new quantum numbers would appeaj: in the solu- 
tions, as in every rotating system (e.g. I and m in the revolution of an. 
electron); so that we would obtain an essentially greater nuinlxu* of 
states than the number actually found experimental ly. '’.I!'h is gives a, n(‘w 
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proof tliat tEe idea of the rotating electron is not to be taken literally. 

As has already been proved in § 1 (p. 136), it follows unequivocally 
from the spectra, especially those of the alkalies, that for a fixed set 
of three quantum numbers n, Z, m the electron can be in two, and only 
two, different states, which have also different energies. We can take 
this new degree of freedom into account formally, by introducing 
besides the ordinary co-ordinates an additional co-ordinate u, which 
can take only two values altogether; we shall denote these values 
by <7= + and a= — , respectively. We can picture this to our- 
selves by supposing, say, that one value of this variable characterizes 
the state in which the spin is parallel to a specially distinguished 
direction, while the other value of the variable denotes the antiparallel 
setting. We thus obtain a wave function which now depends on five 
co-ordinates: ifj == y, z, t, a). It suggests itself, however, to split 
up this wave function into the two components 

/(/f+(a?, y, z, t)\ 

^ 0 / 

which represent it respectively for the two possible values of the 
variable <t. It is evident that | 0+ | ^ specifies the probability of hitting 
upon the electron at the place considered, and that with a spin direc- 
tion parallel to the special direction; while | i/f_ is the corresponding 
probability for the opposite direction of the spin. 

The question now meets us: how are we to calculate with these 
functions? For this Pauli has found the following method. In wave 
mechanics, there corresponds to every physical magnitude an operator, 
which is to be applied to the wave function. As such operators 
we can employ, as in Schrodinger’s theory, differential operators (e.g. 
the component momenta = {hl27Ti){djdx))\ or, as in Heisenberg’s 
theory, matrices or other similar mathematical forms. It is therefore 
reasonable to associate operators also with the components Sy, 
of the spin moment (in units these operators, however, do not 

act on the co-ordinates cc, y, z, t, but on the two-valued variable a. 
By this we are to understand that the application of these operators 
either changes the value of the magnitude a or leaves it unchanged, 
while at the same time the whole wave function may possibly be 
multiplied by a factor. It has proved advantageous to regard the 
operators as linear transformations ” (matrices), and we usually 
employ for them the expressions 

-(;j> --(jj)' 
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If, generally, 



is sncE a matrix, then the operation a, applied to the vector of two 
components ijj = means the production of a new vector in 


accordance with the rule 

Thus we have 


+ a — ifj-/ 


0C-)=(4;)' 


The matrices are so chosen that they are subject to the same commu- 
tation rules as the ordinary components of angular momentum (§ 5, 
p. 127); further, in this case the 2 :-direction is the specially distin- 
guished direction, in which the spin, represented by the fourth co- 
ordinate, has set itself. For 5 , is a diagonal matrix with the proper 
values (diagonal elements) +1, — 1; the 2 J-component of the angular 
momentum has therefore one of the fixed values -f-l or 1. On the 
other hand, and Sy are not diagonal matrices; their values are there- 
fore not measurable simultaneously with but are only statistically 
determinate. 

If now a magnetic field exists parallel to the 2 ;-axis, then, by § 2 
(p. 144), the magnetic energy of the setting of the spin with respect 
to the field direction is given by 


E. 


mag. 


-2 — H s cos (sH) = — - — . 

2 jlic 2 2-77 i-niJ-C 


Hs.. 


The factor 2 here arises from the anomaly in the relation between 
magnetic and mechanical moment in the spin, as compared with the 
similar relation in the orbit — an anomaly mentioned on p. 142, and ex- 
plained by Thomas as a consequence of the theory of relativity. In this 
equation s is the operator of the total spin moment, and s, = s oon{s, H) 
is its component in the direction of the field. 
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As for tLe wave equation itself, in the absence of magnetic fields 
it runs exactly like the Schrodinger equation for the problem in question: 

Here Tfo denotes the energy operator, consisting of the kinetic and 
the potential energy; for a one-electron problem we have 

Since Wq does not act on the spin variable o, we can split up the wave 
equation into the two components 

{Wo-E)^p^=0, 

This signifies that without magnetic fields no transition is possible 
between the two possible settings of the spin, and that the electrons 
behave as if they possessed no magnetic moment. 

If the atom is in a homogeneous magnetic field, the direction of 
which we shall take parallel to the 2 :-axis, the usual energy operator 
Wq is supplemented by a term due to the magnetic field, viz. 
—(ehl4:7TiJ.c)Hs^, so that the wave equation now runs: 


Here again the separation into the two partial functions can be 
effected at once, taldng into account the meaning of the operator 
We thus obtain the two equations 

(’^•+4^0® 

from which we deduce immediately that the magnetic energy is simply 
added to the ordinary energy, so that an unperturbed term Eq is split 
up by the magnetic field into the two terms 


^0 + 


eh 

4:7TfJiC 


H, 


and Eq — H, 

ilTlXC 


This double possibility of setting is the reason for the occurrence of 
doublets in the spectra of the one-electron atoms. 

We shall not proceed further here with the development of Pauli’s 
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tkeory, but only remark that it has proved thoroughly successful, 
so long at least as the electron velocities are not too great. It must 
be emphasized, however, that Pauli’s theory cannot be regarded as an 
explanation of the existence of spin, since of course when it was con- 
structed the experiiriental facts, like the twofold possibility for the 
spin, and the ratio of the mechanical and magnetic moment, were 
simply inserted in the theory from the outside. 

An essential advance in this direction is made in Dirac’s relativistic 
wave theory of spin (1928). The object aimed at was to set up a 
wave equation which should satisfy Einstein’s principle of relativity. 
According to this principle, the space co-ordinates x, y, z and the time 
t (the last multiplied by C'v/-— 1, where c is the velocity of light) stand 
on a precisely equal footing. But Schrodinger’s differential equation 
p. 122) is not symmetrical in the four co-ordinates; it is of the 
second order in the spatial differential coefficients, but of the first 
order in the time derivative. Now Dirac has set up a wave equation 
which satisfies the relativistic postulate of symmetry, and, as regards 
form, is of the first order in all four variables. Although we cannot 
discuss this theory in detail, we have to emphasize particularly that, 
from very general principles, and with no special assumption about 
the spin, it deduces all those properties of the electron which we 
have summarized under the word spin (mechanical and magnetic 
moment in the correct ratio). In its results it is to a large extent 
equivalent to Pauli’s theory, but it goes decidedly beyond the latter, 
especially in its conclusions regarding swift electrons. In respect of form, 
it differs from Pauli’s theory in that it operates with four components 
of the wave function, these replacing Pauli’s two functions i/r+ and 0-. 

Although the conclusions of Dirac’s theory agree very well, 
generally speaking, with experiment, yet even in it serious difficulties 
occur, which up till now have only in part been successfully overcome. 
There is in the first place the theory of the many-electron problem, 
which has not so far been successfully brought under the scheme of 
Dirac’s theory; this is ultimately connected with the fact that even 
classically no satisfactory formulation of the two-body problem has 
yet been found within the ambit of the theory of relativity. 

A further serious difficulty arises from the fact that in the theory 
of relativity the relation between the energy and the component 
momenta is quadratic in all these quantities, viz. (Appendix V, p. 271) 

~|- mfc^. 

For a given momentum G there are therefore always two values of the 
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energy, -\-E and —E. In tte classical tEeory we accept only one of 
these values, -{~E, as having a physical meaning. This we have a right 
to do since doing so never leads to a contradiction. With the smallest 
value of G, viz. = 0, we associate the value E^ ~ since G 

and E vary continuously, we have therefore, corresponding to all 
values of (t > 0, the values E > > 0. It is diEerent in the quan- 

tum theory; here changes of state may take place by a jump; what 
is then to prevent E from falling by more than in some process, 
and accordingly, by leaping over the excluded region from 
to +mQc\ getting into the negative region E < A simple 

example of this sort has been pointed out by 0. Klein; it is called 
Klein’s paradox. If an electron is caused to fly through two wire 
gratings, set up one behind the other (fig. 17), and a counter field is 
applied between the gratings, the electron in passing through loses 
part of its kinetic energy. If the retarding potential is increased, 
the loss of energy by the electron becomes 
gj. 0 Q^jjer and greater, until finally it is unable 
I I to pass through the gratings, but is re- 

■>- — I Ji ^ fleeted. So far, everything is classically in 


Fig. 17. — Illustration of Klein’s paradox. According to Dirac’s 
relativistic wave mechanics, an electron can overcome a counter 
field, if the potential difference exceeds twice the rest energy twoC* 
of the electron. 


order. But if we go on to increase the counter field still further 
Dirac’s theory shows that electrons can once more pass through 
the gratings, provided the potential difference between them is 
greater than twice the rest energy of the electron. In this case, 
however, the electrons emerge from the field with negative energy. 
If now we calculate the probability that the passage through this 
counter field will take place, we find that it increases with increasing 
field strength between the two gratings, but that for all electrostatic 
fields which can be produced experimentally it is vanishingly small. 
Although this is reassuring, and leaves unquestioned the applicability 
of Dirac’s theory to ordinary problems, the theoretical difficulty in 
principle still remains. 

Dirac has sought to solve the difficulty by the following bold line 
of argument. 

In the formal theory, states of negative energy are on a perfectly 
equal footing with those of positive energy. This equality does not 
appear, however, to exist in nature; ordinary processes of motion 
all take place in the domain of positive energy. To give expression to 
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tHs fact, Dirac assumes that all the states of negative energy are 
normally occupied by negative electrons, which, however, do nothing 
to make themselves physically observable. We are therefore to con- 
sider that we are continually surrounded on all sides by electrons with 
.all possible (negative) energies, without our noticing it at all. That of 
course implies very violent treatment of the ordinary accepted laws of 
electrodynamics; only electrons with positive energy can generate a 
field. From this sea of electrons, which extends from (— 00 ) to the 
level —moC^, electromagnetic fields, say in an act of absorption in the 
atom, can raise an electron, and bring it into the energy region 
E > m^c^; it then takes its place as an ordinary electron and generates 
electromagnetic fields in accordance with the ordinary laws. There 
remains behind, however, an empty place in the sea of negative energy 
states — a hole — and clearly this has entirely the same character as a 
positive charge. Dirac’s formulae show that this hole in the midst of 
the ordinary negative electrons with negative energies behaves exactly 
like a positive electron with positive energy. Klein’s paradox can now 
be explained very simply by the remark that the state of negative 
energy, into which the incident electron would go after passing through 
the opposing field, is already occupied by another electron; the process 
is therefore impossible. 

Dirac thought at first that these holes corresponded to the protons, 
though he was conscious of the difficulty of the difference in the masses. 
But when the first indications of the existence of positrons were found 
by Aiiderson (see p. 43), Dirac at once saw in this a confirmation 
of his theory, and by prediction of phenomena took a hand in the 
direction of experimental research. 

The most important consequence of the theory is that, by absorp- 
tion of light quanta rich in energy, a pair, electron positron, can be 
produced, and that conversely two such particles can unite, and pro- 
duce a light quantum. The calculation of the probability for this 
follows the usual methods of wave mechanics, since the first process, 
according to Dirac, really consists in the raising of an electron out of a 
state (of negative energy), the second in the fall of an electron from a 
high state into a hole. Both processes are positively demonstrated 
to-day, as experimental results. We have the first in the showers 
which are produced by cosmic rays (see p. 43); further, cases are 
observed where by irradiation of light elements with y-rays positive 
and negative electrons are liberated, which can be attributed to this 
process of materialization. In the converse process, the neutralization 
of two electrons of opposite sign, the energy 2m .. = 10^' electron 
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volts becomes free (if tbe kinetic energy of tke electrons is neglected); 
but momentum must also be conserved, and this excludes tbe case of 
emission of a light quantum, wMcb of course has tbe definite momentum 
m^o^/c = moC. There are therefore two possible cases; either two light 
quanta originate in empty space, each equal to electron 

volts; or a particle in the neighbourhood takes up the residual momen- 
tum. If this is an electron, it will carry of! a third of the energy 2mQC% 
so that the light quantum will retain = 680,000 electron volts; 
if it is a nucleus, it will on account of its great mass take over very 
little energy, and the light quantum will therefore take the full amount 
of 2mQC^ = 10® electron volts. In point of fact, in scattering of y-rays 
by atoms, besides the ordinary Compton scattering monochromatic 
waves are emitted, one of which has an energy of very exactly half a 
million electron volts; it arises presumably from the reunion of a posi- 
tron, produced primarily at the absorption of the y-rays, with a nega- 
tive electron (Gray and Tarrant, Joliot). The process has been demon- 
strated unequivocally by Klemperer (1934). He made boron and 
carbon artificially radioactive by bombardment with protons and their 
heavy isotope (see § 5, p. 59); these materials then become a powerful 
source of positrons. The positrons are absorbed by a metal piece,, 
which is enveloped on its two sides by two hemispherical counters, 
adjusted for y-rays (see p. 32). It is then observed that 
the two counters give a simultaneous response, with a frequency 
exceeding that of any possible chance coincidences, so that two- 
light quanta are being emitted at the same time in opposite 
directions; and it is found by absorption measurements that it is 
the half-million electron volts radiation which is involved. The 
other two processes are (in agreement with the theory) relatively 
extremely rare. 

In spite of its successes, Dirac’s hole theory of the positron is pro- 
visional rather than final. If a serious attempt is made to connect the 
theory with electrodynamics, while postulating that only free electrons 
and the holes, but not the great body of electrons of negative energy, 
shall act as generators of a field, the resulting formalism is extremely 
complicated, and seems far from satisfactory. Here theoretical physics 
is confronted with a serious problem. 

9. Application of Wave Mechanics to the Nucleus. 

The application of wave mechanics to the nucleus is met by the 
essential difficulty that the dimensions of the nucleus are of the same 
order of magnitude (10“^® cm.) as the diameter of the electron, which 
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Table V — ^Nxtolbar Angular Momentum I 
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presumably represents a limit to the validity of the current theories 
(see § 2 , p. 46). Nevertheless, we can make some confident affirmations 
about the quantum-mechanical properties of the nucleus, and by so 
doing bring various phenomena into rational relationship with each 
other. We might naturally expect that in general nuclei have angular 
momenta, which obey the laws of quantum mechanics (§ 5, p. 127). 
This is actually the case. The most important method for determining 
the quantum number I, which measures the angular momentum of the 
nucleus, depends upon the measurement of the hyperfine structure of 
spectral lines. With regard to some lines, as those of mercury, it 
had long been known that they consist of an aggregate of very fine 
lines; but it is only lately that these have been systematically invi^sti- 
gated and brought into connexion with the nuclear moments. li'or 
the latter purpose, it must be assumed that the nucleus acts on the 
outer electrons not merely as a point charge, but with forces whi( 4 i 
depend on the orientation of its axis relative to the ekjctroiis. It is 
found that there are two kinds of hyperfine structure, one kind arising 
from the presence of several isotopic nuclei, each of wliicli obviously 
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acts on the electrons a little difEerently from the rest; and the other- 
kind occurring with a single isotope, and therefore dependent on direct, 
presumably magnetic coupling. The second kind is much the more im- 
portant. The quantum-mechanical treatment is obvious. The nuclear 
angular momentum I and the electronic angular momentum J com- 
bine vectorially into the total moment F, and since each of the numbera 
is an integer or half an integer, definite configurations of lines arise, 
in the same way as in the Zeeman effect. By measurement of the 
separations and the intensities of the lines, we can determine I. We 
can also call in the aid of the Zeeman effect, and find out how the 
hyperfine structure changes in the magnetic field. In this way 
many /-values have been determined; a few of these are given 
in Table V. This shows that most of the elements with even 
atomic number show no splitting (/ == 0); the moments therefore 
seem to neutralize each other in pairs. Elements of odd atomic 
number have half-integral angular momenta, though nitrogen, it is 
true, has 1=1. 

These results show clearly that in the nuclei the electrons are not 
to be counted as basic component parts (§ 4, p. 67). Consider the 
nitrogen nucleus, for example; if it were composed of 14 protons and 
7 electrons, each of which has the moment |, the total moment would 
necessarily be half-integral; actually, however, it is 1. Conversely, 
the odd isotopes of Cd, Hg and Pb would have an odd number of 
electrons, and therefore an even number of particles altogether; but 
the total moment is half-integral. On the other hand, the facts are 
in agreement with Heisenberg’s hypothesis of a structure consisting 
of protons and neutrons, each with moment |. The nitrogen nucleus 
would then consist of 7 neutrons and 7 protons, i.e. of 14 particles, 
in agreement with the evenness of the moment; and the same holds 
of Cd, Hg and Pb. 

There is another method for the determination of the 
nuclear moment, based upon the intensity relations in the band 
spectra of molecules (§ 3, p. 238); but we cannot deal with this 
here. 

Closely connected with the mechanical moment of nuclei is their 
magnetic moment. We have already (§ 7, p. 166) made some 
remarks about the determination of this quantity, particularly 
for the proton. We may add here that it is also possible to 
evaluate magnetic nuclear moments by the theoretical calculation 
of the dimensions of the fine structure, and comparison with the 
measurements. 
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The quantities so far considered are properties of tLe nucleus in 
its natural state of equilibrium. But nuclei, as we have seen, can also 
be excited and disintegrated (§ 6, p. 61). Tlie points for consideration 
are: wbat are the experimental facts, and how far can they be explained 
theoretically? 

A general remark may be made in advance. The fact that we can 
make any attempt at all to study nuclear processes rests on our recog- 
nition of the circumstance that only heavy particles — neutrons, protons, 
a-particles — come into account as elementary constituents of the 
nucleus, Avith no electrons or positrons. (We ignore j8-disintegration 
here, relegating it to a special later investigation of the decomposition 
of neutrons into protons and electrons, or of protons into neutrons and 
positrons.) Light particles, in fact, would move so swiftly under the 
action of the nuclear forces that relativistic effects at their fullest 
intensity would require to be taken into account. A thoroughly satis- 
factory relativistic quantum mechanics is, however, not yet available 
— even allowing for Dirac’s successes (§ 8, p. 169). With heavy particles, 
on the other hand, the velocities remain so small that we can apply 
the non-relativistic quantum mechanics as a sufficient approxima- 
tion. 

The first step is the experimental determination of energy levels 
in the nucleus. For this it would be necessary to excite nuclei to emit 
radiation, so that we might deduce the energy levels in the nucleus 
from the frequencies of this radiation, just as we do in the case of the 
external electrons, viz. by using Bohr’s relation hv~ E^ — E^. In 
point of fact, as we have already mentioned, in a few cases nuclei have 
successfully been caused by bombardment with a-particles to emit 
y-rays; but the material is still too meagre. More is got from the 
radioactive nuclei, which emit y-rays spontaneously. The most fruitful 
method for determining their frequencies consists, not in this case in 
direct measurement, which on account of the shortness of the wave- 
lengths is dij0B.cult, but in an indirect procedure, which, moreover, is 
of great interest for its own sake. We have already mentioned (§ 4, 
p. 30) that there are two kinds of jS-emission: a continuous spectrum, 
attributed to-day to the breaking up of a neutron into proton -f electron; 
and a discrete spectrum, of which we say, that it is of secondary 
origin. The evidence for the latter assumption is this: in the case of 
some substances, which emit a- and jS-rays simultaneously, we also 
find two transformation products (recognizable by their transformation 
constants). The bismuth isotope, ThC, splits up thus: 65 per cent 
with /3-emission into the polonium isotope ThC', and 35 per cent with 
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a-emission into tlie thallimn isotope TEC", according to tEe scEeme 



In tEe case of otEer substances, Eowever, e.g. radium and actinium, 
in spite of tEe most tEorougE investigation, tEe only product found is 
tEat corresponding to tEe a-transformation. Consequently tEe ^-rays 
cannot come out of tEe nucleus. Now some of tEese substances sEow 
a measurable y-radiation; tEis suggests tEerefore tEat tEe ^-rays 
come from tEe external electronic envelope, from wEicE tEey are 
expelled by tEis y-radiation. 

TEe correctness of tEe suggestion is proved by tEe fact tEat simple 
relations exist between tEe energies of tEe jS-rays and tEe energy levels 
of tEe electronic sEells. In tEe first place we Eave 

A, 

•wEere E^ = Tiv^ is tEe energy of tEe y-ray, E^ tEat of tEe ^-ray, and 
A tEe energy required to remove tEe electron. Again, tEe same y-ray 
can knock an electron out of tEe K, L or M sEell; between tEe energies 
of tEe ^-rays we Eave tEen tEe relations 

E^^^ K== E^^^ + L~ E^^-\- E^. 

It Eas been found tEat tEe measured /3-spectra do admit of grouping 
in accordance witE tEese relations (Ellis (1921), Meitner). Moreover, 
it was possible to test tEe idea by causing tEe y-rays from tEe lead 
isotope TEE to fall on lead, when it was found tEat tEe electrons pro- 
duced pEotoelectrically Ead tEe same velocities as tEe ^-rays from 
TEE itself. FurtEer, observations on tEe electrons liberated from 
platinum by tEese y-rays sEowed tEat tEeir velocities were greater, 
by exactly tEe difference corresponding to tEe work of removal for 
lead and for platinum. Measurement of the ^-energies tEen gave at 
tEe same time, by tEe preceding equation, tEe energy of tEe y-ray. 
In tEis way it was found possible to draw up fairly extensive term 
scEemes for various radioactive substances. We Eave tEerefore to 
picture radioactive disintegration in tEe following way (Meitner, 1925). 
TEe disintegration begins witE a-emission; tEe resulting nucleus is in 
an excited state, and reverts from tEis to tEe normal state witE 
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y-emission. The proof of this rests on the high precision of the energy 
measnrenients, which allowed it to he decided that the rays come from 
the envelope of the final product, not from the original disintegrating 
substance. 

The theory is capable of rendering a far-reaching account of this 
process of internal conversion of light energy into particle energy; 
the problem is that of finding how a spherical light wave, with its 
centre in the nucleus, is absorbed by the external electrons. The wave- 
mechanical calculation (Hulme, Taylor, Mott, 1932) furnishes results 
with regard to the relative intensities of the ^-rays, originating in the 
K, L, M shells respectively. It is found, moreover, that besides the 
process of internal absorption of a y-wave, a process is possible (Smekal, 
1922) in which the excitation energy of the nucleus is, by means of the 
electromagnetic coupling, given up directly to the outside electrons, 
without a y-ray appearing. By taking into consideration this radiation- 
less process of conversion of nuclear energy into energy of the outside 
electrons (Fowler, 1930), we obtain better agreement of the calculated 
intensities with those observed. Another set of phenomena afiording 
information about the energy levels of the nucleus is the fine structure 
of a-rays (Rosenblum, 1931), and the occurrence of weak groups of a-rays 
of abnormally long range (Rutherford, 1933). The explanation of these 
processes is not far to seek, if we remember that the a-emission in 
these cases is accompanied by y-emission. When the a-ray is emitted, 
the residual nucleus can be left at various energy levels of short life; 
the energy of the a-particles is therefore not unique, but has different 
values corresponding to the excitation levels of the nucleus. The 
nucleus subsequently returns to its ground state, with y-emission. 
This is the explanation of the fine structure, which the use of powerful 
magnets has brought to light. But it can also happen, in an a- or in a 
j3-disintegration, that the resulting nucleus is left behind in various 
excitation levels of long life; in such a case the nucleus can either 
return to its ground state, with y-emission, and then emit an a-particle, 
or it can emit an a-particle directly, with energy greater by the energy 
of the excitation level. In order that the latter event may happen 
often enough to be observable, the half-value period of the excited 
nucleus must be sufificiently short. But we know experimentally, and 
can also, as we shall see presently, explain theoretically that great 
a-energy always runs parallel with shortness of life. We may thus 
understand the rare occurrence of a-particles of very long range. 

Here we come into contact with the fundamental law of radioactivity, 
the explanation of which is one of the greatest successes of quantum 

(e 908) 13 
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meclLanics. TMs law, which was discovered experimentally by Geiger 
and Nnttall (1911), gives a relation between the velocity v of the 
a-paiticle and the life period T of the emitting nucleus: it runs 

logT = A + Blogv, 
where A and B are constants. 

The explanation, which was given independently by Gamow and 
by Condon and Gurney (1928), depends on a deep-seated distinction 
between quantum mechanics and ordinary mechanics, which is of 
importance in other cases also (as in cold electron emission, p. 222). 
In order to get a mechanical picture of the binding of an a-particle to 
the rest of the nucleus, we must imagine a field of force which holds 

it fast, and whose potential 
therefore has the form of a 
crater (fig. 18). We know 
the form of the outside 
walls of the crater, for the 
scattering experiments (§ 3, 
p. 51) tell us that Coulomb’s 

Fig. 1 8. — Crater form of the poten- 
tial of the field of force which binds 
an a-particle to the rest of the nucleus. 



law holds down to very short distances — for uranium, certainly to less 
than Tq = 3*10”^^ cm. The crater edge is therefore certainly higher than 
4:6^ /tq (where the factor 4 arises from the double charge of the a-particle), 
and this is 14T0"^ erg. But the energy of the escaping a-particles is 
less than half this value. If therefore an a-particle is originally inside 
the crater, according to the laws of classical mechanics it could never 
get out. 

It is different in quantum mechanics. Here the motion of the 
particle within the crater is represented by a wave — a standing wave, 
in fact. Consider an optical analogy, the total reflection of a ray of 
light, which passes through glass and meets at a sharp angle the plane 
surface separating glass and air. From the corpuscular point of view 
no light penetrates into the air. According to the wave theory, how- 
ever, there exists in the air also a sort of wave disturbance, which, it 
is true, carries off no energy, and only penetrates a few wave-lengths 
into the air space. But if we now set a second piece of glass with its 
face parallel to the face of the other, and at such a short distance that 
the disturbance in the air gap reaches it with intensity not too much 
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impaired, then a small amount of energy at once passes into the second 
body, and the incident wave is propagated through it, though of course 
very much weakened. The weakening obviously diminishes rapidly, 
as the air gap is made narrower, until in the limit when the two pieces 
of glass come into contact, the ray goes through with intensity un- 
changed. 

In wave mechanics, we have quite a similar state of affairs at the 
walls of our crater. If these are of finite height and thickness, the 
standing waves inside the crater are by no means completely obliterated 
at the wall, but are propagated in it in weakened form, and emerge at 
the outside as progressive waves. Since, however, the square of the 
amplitude, | gives the probability of occurrence of the particles, 
we must conclude that the particles can penetrate through the wall 
with a frequency which is given by | |^. This will clearly diminish 

extremely rapidly with increasing thickness of the rampart; here the 
important matter is the thickness at the height which corresponds to 
the energy of the a-particles (see fig. 18 , p. 182 ). Swift a-particles will 
therefore have a much greater probability of getting out than slow 
ones; this corresponds qualitatively to Geiger and NuttalFs law. The 
exact analysis (Appendix XXVI, p. 326 ) leads to a somewhat compli- 
cated formula of similar character; to obtain this, detailed assumptions 
about the interior of the energy crater are not required — its radius 
at the upper edge is really all that matters. For this radius a value in 
the neighbourhood of 8T0“^^ cm. is found in all radioactive nuclei, 
and it is just this constancy of the effective radius which forms the 
foundation of Geiger and Nuttall’s formula, with fixed constants A 
and B. The penetrability of the potential wall explains the fact 
(§ 6, p. 61 ) that the disintegration of lithium nuclei by protons can 
be observed for so small velocities that the distance of nearest 
approach is much larger than the radius of the Li nucleus. The 
proton wave penetrates into the interior of the Li nucleus and 
determines a small probability for the presence of a proton inside 
the nucleus, which becomes unstable and breaks into two a-particles. 

The model used in these considerations is liighly simplified; only 
one particle is assumed to move, the other constituents of the nucleus 
not being considered separately, but only as the sources of the force 
acting on the moving particle. Recently various attempts have been 
made to treat the nucleus as a system of many particles with the help 
of the methods of non-relativistic quantum mechanics. For this pur- 
pose definite assumptions about the forces between the elementary 
particles (neutrons and protons) are necessary. It then becomes pos- 
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sible to determine the stationary states of the nucleus and compare 
the energy levels with the observations mentioned above (p. 179); the 
most important is, of course, the ground state the energy of which 
gives the mass of the nucleus. The same forces come into play when 
a beam of particles (protons, neutrons) is scattered by a nucleus; the 
observation of scattering processes gives therefore an independent test 
of the assumptions made. 

We know the Coulomb repulsion between two protons. But this 
force is certainly small compared with those forces of unknown origin 
which keep the particles together; their range must be of the order 
of the nuclear radius cm.). Wigner (1933) assumed these to be 

ordinary central forces falling off with the distance according to a 
law Heisenberg (1932) proposed a theory where the forces were 

similar to the '' exchange ” forces by which quantum mechanics ex- 
plains chemical valency (see p. 253) and which depend on the parallel 
or antiparallel setting of the spins of the particles involved. A modifi- 
cation of Heisenberg’s assumptions about the spins has been introduced 
by Maiorana. Both these theories are able to account for the empirical 
fact that the binding energy varies as N and the nuclear radius as 
if N is the number of protons and neutrons in the nucleus. A 
law containing two constants, like that mentioned above, explains 
roughly the behaviour of the masses. But we shall not enter into a 
discussion of the results obtained, as the fundamental conceptions are 
rather doubtful. 

Bohr (1936) has shown that the experiments on absorption and 
scattering of neutrons by nuclei can be qualitatively explained if one 
remembers that the nucleus consists of many particles all interacting 
with forces of the same order, so that it is not possible to talk about 
excited states of a single particle. He even thinks it likely that the 
protons and neutrons in the nucleus entirely lose their individuality. 

A complete theory of the nucleus will doubtless only be found in 
connexion with an explanation of the real nature of the elementary 
particles, and their relation to electromagnetic fields. 



CHAPTER VII 
Quantum Statistics 

1. Heat Radiation and Planck’s Law. 

We have already mentioned several times that the quantum theory 
is of statistical origin; it was devised by Planck when he was en- 
deavouring to deduce the law of heat radiation (1900). 

If, contrary to the order of historical development, we have dis- 
cussed the quantum theory of the atom before quantum statistics, 
we have our reasons. In the first place, the failure of- the classical 
theory displays itself in atomic mechanics — for instance, in the ex- 
planation of line spectra or the diffraction of electrons — even more 
immediately than in the attempts to fit the law of radiation into the 
frame of classical physics. In the second place, it is an advantage to 
understand the mechanism of the individual particles and the elemen- 
tary processes before proceeding to set up a system of statistics based 
upon the quantum idea. 

In this chapter we shall supply what is lacking, and begin with 
the deduction of the law of heat radiation, following Planck’s method. 
We think of an enclosure, say a box, whose walls are heated by some 
contrivance to a definite temperature T. The walls of the enclosure 
send out energy to each other in the form of heat radiation, so that 
within the enclosure there is a radiation field. We characterize this 
electromagnetic field by specifying the energy density which in 
the case of equilibrium is the same for every internal point; if we 
split up the radiation into its spectral components, we denote by 
u^dv the energy density of all radiation components whose frequency 
falls in the interval between v and v dv. Thus the function 
extends over all frequencies from 0 tooo; it represents a continuous 
spectrum. Up till now we have been occupied with line spectra, which 
are emitted by individual atoms in rarefied gases. But even molecules, 
consisting of only a limited number of atoms, do not send out isolated 
lines as single atoms do, but narrow “ bands ”, often not resoluble. 
And the more numerous and more densely paclvCMl tlu^ atoms ar‘(^, tlio 
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more the lines run into one another so as to form continuous strips. 
A solid represents an infinite number of vibrating systems of all 
frequencies, and therefore emits a continuous spectrum. 

Now there is a theorem of Kirchhoff’s (1859) which states that the 
ratio of the emissive and absorptive powers of a body depends only on 
the temperature of the body, and not on its nature; otherwise radiative 
equilibrium could not exist within a cavity containing substances of 
different kinds. (By emissive power is meant the radiant energy 
emitted by the body per unit time, by absorptive power the fraction 
which the body absorbs of the radiant energy which falls upon it.) 
By a black body is meant a body with absorptive power equal to unity, 
i.e. a body which absorbs the whole of the radiant energy falling upon 
it. The radiation emitted by such a body — called “ black radiation ” 
— is therefore a function of the temperature alone, and it is important 
to know the spectral distribution of the intensity of this radiation. 
The following pages are devoted to the determination of the law of 
this intensity. 

With regard to the experimental production of black radiation, it 
has been proved by Kixchhoff that an enclosure (oven) at uniform 
temperature, in the wall of which there is a small opening, behaves 
as a black body. In fact, all the radiation which falls on the opening 
from the outside passes through it into the enclosure, and is there, 
after repeated reflection at the walls, finally completely absorbed by 
them. The radiation which emerges again from the opening must 
therefore possess exactly the spectral distribution of intensity which 
is characteristic of the radiation of a black body. The same also holds 
good of the radiation in the interior, for the radiation emerging from 
the opening is of course simply the totality of the components of the 
cavity radiation, which fall upon the opening from within. 

Without going beyond thermodynamics and the electromagnetic 
theory of light, we can deduce two laws regarding the way in which 
black body radiation (or, as it is also called, cavity radiation) depends 
on the temperature. Stefards law (1879) states that the total emitted 
radiation is proportional to the fourth power of the temperature of the 
radiator; the hotter the body, the more it radiates. Proceeding a step 
further, W. Wien found the displacement law (1893) which bears his 
name, and which states that the spectral distribution of the energy 
density is given by an equation of the form 



HEAT RADIATION AND PLANCK’S LAW 


VII] 


187 


where the function jF is a function of the ratio of the frequency to the 
temperature, but cannot be defined more precisely from the stand- 
point of thermodynamics. These two theorems can be proved, as is 
shown in Appendix XXVII (p. 329) by treating the radiation as a 
thermodynamic engine which — by means of a hypothetical movable 
mirror — can do work in virtue of the radiation pressure; so that, on 
account of the Doppler effect, arising from the motion of the mirror, 
the frequency of the radiation is altered, and therefore its energy con- 
tent also. We may remark that Wien’s law includes Stefan’s law; to 
deduce the latter, we have only to integrate over the whole spectrum: 



Putting a; = v/T, and taking a? as a new variable of integration, we 
find 


ju^dv = T^J ^F{x)dx, 


so that the total radiation energy is proportional to the fourth power 
of r, since the integral with respect to 
X is independent of T, being a mere 
constant. 

The reason for calling Wien’s law 
the '' displacement law ” is this. It was 
found experimentally that the intensity 
of the radiation from an “incandescent 
body, maintained at a definite tem- 
perature, was represented graphically, 
as a function of the wave-length, by a 
curve of the form sketched in fig. 1. 

For extremely short, as also for ex- 
tremely long waves, the intensity is 
vanishingly small; hence it must have 
a maximum value for some definite 

Fig. I. — Distribution of intensity of heat radiation 
as a function of the wave-length, according to measure- 
ments by Lummer and Pringsheim. 



wave-length change the temperature of the radiat- 

ing body, the intensity graph also changes; in particular the position 
of the maximum is shifted. In this way it was found from the 
measurements that the product of the temperature and the wave- 
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lengtli, for the corresponding maximum of intensity, is constant; or 

= const. 

TMs relation is explained at once by Wien’s law. In the first place, 
the energy density and the radiation intensity have the same spectral 
distribution; they difier, as can be shown from theoretical consider- 
ations, only by the constant factor cji. Further, we have always up 
to now referred to the energy distribution as a function of the fre- 
quency V, representing the radiation energy in the frequency interval 
dv. The displacement law, however, refers to a graph showing the 
intensity distribution as a function of A, so that we have now repre- 
senting the energy in the wave-length interval d\. The conversion 
from to is easy: obviously we must have u^dX; and, 

since Xv= c, we have, as the relation between dv and dX,\dv\/v=\dX\ /A. 
Hence, for the spectral distribution of energy expressed as a function 
of the wave-length, we find 



We can now prove the displacement law at once, by calculating the- 
wave-length for which is a maximum. The condition for this is 
duJdX= 0 , or 



from which there follows 

This is an equation in the single variable c/AT, whose solution, assum- 
ing it exists, must of course have the form 

XT = const. 

Thus the theorem about the displacement of the intensity maximum 
with temperature follows immediately from Wien’s law. The value of 
the constant, it is true, cannot be determined until the special form 
of the function F is known. 

About this function, however, thermodynamics by itself has nothing 
to say; to determine it, we must have recourse to special represen- 
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tatians by a model. All tbe same, it is clear from thermodynamical 
considerations that the form of the law given by the function F must 
be independent of the special mechanism. As the simplest model of a 
radiating body, Planck therefore chose a linear harmonic oscillator of 
proper frequency v. Tor this oscillator, we can on the one hand de- 
termine the energy radiated per second; this being the radiation emitted 
by an oscillating dipole (p. 133), it is given by 


. 2e2(r)2 


2e2 

2>mc^ 


{27rv)^€, 


where € is the energy of the oscillator, and the bars denote me'"’" 
over times which, while great in comparison with the period 
tion, are yet sufficiently small to allow us to neglect the 
emitted during its time of continuance. For the oscillator we 
course 

m.-rz _ _ 1 „ 

r ^pot 2 


On the other hand, the work done on the oscillator per second by a 
radiation field with the spectral energy density is 


8W = 


'ire^ 

3 m 


u 


Vi 


as follows from the equation of motion of the oscillator, and is proved 
in Appendix XXVIII (p. 333). In the case of equilibrium, these two 
amounts of energy must of course be equal. Hence we have 


Sttv^ _ 
u = €. 


If therefore we know the mean energy of an oscillator, we know also 
the spectral intensity distribution of the cavity radiation. 

The value of €, as determined by the methods of classical statistics 
(§ 6, p. 9), would be 

€=kT, 


where Jc is Boltzmann’s constant; for, according to Boltzmann’s 
theorem (proved at p. 14), in the state of equilibrium the value e for 
the energy of the oscillator occurs with the relative probability 
so that we obtain e by averaging over all values of £, with this weight 
factor. Putting for brevity j8 = l/kT, we find 
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r^d€ 


d 


A log 1 = 

0j8 ^j8 


1 

t 


H' 


hT. 




This mean value c is independent of the nature of the radiating system 
(oscillator), as follows at once from the method of calculating it; it 
must hold in exactly the same form for a system of atoms or other 
radiating particles. 

If the classical mean value of the energy of the oscillator, as thus 
determined, is substituted in the radiation formula, the result is 



Sttv^ 


kT. 


This is the Rayleigh- Jeans radiation law (1900, 1909). We see in the 
first place that it agrees, as of course it must, with Wien’s displacement 
law, which, as a deduction from thermodynamics, holds in all cases. 
For the long-wave components of the radiation, i.e. for small values 
of V, it also reproduces the experimental intensity distribution very 
well; in this region the intensity of the radiation increases with the 
frequency, in proportion to its square. For high frequencies, however, 
the formula fails; we know from experiment that the intensity func- 
tion reaches a maximum at a definite frequency and then decreases 
again. The above formula, however, fails entirely to show this 
maximum; on the contrary, according to the formula, the spectral 
intensity distribution increases as the square of the frequency, and 
for extremely great frequencies, i.e. for extremely short waves, 
becomes infinite; the same is true of the total energy of radiation 

u=J^ u^dv\ the integral diverges. We have here what is called the 
‘‘ ultra-violet catastrophe 

Attempts have been made to remedy this very conspicuous failure 
in the theory by the following hypothesis. Suppose that, as in chemistry, 
a finite reaction time is needed before equilibrium is attained, and let 
the reaction velocity in the case of cavity radiation be very small, so 
that a very long time must elapse before equilibrium is reached, 
during which time the system as a whole, in consequence of external 
influences, will in general, we may well imagine, have completely 
changed. But this certainly does not go to the root of the matter; 
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for we can suppose of course, at least tlieoretically, tliat tLe cavity can 
be maintained unchanged at constant temperature for as long as we 
please, so that the above abnormal state of equilibrium would neces- 
sarily set in some time after all. 

In these circumstances, Planck put forward the bold idea that 
these diflB.culties can he removed by postulating discrete, finite quanta 
of energy €q; the energy of the oscillators is to be (besides e = 0) either 
equal to cq or to 2€o or to Scq, and so on. In this way we do in fact 
obtain Planck’s radiation law, which is verified experimentally with 
striking accuracy. The essential point is the determination of the 
mean energy e; in point of form the investigation only differs from 
the earlier one (p. 190) in replacing integrals by sums; for the indi- 
vidual energy values, now as before, occur with the frequency given 
by the Boltzmann factor, but now only the energy amounts 
n€Q (n = 0, 1, 2, 3, . . .) are possible, instead of all amounts as before. 
Hence, we have for the mean value. 


1=0 


dp n—O 


n=0 

d . ^ 1 _ 



{^=l/hT) 


so that, on substitution of this expression in the radiation formula, 
we obtain 


StTV^ €q 


In order that this formula may not be inconsistent with Wien’s dis- 
placement law, which, being deduced from thermodynamics alone, is 
certainly valid, we must assume that 

e« == hv, 

where A is a universal constant (Planck’s constant); for the tempera- 
ture can only appear in the formula in the combination vjT. This 
gives Planck’s radiation law 

SttAv® 1 

_ Y 
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As we remarked above, this radiation formula is in very good agree- 
ment with experimental results. The distribution of intensity for 
various temperatures is shown graphically in fig. 2. For low frequencies 
the function increases approximately as the square of v; for, if 
hvIhT Ij we can expand the exponential function in the de- 
nominator, and obtain a series in ascending power of hvjJcT, the first 



Fig. 2. — Spectral distribution of intensity of heat radiation according to Planck, 
for temperatures from 2000“ to 4000®. The unit for the abscissse is o-i|a. The 
shaded part represents the ultra-violet region, as far as 0’28|u.j the visible region 
lies between the two dotted lines. The numbers on the curves are absolute tempera- 
tures. Note the agreement with the experimental results shown in fig. i, p. 186. 


term of which corresponds precisely to the Rayleigh-Jeans radiation 
formula: 


1 

(Th- hvIJcT -f . . .) ^ 1 


Sttv^ 


kT+ 


for long- wave radiation Planck’s formula therefore agrees with the 
classical one. Not so in the short-wave region; if hv/kT ;> 1, the 
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exponential function Las a value much greater than unity, so that we 
can leave out the 1 in the denominator; fox short waves we thus 
obtain the radiation law in the approximate form 


Sirhi^ _ 
u = — — e 


u form which had previously (1896) been obtained by Wien experi- 
mentally, from his measure- 

ments in this region of the | | I I ^ A max 

spectrum (fig. 3). Between I | I \ ^ 

the domains of these two ! \ 

limiting laws there lies a \ 

continuous transitional re- \ 

gion, which contains the \ 

maximum of the distribu- \ \ 

tion curve. This maximum, \ \ 

in accordance with Wien’s \ \ 

law, is displaced towards V 

the region of short waves \ ^ 

as the temperature rises. \ \ 

Calculation of the inten- ■ \ \ 

sity maximum leads in the ^ V 

same way as before to the ■ \ l\ 

relation \ \ 




..T=C, 


where C is a constant, good 

which is found by solving ^ mo ' h — 

a transcendental equation, ^ 111 1 1 1 

T 1 1 1 / 23V56783 10 

and has the value O-zOM. 

m linvA TYiPTTf-i'nnPfl nhnvA 3.~The same as fig. 2 for higher temperatures; the 
nave mentionea aoove for the ordinates is smaller than in fig. 2 

■(Chap. I, § 8, p. 23 ) that 

the atomic constants k and h can be determined by means of the 
spectral distribution of energy in black body radiation. The first 
determination of h, in fact, was effected by Planck by means of 
Stefan’s law and Wien’s displacement law. According to the former, 
the total energy radiated, from 1 sq. cm. of the surface of a body heated 
to temperature 1\ is / = aT^\ a is called the radiation constant, and 
has the value a = 5-77 X 10“^ erg/(cm.^ sec. degree^). We obtain 
it theoretically by integrating Planck’s distribution function over the 
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whole spectrnm. On the other hand, the measurements give for the 
constant in Wien’s law == const.) the value 0-288 cm. degree. 

(To give an idea of its order of magnitude, it is sufficient to remark 
that the intensity maximum of the radiation from the sun, which 
radiates like a black body at the temperature T = 6000°, lies in the 
green region of the spectrum, i.e. at a wave-length of about 4500 A.) 
From these two empirically determined constants, h and h can be 
calculated; the values so obtained agree very well with the correct 
ones. 

We may add one brief remark. From the general course of the 
distribution curves we can see how low the efficiency is, when glowing 
heated bodies, such as incandescent lamps, are used for purposes of 
illumination; for the visible spectral region occupies only a small 
strip in the figure giving the intensity curves for the heat radiation, 
and the rest of the radiated energy is lost, so far as illumination is 
concerned. 

To return to the method of proving Planck’s formula: it goes with- 
out saying that his hypothesis met at fiirst with the most violent 
opposition. Physicists were unwilling to believe that the law of radia- 
tion could only be deduced by introducing the quantum hypothesis; 
this they regarded as a mathematical artifice, which they considered 
might in some way or other be interpreted without going outside the 
circle of classical ideas. All attempts, however, at such an interpre- 
tation have been a complete failure. 

To Einstein is due the credit of having been the first to point out 
that, apart from the law of heat radiation, there are other phenomena 
which can be explained by means of the quantum hypothesis, but 
which are unintelligible from the standpoint of classical physics. In 
the year 1905, Einstein put forward the light quantum hj'pothesis, and 
as experimental evidence for it cited the law of the photoelectric 
effect; this we have already dealt with (§ 2, p. 69). 

2. Specific Heat of Solids and of Polyatomic Gases. 

A year or two later (1907) Einstein showed that Planck’s formula 
for the mean energy of an oscillator, 

hv 

QhvIkT _ 

finds direct confirmation in the thermal behaviour of solids. It is a 
fact of experiment that at high temperatures a law holds called Dulong 
and Petit's law, which states that the molecular heat, i.e. the specific 
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heat per mole (p. 8), is approximately 6 cals/degree for all solids. 
From the classical standpoint this law is at once intelligible. In a solid, 
every atom can be regarded as a harmonic three-dimensional oscillator, 
since of course in a solid we think of the atom as quasi-elastically 
bound to a certain position of equilibrium. The mean kinetic energy 
falling to them as three-dimensional oscillators, by the rules of classical 
statistics, is so that a mole of the substance possesses the energy 
U = ZLkT — BRT, where R is the gas constant, and is approximately 
equal to 2 cals /degree. The specific heat is found from this as the 
increase of energy for a temperature increase of 1°, so that 

dU 

= = 3jR rw 6 cals/degree. 

oT 


Experiment, however, shows deviations from this rule; and the harder 
the body, i.e. the more firmly the atoms are bound to their equilibrium 
positions, the greater are the deviations; thus, for diamond, the specific 
heat per mole at room temperature is only about 1 cal/degree. 

Einstein’s explanation of these deviations is that it is not permissible 
in this case to use the classical expression for the mean energy of the 
oscillators, but that we must apply the expression obtained by Planck 
for the mean energy of a quantised oscillator. In that case the 
mean energy of the oscillators per mole is 

V = 

^hvikT ofivikr Y 


In this formula Ap is the elementary quantum of the vibrational energy 
of the oscillators; it is so much the greater, the more firmly the atoms 
are bound to their equilibrium positions; loose binding is equivalent 
to small vibrational energy, and so to low frequency. The important 
point now is, whether Jiv is less or greater than hT. In general, at 
room temperature livjlcT <C 1, so that we can simplify the formula 
for the energy of the oscillator by expansion. Hence in this case it 
passes over into the classical formula 


3i?T 


hvIlcT 

(1 livjlcT d”" • • •) — 1 


- ?>RT + 


and so gives Dulong and Petit’s law. 

If, however, the atoms are very firmly bound (as in diamond), 
or if the specific heat is measured at very low temperatures, livjkT 
becomes comparable with unity, or even greater than unity, and 
deviations occur from Dulong and Petit’s law. We then obtain for 
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+.>»A R-necific heat a curve of the form shown in fig. 4, which for large 
of T rises asymptotically to the classical value of 6 cals /degree, 
.ails away for low temperatures, and at T = 0 passes through 
the origin. Experimental investigations to test the results given by 
this theory, mainly carried out by Nernst and his colleagues, showed 
approximate agreement between theory and experiment, particularly 



Fig. 4. — Graph of specific heats at low temperatures according to Debye; the small 
circles show observed points, the continuous curves correspond to Debye’s theory. B is 
a temperature characteristic of the substance, such that C(= Cv) is a function of T/B, 


as regards the fact that the specific heat approaches zero as the 
temperature diminishes. Nevertheless they indicated deviations which 
proved that the theory in the form in which it then existed still 
required improvement. 

These improvements were made by Debye, and independently by 
Born and Karman (1912). They rest on the following considerations. 
Up to this point we have dealt with the individual atoms of the solid 
(crystal), as if they performed undisturbed harmonic vibrations inde- 
pendently of one another. This, however, is by no means the case. 
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since of course tlie atoms in the lattice are very strongly coupled 
together. We therefore ought not to say that the L atoms in the crystal 
perform oscillations of the same frequency, but must rather deal with 
the coupled system of 3i vibrations (corresponding to the 3i degrees 
of freedom of the L atoms per mole), and accordingly write down the 
energy in the form 



where is the frequency corresponding to an individual vibration. 

It would of course be a difficult undertaking to try to evaluate this 
sum directly on the basis of some assumed model. But we can obtain 
approximate formulae; the simplest method — which serves moderately 
well for monatomic crystals — was given by Debye, and is as follows. 


The proper vibrations of the individual atoms of the crystal lattice 
appear in the ordinary theory of elasticity as elastic proper vibrations 
of the whole crystal; though, it is true, only waves whose lengths are 
much greater than atomic distances actually come under observation 
(as sound waves). Hence, for an approximate evaluation of the above 
energy sum, we may replace the spectrum of the proper vibrations of 
the individual atoms by the spectrum of the elastic vibrations of the 
whole crystal. We have therefore to solve the problem of determining 
the spectrum of the elastic vibrations of a body which from the stand- 
point of the theory of elasticity is regarded as continuous. Since 


similar problems {counting proper vibrations) 
will also occupy us later, we shall deal with 
this one here in some detail. 

For simplicity, we take a body in the form 
of a cube, of side a, and try to find its proper 
vibrations, that is to say, the standing waves 

Fig. 5. — Example of a proper vibration in a cubical enclosure; 
every side must correspond to a whole number of half wave-lengths. 
(In the example ki -- 7, /«a — 4-) 



which can exist in this cube. This is the same problem, in three 
dimensions, as we have already met with in the one-dimensional case 
(vibrating string); and we also mentioned the two-dimensional case 
of the vibrating circular membrane (p. 125). For every proper vibra- 
tion it is necessary that each side of the cube should cut ofi an 
exact whole number of half wave-lengths (fig. 5). If therefore a plane 
is propagated in this cube, in the direction specified by the 

(e908) 


wave 
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direction cosines a, y (so that + ^3^ + / = the projection 
of a side on this direction must be an integral multiple of A/2. Thus 
we obtain the three equations 

aa, = ^ ^ 

The case a=l, j8=y— Ois trivial; the wave advances parallel to 
the first side, and the proper vibrations are the same as in the case of 
a string fixed at both ends. But the foregoing conditions are necessary 
for the existence of a proper vibration, in the three-dimensional case also. 

We can now consider the spectrum of these proper vibrations. 
In the first place, the three conditions, by squaring and adding, give 

so that the wave-lengths of the proper vibrations are determined by 
means of the sums of the squares of three whole numbers /c^, 7c2, 

We may with advantage represent the 
individual proper vibrations by a point 
in the space of the kjs, by associating 
the point in Z:-space whose three co- 
ordinates are with the proper 

vibration defined by the three preceding 
equations. But the number of proper 
vibrations with a wave-length > A is 

Fig, 6. — Counting proper vibrations: the number of 
vibrations with wave-length > A is equal to the number 
of lattice points inside the circular arc shown, and this is 
approximately equal to the area of the quadrant. 

then just the number of points k^, k^) which lie within a sphere of 
radius 2a/ A and in the first octant of the /c-space (because the foregoing 
equation k^^ + k 2 ^ + k^^ = 4:d^/ A^ represents a sphere in the X;-space, with 
centre at the origin and radius 2a/ A). All proper vibrations with greater 
wave-length than A are therefore represented by points which lie within 
this sphere in A;-space, The limitation to the first octant of the sphere is 
obviously needed, since of course the integers k are positive. 

The required number of points is approximately equal to the 
volume of the spherical octant just defined. We may easily convince 
ourselves of this with the aid of fig. 6 (though this, of course, is only 
two-dimensional). Since the co-ordinates of the lattice-points are 
whole numbers, the small squares formed by the lattice-lines have the 
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area 1. The error made in replacing the number of lattice-points 
within the circle (sphere) by its area (volnme) is small compared to 
the correct value itself, if the number of points within the circle (sphere) 
is large. The number of proper vibrations > A is therefore equal to 
the volume of the spherical octant, i.e. 


8 3 




4-77 V o 

_ pd 

3 ’ 


where c denotes in this case the velocity of the elastic sound waves. 
From this we get at once the number of proper vibrations in the fre- 
quency interval between v and v + dv\ 


dZ = 


4:7tV 


v^dv. 


We shall return to this formula later; the method of proving it is 
general, and not confined merely to elastic proper vibrations. More- 
over, as has been shown by Weyl, the formula is true whatever may 
be the form of the volume F. 

We now return to the determination of the mean energy of the 
atoms in a solid. The formula already deduced (p. 197), viz. 

hvr 


3L 

u= s 


\^hvrlkT_ 


can now be transformed by the method used above, i.e. by regarding 
the frequencies no longer as proper vibrations of the atoms, but as 
frequencies of elastic waves in the body. Since we know the number 
of these vibrations in the frequency interval between v and v •+ dv^ 
we can rewrite the sum as an integral, in the integrand of which this 
number of vibrations appears as the weighting factor for this vibra- 
tional state, alongside the original summand; thus, roughly 




-h 


hv IttF 


1 


M'IkT . 


v^dv. 


It must be observed, however, that the total number of proper 
vibrations of the crystal is finite, viz. equal to 3i; a maximum fre- 
quency therefore exists, which is defined by the equation 

4-77 F 
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The precediug integral is therefore not to be taken to oo, but only to 
this hmiting frequency as its upper limit. For the energy TJ we thus 
obtain the expression 


V 


_ r 

Jo 


47rF hv^dv 

-'o ^ 


4:rrV 


phvlkT _ 




3 a?dx 
xjJo 


o(?dx 

\h) Jq e^—1 


where for brevity is written for JivJhT. This relation is known as 
Debye's formula, which clearly gives a better approximation than 
Einstein’s model of independent oscillators, all with the same 
frequency (fig, 4, p. 196). Debye’s formula was still further im- 
proved ,by Born and Karman, who in the enumeration of the proper 
vibrations took into account the lattice structure of crystals, to which 
in the preceding counting process we have paid no heed whatever. 
They thus obtained separate formulae for the various types of crystal 
structure. 

Empirically, this refined theory has been confirmed throughout. 
E.g. experiment gives a TMaw for the specific heat at extremely low 
temperatures, whereas the simple Einstein theory leads to an expo- 
nential law for its increase with temperature. Debye’s theory, however, 
leads to the correct law for low temperatures; in fact, for these tem- 
peratures, x^ tends to infinity, so that the integral in the formula 
for U becomes practically constant, while the fourth power of T stands 
before the integral; the specific heat is found from the energy by 
differentiation with respect to the temperature, and the experimental 
T^-law therefore follows as it ought .to do. Recent investigations by 
Blackman (1935), it is true, have shown that sometimes the measured 
specific heat seems to obey the T^-law at temperatures not low enough 
to justify the preceding theoretical explanation. He has shown that a 
refined application of the theory of Born and v. Karmfin which takes 
account of the lattice structure of the crystals is able to explain these 
cases; according to the arguments he adduces there should be an 
increase of specific heat at still lower temperatures, and the real T^-law 
should only be expected at the very lowest temperatures, not yet 
employed for this measurement. This increase of the specific heat is 
actually observed, and many other predictions of the theory are also 
verified. One might say that at the present time the experimental facts 
relating to the specific heat of solids have been completely explained. 

The quantum theory of the oscillator can be applied in an exactly 
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similar way to polyatomic gases. Here also the specific heat, as deter- 
mined experimentally, increases with temperature in accordance with 
Planck’s formula corresponding to the molecular vibrations. We have 
seen in Chap. I (§ 5, p. 9) that the classical theory of specific heats has 
to assume that the electronic motion in the atom does not contribute 
to specific heat, but that the heat content comes from the motions of 
the atoms and molecules themselves; the atoms having only trans- 
latory motions, while diatomic molecules have two rotational degrees 
of freedom (round the two axes perpendicular to the neutral line). The 
explanation of this fact, which was rather puzzling to pre-quantum 
physics, is of course the enormous size of the binding energy of the 
electrons compared with the average energy JcT of thermal motion. 
If we replaced the electrons by virtual oscillators having frequencies v 
corresponding to the terms of the line spectra, then the energies hv 
would be large compared with hT, At normal, and even very high 
temperatures, none of these oscillators would be excited. This explains 
immediately why they do not contribute to the specific heat. 

Similar considerations hold for the rotations of molecules consisting 
of light atoms. We have seen that the rotational energy is given by 
j = 0, 1, 2, . . ., corresponding to Bohr’s quantum theory 
p. 100); wave mechanics replaces j(j + 1) (P- 1^^): but in both 
cases the difference between neighbouring energy levels is e = h^jiTv^A, 
Here A means the moment of inertia of the molecule, and e is greatest 
when A is smallest, i.e. for the molecule One should expect that 
for temperatures given by hT < e the rotational energy of should 
vanish; this is really the case, as was first observed by Eucken (1912), 
who found that at about 40° K. the specific heat of has decreased 
to the value for a monatomic gas. For all other gases the critical tem- 
perature is too low to allow an observation of this effect of the complete 
'' freezing in ” of the molecular rotations. But the beginning of the 
process, a decrease of the specific heat, can be observed, and from this 
the moment of inertia calculated. The results are in good agreement 
with other observations, as on band spectra (p. 238), and with calcula- 
tions from theoretical models. 

3. Quantisation of Cavity Radiation. 

We now return to the law of cavity radiation. We have seen in 
the preceding section that Planck’s hypothesis has been brilliantly 
successful not only for cavity radiation, but also in the theory of 
specific heats. The latter success furnishes additional strong support 
for the quantum theory. 
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On tlie otker kand, witk regard to tke deduction of tke radiation 
law by Planck’s metkod, it is unsatisfactory, in so far as it is based in 
part on tke laws of classical pkysics and only in part appeals to tke 
quantum tkeory. Tke metkod by wkick tke formula is obtained, 
connecting tke mean energy of an oscillator witk tke radiation field 
in a cavity, viz. {8Trv^lc^)€, is purely classical; in deducing it, 
tke classical laws of absorption and emission by an oscillator are 
employed. 

Can tkis circuitous route via tke absorbing and emitting oscillator 
be avoided? Tke idea suggests itself, in view of tke metkods of Kay- 
leigk- Jeans and Debye, tkat we skould try to deal witk tke electro- 
magnetic field, witkin a cubical cavity witk reflecting walls, in exactly 
tke same statistical way as witk tke proper vibrations of crystals in 
tke tkeory of specific keats. Tke cavity witk reflecting walls possesses 
precisely tke same kind of proper vibrations as a crystal, and we can 
tkerefore calculate tke number of tkese vibrations in a definite fre- 
quency interval between v and v dv in tke same way as before: 


dz= 2 


inV 


v^dv. 


We kave kere, kowever, an extra factor 2, since for eack possible 
wave-lengtk and direction of wave normal tkere are two different 
waves, corresponding to tke two independent directions of polarization. 

It is now only consistent to assume tkat every proper vibration 
bekaves like a Planck oscillator witk tke mean energy 

hv 

^hvlkT _ y 

wkere we are simply extending tke metkod of calculation and line of 
tkougkt of last section, from tke proper vibrations of the crystal lattice 
to tke proper vibrations of tke cavity. In tkis way we again obtain 
Planck’s formula 

7 1 7 hv 

Srrhv^ 1 7 


Altkougk tkis metkod of deduction is formally extremely simple, it 
contains all tke same a serious diflJculty of principle. Tke formula 
used for tke mean energy of an oscillator is bound up witk tke idea 
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that an oscillator of frequency v can possess not only the energy hv, 
hut also integral multiples of this energy quantum, the frequency of 
occurrence of the energy nhv in an oscillator being proportional to 
e~~nhvikT^ Thus we obtained the mean energy of an oscillator as the 
mean value 


S nJive 
_o 

00 

2 Q-nhvIkT 
0 


hv 

QhvjkT jL* 


If we extend these ideas to the proper vibrations of the cavity, treating 
those as if they were oscillators, it follows that an electromagnetic 
proper vibration of frequency v can have the quantity of energy nhv. 
This would mean, in the language of the light quantum theory, that a 
light quantum (photon), which is associated with an electromagnetic 
vibration of frequency v, can take the energy values nhv', this is con- 
trary to Einstein’s light quantum hypothesis, according to which the 
energy of a light quantum is always hv. This hypothesis of Einstein’s, 
however, has to-day, on the evidence of experiments relating to the 
elementary atomic processes, reached the status of an assured fact. 
The attempt to explain the law of cavity radiation by means of classical 
statistics, merely supplemented by the quantum hypothesis, therefore 
fails when we try to translate the deduction of the radiation formula 
by undulatory considerations into the language of the corpuscular 
theory. 


4. Bose-Einstein Statistics of Light Quanta. 

We can also try* to deduce the radiation formula, not as above 
from the pure wave standpoint by quantisation of the cavity radiation, 
but from the standpoint of the theory of light quanta, that is to say, 
of a corpuscular theory. For this we must therefore develop the 
statistics of the light-quantum gas, and the obvious suggestion is to 
apply the methods of the classical Boltzmann statistics, as in the 
kinetic theory of gases; the quantum hypothesis, introduced by 
Planck in his treatment of cavity radiation by the wave method, is 
of course taken care of from the first in the present case, in virtue of 
the fact that we are dealing with light quanta, that is, with particles 
(photons) with energy hv and momentum Av/c. It turns out, however, 
that the attempt to deduce Planck’s radiation law on these lines also 
fails, as we proceed to explain. 

We do not in this case characterize a radiation component, as we 
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id before, by its wave-length and the direction cosines of its wave 
nrnnal, but by the component momenta associated with it in de 
Jiroglie’s theory, viz. 

i’* ~ ^ Pv — Pz = 

Smce, however, as we know from our previous investigations (p. 198), 
the only standing waves which can exist in a cubical cavity (of side a) 
are those which satisfy the conditions 


7. 2a 2a . , 


2a 


It follows that the momentum space of the hght quanta is also discon- 
tinuous'j in fact the two sets of equations give 






we therefore see that the component momenta can only be integral 
multiples of A/2a. The momentum itself is given by 

the statistic, (5 6, p. 9) tie momentum space waa 

divided into ceUs of arbitrary form and magnitudes w., co., . . . : the 
ratao of the size of the ceU to the total momentum space co, i.e. 
Ps- ojJoj, was called the statistical weight of the cell. Here the momen- 
tum space IS covered discontinuously; the statistical weight of a cell 
IS therefore simply the number of points (fy, Jc^, k,) which lie within 
+ \ principle of correspondence, as it is neces- 

sary to have a continuous transition to classical theory. There is 
therefore a smallest cell, among those containing any point at all: 
It IS customary m quantum statistics to use the word “cell” for 
^is smallest cell, i^e. really for the triplet of numbers k^, k„ k,. 
We must therefore find another name for the elementary region of 
statistics ai,. We shall call co, a “ sheet ”. The number of cells 
(^, *2, ^3) in the sheet w, is then its statistical weight g,. We now 
choose for the form of the sheet the spherical shell Lween the 
momenta ^ and + ^p. Being merely a formal expedient, the 
division into sheets is quite arbitrary. The number of cells (e.g. the 
number of possible states) that is contained in such a sheet is 
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found from the formula deduced above (p. 202) for the number of 
proper vibrations of the cavity in the frequency interval between v 
and V + Av, if we remember the relation p = hvic: 


^ 4:7tV o * 4:7rV ^ . 

v2Av=2— 


We can now see, with this expression before us, that the result 
could also be obtained by dividing up the whole phase space — i.e. 
co-ordinate space and momentum space together — ^into smallest cells 
of magnitude A®, and then counting the number of these cells which 
lie in that region of phase space which corresponds to the spatial 
volume V and the region between p and p-i~ Kp in the momentum 
space; taking account of the doubling of states due to polarization, 
we thus find 




2 


4:lTp'^ApV 
¥ ^ 


i.e. the same expression as before. The improvement in the new method 
of counting, as compared with that of the Boltzmann statistics, is 
merely this, that the quantum theory assigns a definite size to the 
smallest cells, into which we have to partition the phase space for the pur- 
poses of statistics. In the ordinary kinetic theory of gases — disregard- 
ing the case of gas degeneration, which will be dealt with later — ^the size 
of the cells played no part, but dropped out in the further course of 
the investigation. In this case of light quantum statistics, however 
(as also in the case of gas degeneration, see § 5, p. 212), the size of the 
cells is of great importance. We may mention further, that the finite 
size thus found for a cell corresponds precisely to Heisenberg’s 
uncertainty principle, according to which the position and momentum 
of a particle cannot be more exactly defined than is consistent with 
the relation ApAq ^ A; in view of this relation, it would in fact be 
quite meaningless to make a finer division of the phase space, as it 
is impossible to decide by experiment in which of these cells a 
particle lies. 

We now return to the statistics of light quanta, and begin with 
a verification of the statement made above, that the idea of light 
quanta (together with the definition of the size of the cell by 
quantum considerations) is not sufficient to enable us to deduce 
Planck’s formula, if we adhere to the Boltzmann statistics. For, 
according to Boltzmann’s result, the number of quanta in a definite 
sheet — which we shall characterize by a mean of the frequencies 
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of this sheet— is given by the product of the number of the cells 
in this sheet and the Boltzmann factor so that 

n,= {e,= hv,). 

The Boltzmann law of distribution was obtained, let us repeat (§ 6, 
p. 9), as the most probable distribution of the particles of a gas (in 
our case the light quantum gas) in the various sheets (called cells in 
our earlier investigation), subject to the two subsidiary conditions 
= n and = E when the number of particles and the total 
energy are given. For the distribution of energy in our light quantum 
gas we therefore find 

V c* 

which, apart from the factor A, is Wien’s law, instead of the result 
requmed by Planck’s formula, viz. 


udv = 


^Trhv^dv 


Thus we see that the classical statistical methods fail, not only in the 
case when we deal with the statistics of cavity radiation from the 
wave point of view (§ 3, p. 201), but also when we try to set up a 
statistical theory of the light quantum gas. The question therefore 
arises of what changes must be made in the classical statistics in order 
that it may become possible to deduce Planck’s radiation law by 
purely statistical reasoning, without making use of the roundabout 
road by way of an absorbing and emitting oscillator. 

We see in the first place that for T small, i.e. for 1, our 

formula would agree with Wien’s approximation (valid in this case) 
to Planck’s kw, provided we took A = 1. What does the condition 
signify? If we go back to the proof of Boltzmann’s law of 
distribution, we easily see that the value of the coefiScient A follows 
from the first subsidiary condition (fixed number of particles). If 
this subsidiary condition were dropped, we would get A = 1; the 
radiation formula which we have just deduced would then agree 
asymptotically with the correct formula. We must conclude therefore 
that the first condition does not hold for light quanta. A special reason 
justifying this conclusion is that for large quanta of energy, i.e. for 
large values of hv/kT, our method of proof (if only on account of the 
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correspondence principle) must give the correct result. Moreover, we 
can see at once that there is good reason for dropping tlio first sub- 
sidiary condition (fixed number of particles) in the case of light quanta; 
for of course in every emission process in an atom a new light quantum 
is formed, and in every absorption process one is absorbed and con- 
verted into other forms of energy. 

But even this assumi^tion is not sufficient by itself to allow Planck’s 
formula to be established on a statistical foundation. We must in bud 
completely alter the statistical foundation itscdf, and set up a now 
quantum statistics The way in which this miglit be done was shown 
by Bose (1924) and improved by Einstein. They assume com{)lete 
indistinguishahility of the light quanta. The hypothesis is a vcuy 
plausible one. Suppose the light quanta to be numbered in a certain 
order. If light quantum 1 is in the cell and light quantum 2 in the 
cell 2 ^ 2 ? "this distribution obviously represents the same state as th(3 distri- 
bution in which light quantum 1 is in the cell 2^25 light quantum 2 
in the cell wliile the distribution of the rest of tlie light q uanta re- 
mains as before; for the two light quanta of courses only diflVu* from 
each other in just this, that one of them is in the first cell and tlui otluyr 
in the second. ITumbering or individualization of the 8epa.rat(‘. light 
quanta is entirely meaningless, since the state is (j()in])hd-.(^ly and 
uniquely described by merely specifying how many light quanta t-lnvrti 
are in cell how many in cell and so on. This nutans, howoV(U\ an 
essential distinction as compared with tlui chissical statisti(‘.s. In tlic 
latter, two cases, cuther of which pa.ss(^s into the other by m(‘.r(dy 
interchanging tw-'o light quanta, are coimttid in the (vnumc.ral ion of 
states as two difforont states, wJnvreas now they r(q)r(‘.H(mt th(* 
state, and in the eiiumeration of staters must l)e (u)uut(‘,d as only a 
single state. 

We shall consider the subject from tlu^ math(vmati(^u,l stjui(i|)oint., 
and that with just so mu(‘h great(>ir generality iiliat in the lirsi. platu^ 
we shall speak of particles in giuuu-ah and not H}KHhilly of light (puuit.a 
alone. We have already seen in (•.omuuxiou with tln^ st;a,t(mumt of 
Pauli’s principle (§ 5, p. 159) that tlnvre a, Iso it do(\s not matt<u' whi(‘.h 
precise electron is at this place or that; the second liaJf of lh,uli\s 
principle was simply this, that the int(U<vha,ng<‘, of t.wo (hM'-trons (1 o(‘h 
not change the state of the system as a wlioh^, so that, two dist.ribuitouH, 
which only differ in respect of the int(U‘cha.ng<^ of two ele(‘f;ronB, rcqrre- 
sent one and the same state. 

From the standpoint of wave mechanic.s eve,ry parti(h^, a light 
quantum included, is described by tluj sp(‘.cili(.5atvion of its pr()p<vr funtv 
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tion; let the proper function of one particle (the first) be that 
of a second of a third and so on; where k, I, m, . , , repre- 
sent the state of the particle in question (in the case of light quanta, 
e.g., k stands for the three quantum numbers k^, k^, k^). The state as 
a whole is then described (to a first approximation at least, neglecting 
mutual action between individual particles) by the product of these 
proper functions, i.e. by a proper function 

If two particles are now interchanged, e.g. particle 1 and particle 2, 
another wave function is obtained, 

which obviously corresponds to the same value of the energy of the 
whole system, viz. to 

+ • • • • 

We obtain other wave functions, for the same value of the energy, 
by taking an arbitrary linear combination of those wave functions 
which arise from the one first written down by a permutation of the 
individual particles among themselves, i.e. by interchange of the 
arguments 1, 2, 3 of the separate functions: 

. . = 2^123 . . . • j 

P 

where the sum is to be taken over all permutations P of these argu- 
ments, and the factors ai^s • . . represent arbitrary constant coefficients. 

In the sense of classical statistics these wave functions give as 
many different states as there are linearly independent wave functions 
among them. From the standpoint of the new statistics, however, 
those cases which arise from one another by mere permutation of 
particles belong to the same state. Hence the wave function which 
describes this state cannot change when the particles are permuted, 
or at most it can only change in its sign, since only quadratic forms, 
such as I T 1^, are of any account so far as physical interpretation 
is concerned. Now it is easfiy seen that the only wave function of 
the form specified above, which does not change when the particles are 
permuted, is the one in which all the coefficients are equal to 1, i.e. 
the symmetrical wave function 

p 
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Another possibility, in which the sign of the wave function changes, 
but not the value of its square, is the antisymmetrical form 


p 


where the + sigii is to be taken for an even permutation of the pa 
tides, the — sign for an odd permutation. This antisymmetrical form 
is known from the theory of determinants — ^it is the expansion of the 
determinant 












No other functions exist which satisfy the requirement of indistin- 
guishability. 

We note further a special feature in the case of the antisymmetric 
function. We know that a determinant vanishes if two rows, or two 
columns, are the same; hence if two functions and ipi are equal, 
the determinant vanishes, and with it the wave function of this state, 
i.e. this state does not exist. This is neither more nor less than Pauli’s 
principle, that two electrons cannot be in the same state (i.e. cannot 
have their the same). 

There are therefore only two possible ways of describing a state by 
a wave function, viz. either by the symmetrical or the antisymmetrical 
wave function; the second possibility corresponds to Pauli’s principle, 
the first is another, and entirely different matter. If we count the 
possible states on the basis of their wave functions (i.e. of the possible 
wave functions which are linearly independent), two different statistics 
present themselves. If we confine ourselves to the symmetrical wave 
functions (without Pauli’s principle), we get the so-called Bose- 
Einstein statistics; if we describe the state by the antisymmetric func- 
tion (with Pauli’s principle), we get the Fermi-Dirac statistics (1926). 
Which of the two statistics we are to use in a particular case, it must 
be left to experience to decide. With regard to electrons, we already 
know that they obey Pauli’s principle — we shall therefore deal with 
them tentatively by the Permi-Dirac statistics (see § 6, p. 214); on the 
other hand, it turns out that we have to treat light quanta (Bose) and 
also gas molecules (Einstein) according to the Bose-Einstein statistics. 

We proceed now to work out the latter type of statistics. In the 
first place we have to count the number of different states (i.e. of 
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linearly independent wave functions). In carrying out the enume- 
ration, however, we use, not the wave picture, hut the corpuscular 
picture, and have to find the number of distinguishable arrangements 
of the particles in a sheet, for the case of the Bose-Binstein statistics. 
For this purpose, we denote the individual cells of this sheet by 
^25 • • • j number of them is, by definition, given by the weight 

factor gs of this sheet. On the other hand, let there be % particles in 
this sheet, which for the present we denote individually by ag, . . . , 
Gng. We have to distribute these particles among the cells of the sheet, 
and determine the number of distinguishable arrangements. To this 
end, we describe a definite arrangement in the following way. We write 
down, purely formally, the elements 2 and a in an arbitrary order, e.g. 

%% ^2 ^2 ^3^3 ^4 ^5 ^6 ^4% ^7 • • • > 

with the understanding that the particles standing between two 2;’s 
are in each case supposed to be in the cell which stands to their left in 
the sequence; the sequence written down above means therefore that 
the particles % and ^2 are in the cell %, the particle in the cell 
the particles %, in the cell no particle in and so on; that 
being so, the first letter in the symbolic arrangement must obviously 
be a 2. We therefore obtain all possible arrangements, by first setting 
down a 2; at the head of the sequence — which can be done in gs different 
ways — and then writing down the remaining — 1 + letters in 
arbitrary order one after the other. The total number of these arrange- 
ments is therefore / , 


Distributions which can be derived from one another by mere permu- 
tation of the cells among themselves, or of the particles among them- 
selves, do not, however, represent different states, but one and the 
same state; the number of these permutations is gj. ns\ We thus obtain 
for the number of distinguishable arrangements in the sheet which is 
characterized by the index s, in the case of the Bose-Einstein statistics, 

9s{gs + — 1)1 _ {g.+ ns- 1 )! 

gsl (gs — 1 )! ns\ * 


Altogether, the number of distinguishable arrangements for the case 

when there are particles in the first sheet, 9^2 particles in the second, 

and so on, is given by the product of expressions of the above type, for 

the sheets; , , 

{9s + - 1 )! 


n 
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We call tliis the probability ” of that distribution of the particles 
among the various sheets which is deJSiied by the numbers n^, . . , . 
It takes the place here of the probability found in the Boltzmann 
statistics (p. 12), viz. 




n\ 


%! n^l . . ^ 




The remaining part of the calculation proceeds as at the place cited. 
We have to determine the most probable distribution; for this purpose 
we use Stirling’s theorem, and write 


log w = + n,) log{g, + n,) — g, \ogg, — logw,}, 

S 

where we have neglected the 1 in comparison with the large numbers 
gs and ng. We must now make log W a maximum for variations of rig, 
subject to the subsidiary condition 


s 

For liglit quanta, as we have shown above (p. 206), the second sub- 
sidiary condition (constancy of number of particles) drops out. Thus 
we find in the usual way 


9 log Tf 
dn. 


+ Ws) + 1 — logw, — 1 = log = ^6 

n. 


or 


9s + 


The Bose-Einstein law of distribution for light quanta therefore runs 
(if we drop the index s) 



this gives for the energy density 


u^dv 


nhv 1 Snliv^dv 

’T ^ ^ 1 * 


This is just Planck’s radiation formula, if we put /3 = 1/kT. The 
justification for this last step is given by thermodynamics; according 
to Boltzmann, S — k log W is to be regarded as the entropy, and it 
can then be shown (see Appendix XXIX, p. 336) that from the 
equation TdS= dQ we can infer that l/kT {dQ is the increment 
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oi tlie heat content, or, at constant volume, of the energy content of 
the light quantum gas). From the Bose-Einstein statistics, therefore, 
Planck’s radiation law can be deduced in a way to which no objection 
can be taken. 

5. Einstein’s Theory of Gas Degeneration. 

After the brilliant success of the Bose-Einstein statistics with the 
light quantum gas, it was a natural suggestion to try it in the kinetic 
theory of gases also, as a substitute for the Boltzmann statistics. The 
investigation, which was undertaken by Einstein (1925), is based 
on the hypothesis that the molecules of a gas are, like light quanta, 
indistinguishable from each other. 

The calculations run exactly as in the light, quantum case, except 
that here a second subsidiary condition appears, on account of the 
conservation of the number of particles: 

The determination of the probability of a definite distribution 

^25 * • • follows the same lines as before. The calculation of the 
most probable distribution leads now, owing to the presence of the 
second subsidiary condition, to the equation 

91ogTf 1 , n 

dns ns 

or, on dropping the suffix 5, 


where again l/fcT (see Appendix XXIX, p. 336). Here the 
number g of cells in a sheet can be expressed by the corresponding 
energy; we have of course 

€= Jl and d€ = ~ pdp, 

where p is the momentum of the particles; the expression for g obtained 
above therefore becomes 
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We thus find the Bose-Einstein law of distribution for atoms: 


dN = Fie) Vede 

4:ttV '\/2m ®'\/ ede 

~ T®- 1 ’ 
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while the law of distribution given by the Boltzmann statistics was 
(p. 15) 





elkT^ e(i!e. 


(N is the number of particles in the volume V, n the number per unit 
volume.) 

The quantity a is of course determined from the subsidiary con- 
dition 

J dN =jJ‘F{e)Vede =N= nV. 

The constant a, or more usually A = e‘~°- is called the degeneracy 
parameter, the reason for the name being as follows. If a is very great, 
and therefore A very small (compared to 1), we can neglect the 1 in 
the denominator in comparison with = e^'^jA (since of course 
is always positive); thus in this case we obtain 

dN = {4:7 tV l}fi)'\/2w?'\/ €deAe~^% 

i.e. the classical distribution law (Maxwell); here A = is deter- 
mined at once from the subsidiary condition of constancy of the number 
of particles. We thus find (p. 15; Appendix I, p. 259) 

4 _ 

~ {27rmlcTfl^- 

If then A is very small compared to 1, the Bose-Einstein distribution 
formula passes over into the classical one. It is otherwise in the case 
when A becomes comparable with 1 (the case of A > 1, i.e. a < 0, 
cannot occur, for then the denominator vanishes for the energy value 
€= — a//S, and for smaller values of € becomes negative, so that the 
whole theory becomes meaningless); if A ^ 1, deviations from 
the classical properties occur; we say then that the gas is degenerate. 
In this case the subsidiary condition leads to a transcendental equation 

(e908) 15 
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for A, wMcIl can be solved by expanding in ascending powers of 
n¥l(2TrmTcTf^^, the expansion beginning with tbe expression given 
above for the limiting case A ^1: 

4 _ /i ^ 

” (WATp \ I (^TrmkTf'^ 

By substituting particular values of the constants n, m and T we can 
read off from this equation whether under these conditions the gas is 
degenerate or not. We see in the first place quite generally that A 
increases, and accordingly the degeneracy becomes greater as n 
increases, i.e. as the density increases; on the other hand, it diminishes 
with increasing temperature and atomic weight. To take a special 
example: for hydrogen gas under normal conditions (for T == 300® K., 
n~3T0^^ cm.”^) approximately A^3-10~^<Cl; for heavy gases 
A becomes still smaller; gases are therefore never degenerate at normal 
temperatures and pressures, but behave according to the classical 
laws. Degeneracy would only become noticeable at unattainably low 
temperatures or at extremely high pressures, that is to say, in regions 
in which even according to the classical statistics the gases no longer 
behave as ideal gases (influence of finite size of the particles, conden- 
sation of the gas, &c.). Thus the Bose-Einstein statistics, when applied 
to gases, in the region in which the kinetic theory of gases is valid, shows 
practically no differences as compared with the classical statistics of 
Boltzmann, 

6. Fermi-Dirac Statistics, 

We have shown in § 4 (p. 209) that the introduction of the principle 
of indistinguishability into statistics leads to two, and only two, new 
systems of statistics, one of which, the Bose-Einstein statistics, we have 
discussed in detail in the last two sections (light quanta, gas mole- 
cules). We turn now to the second possible statistics, which is based 
on Pauli’s principle, and was introduced by Fermi and Dirac. We 
have seen in § 4 (p. 209) that this statistics is intimately connected 
with the employment of Pauli’s principle, observing that the proper 
function of a state in which two electrons have the same partial proper 
function (with respect to the four quantum numbers, including the 
spin quantum number) automatically vanishes. 

To deduce the nature of this statistics, we shall use the model of 
a gas consisting of electrons, which, on the experimental evidence of 
spectra, obey Pauli’s principle. In this case again, our first aim is to 
find the distribution of the electrons over the individual cells, bearing in 
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mind, however, that there are now twice as many cells as in the previous 
case of gas atoms, in consequence of the two possible settings of the 
spin; on the other hand, no cell can be occupied by more than one 
electron, or, in other words, the '' occupation numbers ” of the cells 
in this case must be either 0 or 1. (We might of course proceed on 
the assumption that the number of cells in each sheet is only half 
as great, but in compensation for this provide two possible places 
for the electrons in each cell, corresponding to the two directions of 
spin.) 

We begin as before with the enumeration of the distinguishable 
distributions. Let the number of electrons in the 5th sheet be these 
being distributed over the cells of this sheet; of these g^ cells, % are 
therefore (singly) occupied (1), and are empty (0). We charac- 

terize such a distribution by assigning to each cell its occupation 
number: 

2^2 ^3 ^4 % Zq Z7 Zq Zg Z^Q ... 

1001110100 ..., . 

or by specifying the cells which are occupied by no particle, and those 
occupied by 1: 


0 1 



Clearly there are gll such distributions, corresponding to the permu- 
tations of the gs cells 2 ; in this scheme. But the same state (as regards 
occupation) is denoted by all distributions among these, which only 
differ from one another by permutation of the n^ occupied cells, or of 
the gs — Us unoccupied cells. Hence the '' probability ” of a distri- 
bution characterized by the occupation numbers n^, % . . . for the 
individual cells is given by 

Tf = n - — , 

s { 9 . — Ws)! 

or, from Stirling's theorem, by 

• log = S 1^, logo's — n, log w, — (g, — n,) log {g, — n,) 

As before, we wish to find the most probable distribution subject to 
the two subsidiary conditions 

= N, ^ns€s = E. 
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We obtain it in tbe usual way: 


01ogPF 

dn. 


= — logWj + log( 5 ', — n,) 


or 




log- 


+ 


n.= , 


i.e., except for the -|- sign in the denominatorj the same formula as in 
the case of the Bose-Einstein statistics. This diSerence of algebraic 
sign, however, carries with it a fundamental distinction between the 
present case and that of the Bose-Einstein statistics, in that a can now 
have all values from — oo to + 00 , and the degeneracy parameter 
A = e all values therefore from 0 to + 00 ; for the denominator of 
the distribution function is here always greater than 1. If we now 
substitute the value of (with the factor 2 on account of the two 
directions of spin), we find, in the same way as above (p. 212), the 
Fermi-Dirac law of distribution: 


dN — F{€)\/ ede = 


SttF a/ 2m®'\/ 6 de 
~W -j_ 1 ’ 


(/S = l//cT). 


The degeneracy parameter is determined as before from the first sub- 
sidiary condition: 

jdN =jy{€)V€de = N=nV. 

This transcendental eq^uation for A. can be solved, in the case when 
A < 1, by means of a power expansion, as before (p. 214): 

A = -- (2im*T)-3/2 . . . (A < 1). 


When A is extremely small, this case, it is easy to see, passes over into 
the classical statistics. In the case when A > 1, we find an approxi- 
mate expansion of the form (which we merely state, without proof): 


logA = —a — 


W 

2mkT 



+ • • ■ (A > 1); 


this IS the case of degeneracy of the electron gas. A more thorough 
discussion of these formulae is given in the next section, where at the 
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same time the most important application of the Fermi-Dirac statistics 
will be dealt with. 

7. Electron Theory of Metals. Energy Distribution. 

In the preceding section we spoke of an electron gas ”, and 
pictured it to ourselves as a definite number {n per cm.^) of electrons, 
moving freely, without mutual disturbance. Such a case is of course 
unrealizable, since in virtue of their electric charge the electrons will 
always act upon each other; however, to a first approximation we 
can neglect this disturbing action, owing to the neutralizing effect of 
the positive ions. 

Now such an approximately free electron gas exists in the interior 
of a metal. In proof of this statement, we may cite the high con- 
ductivity of metals; and metallic conduction is carried on by electrons 
only, since, in contrast to electrolytic conduction, it is demonstrably 
not bound up with transport of matter. In order to secure that the 
electrons shall be able to react to an external electric field in such a way 
that the resulting conductivity shall be as high as it is, they must at 
least approximately be able to move freely in the metal, in contrast 
to what happens in non-conductors, in which the electrons are firmly 
bound to the atoms. Founding on these ideas, even the older theories 
of metallic conduction (Riecke, Drude, Lorentz, since 1900) were 
able to give a satisfactory explanation of the Wiedemann-Franz law^ 
which states that the electrical and thermal conductivities are propor- 
tional to one another, and that their ratio is inversely proportional to 
the absolute temperature. The older theories, however, consistently 
led to difificulties in regard to the explanation of the specific heat of 
metals. It is established by experiment that metals obey the Dulong- 
Petit law, i.e. that their specific heat, referred to 1 mole, is 6 cals/degree. 
This could be explained at once, if the temperature of the metal were 
determined solely by the vibrational energy of the atoms in the lattice, 
since the mean energy per lattice point is MT. But to explain the 
process of conduction and other related phenomena it is necessary to 
assume that to every atom (ion) there corresponds approximately one 
free electron. The free electrons take part in the thermal motion 
in the metal, and in fact (as shown by the Wiedemann-Franz law) 
are largely responsible for the high thermal conductivity of metals. 
According to classical statistics, every free electron in the metal would 
therefore possess the mean kinetic energy f/cT, and the specific heat of 
the metal would then be, per atom, not 3/c, but of the order (3 + 3/2)/t:, 
i.e. referred to 1 mole, 9 cals/degree, which is contrary to the facts. 
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The solution of this difficulty is due to Pauli and Sommerfeld (1927), 
who pointed out that the laws of classical statistics ought not to be 
applied to the electron gas within a metal, since it is bound to behave 
as a degenerate gas. Thus, since the mass of the electron is 1840 times 
smaller than that of the hydrogen atom, it follows that, at room tem- 
perature {T = 300*^) and an electronic density oi n 3T0^^, corre- 
sponding to a gas density at a pressure of 1 atmosphere, the value of 
the degeneracy parameter for the electron is 

= ^^ 1 ( 1840 )^'^ = 4 ^ 4 - 10 ^ - 1 - 2 , 

where Aj^ is the degeneracy parameter for hydrogen gas under the 
same conditions; even in this case, therefore, A is of the order of magni- 
tude 1. Values decidedly greater than this are found for the electron 
gas in metals. In silver the number of atoms per cm.^ is n== 5*9 X 10^^. 
Since, as we have already remarked, we must assume that roughly 
speaking there is one free electron for each atom, we find for this value 
of n by the first approximate formula that A is about 2300; in this 
case, therefore, the gas is degenerate to a high degree. For a value of 
A so high as this, it is true, it is not permissible to apply the first 
approximate formula, and we must use the second; but even this 
gives the still high value A ^210. The electron gas in metals is there- 
fore in all cases highly degenerate — its properties are essentially 
different from those of an ordinary gas. 

The most important characteristics of the Fermi-Dirac distri- 
bution function are the slightness of the dependence of distribution 
on temperature, and the occurrence of a zero-point energy. The latter 
property is closely connected with the Pauli principle. In the classical 
gas theory the absolute zero is characterized by the fact that the mean 
kinetic energy of the gas particles vanishes at that temperature, and 
accordingly the energy of every individual particle also vanishes; 
classically, therefore, at the absolute zero the gas particles are at rest. 
It is different in the Fermi-Dirac statistics; here each cell can only 
have a single occupant; in the state of lowest energy, all the cells of 
small energy are occupied, and the limit of the filling up ” of the 
system of cells is given by the number of electrons. We characterize 
this limit by the momentum of that cell, up to which the filling up 
reaches; it is found from the formula deduced above for the number 
of cells: 
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The limiting energy is then given by 

^ _ Po^ _ ^ 

^ 2m 2m\87r/ 

= 5*77 X 10"^^ ergs = 3-63 X 10“^® electron volts. 

We therefore obtain the following distribution curve for the electrons 
at the absolute zero (see fig. 7). Taking the electronic energy e as 
abscissa, and as ordinate the previously (p. 216) defined distribution 
function F{€), whose product by the factor V^de gives the number 
of electrons with energy values between e 

and 6+ de, we find for the graph a rectangle; 

up to the energy value €q the cells are com- ^ 

Fig. 7. — Fermi’s distribution curve. The continuous, sharp- \ 

cornered line corresponds to the absolute zero (T=o), the i I ^ 

dotted line to a temperature other than zero. ^ 


pletely filled, the cells with greater energy values are empty. In this 
case the degeneration parameter A, as the approximate formula shows, 
becomes infinitely great, as 1/T in fact; comparison with the fore- 
going formula for the limiting energy shows that we can put approxi- 
mately 


2mkf\S7r) ' 


!o 

W 


The distribution function, which is approximately valid for large 
values of A, i.e. for low temperatures, is then 

w/ \ __ V2m? 


and for the limiting case when T — > 0, gives the graph of fig. 7. When 
€ < €q, the exponential function in the denominator vanishes when 
T — > 0, and we have F{€) — when e > €q, however, 

the exponential function in the denominator becomes infinite, and 
F{€) vanishes. 

As the temperature increases, the electrons are gradually raised 
into higher states; but the change in the electronic distribution will 
at first only take effect at the place where the Fermi function falls 



220 


QUANTUM STATISTICS 


[Chap. 


away, and that by slowly rounding off the corners of the distribution 
curve, as indicated in fig. 7. The main body of the electrons, however, 
is left untouched by the rise of temperature. Tor not too high tem- 
peratures, therefore, only a vanishingly small fraction of the electrons 
takes part in the thermal motion, so that the specific heat of the 
electrons is very small. It is only when high temperatures are reached 
(of the order of 10^ degrees C.), far above room temperature, that the 
tight packing of the electrons in the deeper states gradually becomes 
loosened, and we obtain a noticeable contribution from the electrons 
to the specific heat of metals. 


8. Thermionic and Photoelectric Effect in Metals. 

A further proof of the correctness of the idea of free electrons in 
metals and of the applicability of the Fermi-Dirac statistics is furnished 

by the phenomenon of thermionic 


Fig. 8. — Diagram of the potential relations in 
a metal; the potential hollow is partly “ tilled up 
with electrons. 



emission. It is known that electrons emerge spontaneously from 
incandescent metals (e.g. glowing cathodes), and that these electrons 
in the absence of an applied potential form an electronic cloud 
or atmosphere round the incandescent body. Their number can 
be determined by measuring the current set up when an external 
E.M.F. is applied. Theoretically, the phenomenon of thermionic 
emission has to be pictured in the following way (fig. 8). Within 
the metal the electrons can certainly move freely, but in general 
their escape from the metal is opposed by a potential barrier, which 
is called the worh function, €«. At higher temperatures, how- 
ever, it may happen that the energy of an electron becomes greater 
than so that it can escape from the metal. Using the formulae of 
the Fermi-Dirac statistics, we can determine the number of electrons 
emerging in this way per unit time; the current is found to be 


i 


iirem 




while the classical 
1902) 


statistics gives for it the expression 


(Richardson, 




-^alkT 

i 
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wHcli, regarded as a fimction of the temperature, differs somewhat 
from that given by the new theory (see Appendix XXX, p. 338). 
The two formulae differ both in the power of T before the exponential 
fimction, and in the meaning of the constant in the exponent. To test 
them, it is usual to graph y = logi against a; = 1/T, i.e. the function 


y— A — a loga; — hx 


Classical Permi Statistics 

A = log {en a/ hj^rrm) log 

i 2 


Now tlie term a logx is in general so small compared to the other two 
terms, that it has been impossible up till now to decide whether the 
quantum theory formula with a = 2 is superior to the classical one 
with a= On the other hand, the constant 6 is easily found, for, 
when the term a logx is omitted, the equation y = A — bx represents 
a straight line, and b is its gradient. We can therefore determine the 
difference A6 = — cq experimentally for various metals, and from 

this calculate by substituting for the value given by theory, 
viz. 0 for the classical, and 3-63 X electron volts for the 

quantum theory. 

By comparing the values thus found for 6^ with other measure- 
ments, it has been definitely settled that the quantum theory formula 
is correct, and not the classical one. 

We can in fact determine the work function in another way 
which is quite different, viz. by means of diffraction experiments with 
slow electrons. When a crystal lattice is irradiated with cathode 
rays, the electrons, as we know, are diffracted by the lattice, the 
position of the diffraction maxima depending upon the de Broglie 
wave-length A = hjp of the electrons. When, however, the cathode 
ray enters the crystal, refraction occurs at the surface, since the kinetic 
energy of the electrons in the solid is greater, and therefore their wave- 
length smaller, than in the external space. As in optics, so here we 
can speak of a refractive index of the crystal with respect to electrons; 
this in fact, as in the optical case, being given by the ratio of the wave- 
lengths inside and outside; these are, if we reckon the energy from 
the bottom of the potential trough, 

, h h 

‘^outside ^ ^ 

Pa V2m(e — €a) 

'^inside „ ^ r , 

Pi V2m€ 
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so tliat we find for the refractive index the expression 

^ — ^OTitBide 

^inside 

By measurement of the position of diffraction maxima we can now 
determine the value of the refractive index and so, knowing €, calculate 
the work function the sake of greater accuracy, we should 

choose € very small, i.e. use slow electrons. 

Careful measurements of this kind by Davisson and Germer on 
single crystals of nickel gave 16 electron volts. On the other 
hand, measurements on the thermionic effect give values of bk in the 
region of 4 electron volts, in disagreement with the classical formula, 
according to which we should have bk = €«. The quantum theory, 
however, gives €q — 11-7 electron volts, if we assume that in nickel 
two electrons per atom are free, in accordance with the fact that nickel 
has two valency electrons. This would give = 4*3 electron 

volts, in good agreement with the results of measurement of thermionic 
emission. Measurements on a series of elements with respect to their 
refractive index have been carried out by Rupp, who found that we 
get good agreement between theory and experiment, if for the elements 
Cu, Ag, Au, Fe, Mo and Zr we assume two free electrons per atom, for 
A1 3, for Pb 3 or 4, while for K the number of free electrons per atom 
must be less than 2. But we cannot attach great weight to this 
agreement, seeing that we have made the rather rough approximation 
of treating the potential inside the metal as constant. 

The same constants as occur in the theory of thermionic omission 
also determine the 'photoelectric effect, which sets in at the frequcnc^y 
given by ]iv= eg, at which the energy of the incident light 
quantum is just sufficient to raise the electron from the limiting point 
of the Fermi distribution, eg, to the height of the external potential. 
The same constants also determine the law of the cold discharge, in 
which the following state of afiairs occurs. If by means of sharp points 
very high field strengths (10® volts/cm.) are produced at the surface 
of a metal, electrons issue from the metal even though the temperature 
has not been raised. The explanation depends on the same principle 
as is applied in the theory of radioactive disintegration of the nucleus 
p. 182, and Appendix XXVI, p. 326). The external field implies 
a potential distribution in which the potential falls linearly from the 
surface outwards. We have therefore a potential barrier (fig. 9) at the 
surface of the metal, and we know that according to wave mechanics 
an electron can make its way through such a barrier. The greater 
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tlie external field, the narrower becomes the harrier, and therefore 
the greater becomes the number of electrons issuing per second. This 
number clearly depends on the height of the original potential above 
the zero-point level e„ — e,,, so that the number, if it could be found 
experimentally, would allow the 
value of 6a — 65 to be deter- 
mined. The experiment, how- 
ever, is impracticable, owing 
to the presence of minute in- 
equalities and impurities in the 
surface, which change the magnitude of the field in an uncontrollable 
way; at every little projection the field is greater than the mean 
potential gradient. In point of fact, electrons begin to emerge at 
distinctly smaller field strengths than would be expected if the surface 
were ideally smooth. 

9. Magnetism of the Electron Gas. 

Another circumstance which confirms the correctness of our ideas 
about electrons in metals was pointed out by Pauli (1927). The elec- 
trons possess on account of their spin a maguetio moment equal to a 
Bohr magneton. As, according to our present picture, they behave 
in metals practically like free particles, one might expect, therefore, 
that they should cause a very strong paramagnetism. Experiment 
shows, however, that simple metals (e.g. Li, Na) are either not para- 
magnetic, or only very slightly so. Pauli explains this as follows. 
We can consider the valency electrons in the metal as free; the ions 
forming the residue, having an inert gas configuration of electrons, 
are non-magnetic. Of the free electrons (for T = 0), two sit in 
every cell, and they have opposite spins, so that their magnetic 
moments exactly balance each other. If an external field H is 
applied, the electrons will tend to direct their spins parallel to the 
field, which they cannot do without leaving the doubly occupied 
cells and jumping into higher states. This increase in kinetic energy 
goes on until it is compensated by the decrease of potential energy 
due to the orientation in the field. As only a few electrons jump to 
higher states, the paramagnetism is much smaller than for systems 
not satisfying the exclusion principle of Pauli. When the tempera- 
ture rises, the irppermost sheets of the Fermi distribution, as we have 
shown in § 7 (p. 219), begin to be “ loosened ”, individual electrons 
being lifted out of the doubly occupied cells, so that now there are 
colls which are only singly occupied. But this gives, as can be shown. 



Fig- 9- — Potential barrier at the surface of a metal. 
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only a second order effect. Consequently the paramagnetism of an 
electronic gas is almost independent of temperature. This is in agree- 
ment with experiment. But now the orbital motions of the electrons 
also produce a magnetic effect — diamagnetic indeed, as may be seen 
at once. The theory of this phenomenon is not simple, and there 
has been much discussion about it. From the standpoint of the 
quantum theory, however, a definite formula results for the magnitude 
of the diamagnetic moment. If we subtract this from the paramagnetic 
moment, we get the following table: 


Table V — Sijsoeptibilitibs or the Alkali Metals 



Na 

K 

Rb 

Cs 

X . 10^; Theory 

4-38 

340 

3-26 

3-02 

X . 10^: Experiment 

5-8 

54 

0*6 

-0-6 


The agreement in order of magnitude is good. The differences, especially 
in Rb, and in Cs (where the sign does not agree), can be explained as 
due to the neglect of facts which should be considered. Thus, in the 
heavy elements the inner electronic shells make an appreciable contri- 
bution to the diamagnetism, and in all metals the assumption of entirely 
free electrons is incorrect, as we proceed to explain more fully. 

10. Electrical and Thermal Conductivity, Thermoelectricity. 

To explain electrical conductivity, we must suppose the electrons 
in a metal to have a ‘‘ free path In fact, if we were to adhere in 
the problem of electrical conductivity to the idea of perfectly free 
electrons (that this is only a first approximation we have already 
emphasized above), the result would be an infinitely great conduc- 
tivity. To explain finite resistance, therefore, we must take into account 
the fact that the electrons, in the course of their motion through the 
metal, collide from time to time with the ions of the lattice, and arc 
thus deflected from their path, or are retarded; the average distance 
which an electron traverses between two collisions with the lattice 
ions is called, by analogy with the similar case in the kinetic theory of 
gases, the mean free path. 

It has been shown by Sommerfeld (1928) that we can calculate the 
general behaviour of electrical and thermal conductivities without 
necessarily making special hypotheses as to the free path. The 
Wiedemann-Franz law follows from this theory; and we can explain 
in the same way the Joule heat, the Peltier and Thomson thermo- 
electric effects, and other phenomena. 
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TLe refinements of the theory, which have been worked out in particu- 
lar by Houston, Bloch, Peierls, Nordheim, Fowler and Brillouin, have 
two main objects. In the first place, the picture of perfectly free elec- 
trons at a constant potential is certainly far too rough. There will be 
binding forces between the residual ions and the conduction electrons; 
we must elaborate the theory sufficiently to make it possible to deduce 
the number of electrons taking part in the process of conduction, and 
the change in this number with temperature, from the properties of 
the atoms of the substance. In principle this involves a very com- 
plicated problem in quantum mechanics, since an electron is not in this 
•case bound to a definite atom, but to the totality of the atomic residues, 
which form a regular crystal lattice. The potential of these residues is 
a space-periodic function (fig. 10), and the problem comes to this— 
to solve Schrodinger's wave 
equation for a periodic poten- 
tial field of this kind. That 
can be done by various ap- 
proximate methods. One 
thing is clear: if an electron 


Fig. 10. — The potential in a crystal 
lattice as a periodic function of position 
in space. 



has little energy, and so lies deep in a hollow, the probability of 
its g< 3 tting into another hollow is small; every hollow is isolated 
from the rest. This gives discrete energy levels. On the other 
hand, if an electron has a great deal of energy, and therefore 
is placed far above the level of all the hollows, it is practically free 
.and has a continuous spectrum associated with it. Actually it will 
be a matter of energy strips which are narrow at the bottom and 
become gradually broader towards the top; finally we may speak of a 
continuum, with gaps always becoming narrower. We must remember, 
however, that the arrangement is three-dimensional; it may happen, 
therefore, that in one direction two neighbouring energy strips are 
completely separate, but overlap in another. Whether and when this 
happens, depends on the depth and arrangement of the potential 
hollows; if they are shallow, even the deepest energy strips will be 
broad, and in many directions run into one another. 

These possible energy levels become filled up by electrons, two of 
which always fall into each state, on account of the spin. It turns out 
that such a strip contains exactly 2 N electronic states, if N is the 
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number of tbe electrons. If therefore one free electron is available per 
atom, as in the alkalies, N in all, the lowest strip is not yet completely 
occupied. The electrons will therefore be able to move freely, and we 
get a good conductor. In the alkaline earths, where there are two 
loosely bound electrons per atom, the first zone is completely filled. 
We then have an insulator in the case of deep energy troughs, where 
the next energy strip is completely separated from the lowest; but 
a conductor, when the troughs are so shallow that the first two strips 
overlap; for then both strips are practically empty, which means 
that the electrons can move freely. In this way all gradations of 
conductivity and its dependence on temperature can be explained 
qualitatively, and there exists to-day a satisfactory theory of semi- 
conductors (Fowler, Wilson). 

We may mention one more phenomenon in metals, the Hall effect. 
When a current is flowing in a wire in which there is a transverse 
magnetic field, a potential difierence occurs in the direction perpen- 
dicular to both the field and the wire. In itself this is not difficult 
to understand; for we know of course that a magnetic field exerts 
on a moving electron a force perpendicular to the field and to the 
velocity (Lorentz force, p. 26). What is remarkable is that in some 
metals this potential difference has its sign reversed, as if we were 
dealing with positive electrons. Positrons have now been discovered 
of course, but it cannot be these which are concerned here — in presence 
of so many negative electrons, their life is very short. But this anoma- 
lous Hall effect can be understood if we assume that one of the per- 
mitted energy strips is not completely filled up by (negative) electrons. 
The theory then shows that the gaps ” which remain behave exactly 
like free positive electrons. 

We come now to the second main problem (cf. p. 224) — ^to deter- 
mine by wave mechanics the free paths of the electrons — a problem 
which cannot be solved by the classical theory; it is a question of the 
scattering of the electronic waves which traverse the lattice of the 
metal, by the ions situated at the lattice points; and of the trans- 
ference of their energy to the ionic lattice. The calculation gives 
thoroughly satisfactory results, bringing out correctly, for instance, 

. the way in which electrical resistance depends on temperature. We 
may specially mention the calculation of the conductivity of alloys by 
Nordheim. It has been established experimentally that the resistance 
of an alloy is not always a monotonic function of the ratio in which 
the two components are mixed, but is generally greater for the 
mixture than for either of the pure metals; the investigation by wave 



VII] ELECTRICAL AND THERMAL CONDUCTIVITY 

mechanics shows that in this matter an essential part is playeu 
the interference of the electronic waves. 

In conclusion, let it be also mentioned, however, that up till i 
the theory is completely at a loss with regard to supm-conductimiy, 
that is to say, the fact that many metals at very low temperatures — 
a few degrees above absolute zero — suddenly lose their resistance 
(Kamerlingh-Onnes, 1911); if, for example, an electric current is in- 
duced in a wire ring of supra-conducting material at a sufficiently low 
temperature, the current, in the absence of external disturbances, will 
continue with undiminished strength for a whole day. From the 
point of view of the theory, this phenomenon remains up to the 
present rather perplexing. 



CHAPTER VIII 
Molecular Structure 


1. Molecular Properties as an Expression of the Distribution of Charge 

in the Electronic Cloud. 

This last chapter will be devoted to the subject of moleoular struc- 
ture. Our object ia the first place will be to arrive at clear ideas with 
regard to two questions, viz. by what properties a molecule, from the 
physical standpoint, is most conveniently characterized and desc.ribed, 
and how these properties can be determined experimentally. Only 
after these points have been dealt with will we take up the question, 
how the phenomenon of chemical binding can be understood and 
explained physically. 

molecule consists of a number of heavy nuclei, the atomic 
nuclei of the atoms or ions which form the molecule; round these nuclei 
the electrons revolve. Just as in the case of atoms, so here we can speak 
of an electron cloud. On account of the great diiference between the 
inasses of the electrons and the nuclei, the motion of the electrons is 
of course much more rapid than that of the nuclei-a circumstance 
which simplifies the discussion very decidedly. If, for example, we are 
investig^mg the motion of the electrons, we can to a first approximation 
regard the nuclei as at rest, since they move very little during the 
period of revolution of an electron. On the other hand, if we are 
examinmg the motion of the molecule as a whole (rotations), or of tho 
individual atoms m the molecule relative to one another (vibrations), 
we can obtam a good approximation to the results by replacing all 

“lotion by mean values; for during the 

a, great manj complete revolutions. 

imnOTtmcTfrrt molecular properties, one of the first 

mportance is the distnhuUon of charge in the molecule As regards the 

eutral molecules and positive or negative ions. The charge distri- 
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bntioH itself is completely cLaracterized by specifying on tLe one band 
tbe mutual distances of the nuclei, and on the other the charge density 
p of the electrons. The latter can be regarded either classically as the 
mean charge per unit volume obtained by averaging over the motion 
of revolution of the electrons, or from the standpoint of wave mechanics 
as the charge density given by probability waves as in the case of the 
atom. The charge density on the one hand, in the case of equilibrium 
due to the action of the electrical forces, determines the nuclear dis- 
tances; on the other hand, by its external boundary it gives the mole- 
cular volume V (from the standpoint of wave mechanics, in the case of 
a neutral molecule, exactly as in that of a neutral atom, the charge 
distribution falls of! exponentially outwards, beyond a definite boun- 
dary, so that the size of the charge cloud can be assigned with com- 
parative exactness). 

We can now consider the question of the electrical centroids of the 
positive and the negative charges apart, that is to say, the electrical 
centroid of the nuclei alone, and the electrical centroid of the electron 
cloud alone. It may happen that the two points coincide, just as they 
always do in individual atoms, where the positive centroid is identical 
with the nucleus, and where also the centroid of the negative charge 
cloud, on account of the central symmetry of its charge distribution, 
always coincides with the nucleus. In general, however, the two cen- 
troids will be distinct from each other; consequently the external 
action of the molecule is like that of an electric dipole. In this case we 
speak of a 'permanent electric dipole moment, and denote it by the vector 

where the radius vectors r are the position vectors of the nuclei and 
the electrons; the bar signifies averaging over the electronic motion, 
and the sum is taken over all the nuclei and electrons. \{ 0, the 

electrical behaviour of the molecule is determined to a first approxi- 
mation by the quadrupole moment, defined by its components 

this is a form exactly analogous to the mechanical moment of 
inertia; we therefore also speak of the electrical moment of inertia. It 
is a tensor, and as such can be represented by an ellipsoid (ellipsoid 
of inertia). 

If the molecule comes into an electric field, it is deformed, the 
positive nuclei being attracted in the direction of the lines of force, 
the negative electrons in the opposite direction. Consequently, even 

(E908) 
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wEen there is no permanent dipole moment, a dipole monxent is 
induced; to a first approximation its magnitude increases linearl7 
with the field strength, and it can be represented by the relation 

^ = cxE, 

where a is called the deformability or polarizability, and, as may 
easily be seen, has the dimensions of a volume. Tor spherically sym- 
metrical molecules a is of course a scalar, that is, a constant indepen- 
dent of direction. In general, however, a depends on the direction, 
and may then be regarded as a tensor and represented by an ellipsoid, 
the ellipsoid of polarization. We may also mention the case where the 
molecules can rotate freely (gases); the ellipsoids of polarization 
corresponding to the individual molecules can then assume all possible 
positions in space, so that when an external field is applied, a mean 
polarization of the gas arises, which is given by ^ == the mean 
value d over all directions is all that matters in this case. 

As determining elements of molecules, therefore, besides the total 
charge e, the nuclear distances and the molecular volume, we have 
also now before us the dipole and quadrupole moments, as well as the 
polarizability. All these quantities (with the exception of c), however, 
also depend more or less on the state of excitation of the molecule. Just 
as in the case of atoms, so also in molecules there exist different elec- 
tronic states, characterized by quantum numbers which in the following 
sections we shall denote collectively by n. Moreover, the nuclear motion 
has an effect, consisting on the one hand of a rotation of the whole 
molecule, determined by the rotational quantum number j, and on 
the other hand of a vibration of the nuclei relative to one another, 
described by a vibrational quantum number s. With these different 
states of motion we shall deal in detail in the pages which follow. 

2. Experimental Determination of the Molecular Constants. 

We now proceed to explain in detail how the molecular constants 
enumerated in the preceding section can be determined experimentally. 
There is first the molecular volume, the determination of which, when 
neutral molecules are in question, can be effected by the methods of 
the kinetic theory of gases, already referred to in Chapter I (viscosity, 
free path, diffusion and direct measurement by molecular rays). The 
following table shows some molecular diameters * so determined, in 
Angstrdms: 

*The concept “molecule” in tlie kinetic theory of gases includes “ monatomio 
molecule”. Compare the concept “mole” (p. 3). 
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Table VI — Diameters oe some Molecules, ie- A. 


He 1-9 

Ha 2-3 

HaO 

2-6 

Ne 2-3 

Oa 2-9 

CO 

3*2 

A 2-8 

Na 3-1 

COa 

3-2 

Kr 3-2 

Xe 3-5 

Ola 3-6 

CeHe 4-1 

(CaH5)aO 4-8 


On account of their charge, the volume of ions has to be deter- 
mined hj other means. Two main methods have been used (Wasast- 
jerna (1923), Goldschmidt (1926), Pauling (1927)). One deals with the 
grating spaces ” in ionic lattices, in rock salt, for example. If we 
assume that the molecules in crystal lattices are packed as tightly as 
possible, then the grating space gives directly the sum of the radii 
of the two ions, i.e. in the rock salt cube, for in the ionic 

lattices the ions are arranged in such a way that a positive ion is always 
surrounded by negative ions only, and conversely, so that the grating 
space is actually equal to the sum of the radii of the two ions. It is 
always only the sum of the two radii which we obtain in this way, not 
the radii themselves; if we knew one radius, we could then calculate 
all the rest. What we do is to measure grating spaces in crystals one 
of whose ions we have reason to believe is very small, for example, 
Li*^; this has only two electrons, in the K shell, and will therefore 
be distinctly smaller than, for example, the Cl” ion with completely 
filled K and L shells, and a full sub-shell (of 8 electrons) of the M 
shell. The grating space in the Li+Cl“ lattice will therefore be approxi- 
mately equal to the radius of the CL ion. 

The second method of determining ionic radii consists in measuring 
ionic mobility in electrolytes; small ions will make their way through 
the liquid more easily than large ones. The difficulty occurs in this 
method, however, that water molecules become deposited (hydration) 
on the ions, and so produce a deceptive appearance of substantially 
greater ionic radii. Here we give another table, showing ionic diameters 
of atomic ions, and for the sake of comparison we repeat the diameters 
of the inert gases; atoms or ions with similar electronic configurations 
are placed in the same row or column. We see that the negative ions, 
which have an inert gas configuration with a smaller nuclear charge 
than the corresponding inert gas, are larger than the latter, the reason 
being of course that the electrons in these ions are more loosely bound, 
so that tlieir orbits have greater radii. A corresponding result, mutatis 
mutandis^ holds for the positive ions also. 
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Table VII“Diambtees of some Atomic Ions, in A. 




0“ 

2*6 

s-- 

3*5 

So— 

3*8 

H- 

2-5 

F- 

2*7 

Cl- 

3-6 

Br- 

3'9 

He 

19 

He 

2-3 

A 

2-8 

Kr 

3-2 

Li+ 

1-6 

Na+ 

2-0 

K+ 

2-7 

Rb+ 

3-0 

2-5 

Be++ 

0-7 

Mg++ 

1-6 


2-1 

Sr+'*“ 

B+++ 



A1+++ 

1-2 

Sc+++ 

L7 

Y4"++ 

2-1 

0+++ 0-4 

N+++++ 0-3 

Si++++ 0-8 
P+++++ 0-7 

Ti-+— f-H-+ 

1-3 

^j«+4'++ 

1-7 


Tke second property to be considered is the mean pol(ZTizability d. 
Here we confine ourselves in the first instance to molecules without 
permanent dipole moment. By definition, d represents that mean 
dipole moment which is induced in a molecule by an electric field of 
unit strength (at least in the case of molecules which can rotate freely); 
the total polarization P, per unit volume (containing N molecules), 
in an external field E, is given by P= aNE. But, according to 
electrodynamics, the polarization P is connected with Maxwell’s dis- 
placement vector D by the relation D = B ^irP\ on the other hand, 
by definition, D = eP, where e is the dielectric constant. In the case 
of gases, where we can neglect the mutual action of the molecules, 
these relations lead to the following equation connecting the dielectric 
constant and the mean polarizability: 

€ = 1 ^TrNa. 

In liquids, where the induced moments of the molecules influence 
each other, the relation is somewhat more complicated. 

The dielectric constant can easily be measured by well-known 
methods, for instance by determining the refractive index n of the 
substance for long waves (infra-red), which by Maxwell’s theory is, 
as we know, connected with e in this limiting case by the relation 
nr^^/e. As has already been remarked, the whole line of argument 
is valid only for substances free from dipoles. We give a short table 
of mean polarizabilities for inert gases and atomic ions, forms of 
similar structure being placed in the same row or column. We can 
recognize here the same order of succession in the values as in the 
previous case of the diameters; this was to be expected, since of course 
to a greater diameter there corresponds a smaller binding force on the 
outer electrons, and accordingly a greater polarizability. We remark 
specially that a has the dimensions of a volume; it is always in fact of 
the same order of magnitude as the molecular volume. 
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Table VIII — Mean PoLABizABiLmES of Ineet Gases and 
Atomic Ions. (The numbers denote a . 10^^ cm.®.) 



F“ 0-99 

Cl- 3-05 

Br- 4-17 

I- 6-28 

He 0-202 

Ne 0-392 

A 1*629 

Kr 2-46 

Xe 4-00 

Li+ 0-075 

Na+ 0-21 
Mg++ 0-12 
A1+++ 0-065 
Si++++ 0-043 

K+ 0-87 

Rb+ 1-81 
Sr++ 1-42 

Cs+ 2-79 


The polarizability of some neutral atoms (H, Li, K, Cs) has been 
recently determined by a method similar to the Stern-Gerlach experi- 
ment (§ 7, p. 166), namely, by measuring the deflexion of a beam of 
atoms in an inhomogeneous electric field (Stark, 1936). The results do 
not agree very well with theoretical computations from atomic models. 

We go on now to consider molecules with permanent dipole 
moment Here, in addition to the polarization effect just con- 

sidered, we have also the influence of the electric field on this per- 
manent moment. In the absence of an external field, the moments of 
the individual molecules will have all possible direc- 
tions, so that the gas is unpolarized. If an external 
field is applied, this tends to turn the individual 
dipoles round into the field direction (fig. 1); this ten- 

Fig. I. — Couple exerted by an external electric field on a molecule with 
permanent dipole moment. 

dency is opposed, however, by the thermal motion, which, as we have 
already frequently remarked, always has a smoothing out effect, and in 
this case acts in the sense of equal distribution of the dipole directions. 
Exactly the same relations are present here as in paramagnetism, 
where, as we have seen, it is a matter of the setting of the magnets 
in the direction of the magnetic field. For that case (see Appendix 
XXV, p. 322) we find a formula for the mean moment per unit volume, 
the field strengths being supposed not too great; we can apply that 
formula directly here, so that the polarization per unit volume due to 
the permanent dipoles is given by 

p =1 E 

SkT 

This is additional to the polarization determined by the polarizability 
of the molecules, and we therefore obtain a dielectric constant 
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where stands for the dielectric constant for the case of a vanishing 
permanent dipole moment. The value of the dielectric constant there- 
fore depends on two concurrent effects, one purely electrostatic and 
therefore independent of temperature, the other dynamical (orien- 
tation of the dipole moments) and a function of the temperature 
(Debye’s law (1912), analogous to Curie’s law for paramagnetism). By 
determining e exactly as a function of the temperature, we can there- 
fore separate these two effects, and so from a series of measurements 
of the dielectric constant deduce the polarizability and the magnitude 
of the permanent dipole moment. Here, however, it is taken for granted 
that € is measured in the electrostatic way. Eor if we were to proceed 
as above by determining the refractive index (for infra-red waves), 
we should always he measuring the first effect only, that is, the one 
dependent on the polarizability. This is due to the fact that the orien- 
tation process in the dipole moments cannot follow the rapid vibrations 
of the electric vector of the light wave; for this orientation requires 
a rotation of the whole molecule and accordingly a motion of the 
atomic nuclei, which on account of the great mass of the nuclei takes 
place far too slowly to be appreciably affected by the rapidly varying 
electric forces of the light wave. Hence here also we have 

>-\/£ q ='\/1 + 4 : 7 rNa , 

so that a measurement of the refractive index always gives the polari- 
zation effect only. This makes it possible to determine by a par- 
ticularly- simple method; n is measured optically and €q found from 
it, e being then determined by a statical measurement at a knowil 
temperature (Debye): 

4:'rrNpQ^ 

^ ZhT * 

We note further that the limitation to long waves is necessary in the 
determination of the refractive index, in order to keep clear of the 
region of anomalous dispersion ”, which is roughly characterized 
by the condition that the optical frequencies are of the same order of 
magnitude as the classical orbital frequencies of the electrons. In 
the long wave region, however, the electronic motion is much more 
rapid than the light vibration, so that the action of the light on the 
electrons depends only on the mean distribution of the electronic 
charge, or the polarizability. 

The results so obtained have recently been successfully verified 
for some substances by direct deflection of a molecular beam (§ 7, 
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p. 17) in a non -homogeneous electric field (Estermann, 1928). 

The following table contains a small selection from the very large 
number of published determinations of moments: 

Table IX — Dipole Moments of Molecules (in 10^® e.s.u.) 


Carbon monoxide 

.. CO 

0-12 

Carbon dioxide . . 

.. CO2 

0-0 

Water 

.. H2O 

1-8 

Methane . . 

.. CH4 

0-0 

Methyl chloride . . 

. . CH3CI 

1-9 

Methylene chloride 

. . CH2CI2 

1-6 

Chloroform 

. . CHCI3 

1-0 

Carbon tetrachloride 

.. CC14 

0-0 


With reference to this table we add some remarks. In general, 
molecules of symmetrical structure, such as COg, CH^, CCI4, &c., have 
no dipole moment . Since HgO possesses a dipole moment, its structure 
cannot be symmetrical. At the 


present time it is assumed to have 
the form of an isosceles triangle (see 
§ 6, p. 255). CO, as an asymmetric 
molecule, has of course a dipole 
moment. The series of chlorine com- 
pounds between methane and car- 
bon tetrachloride is interesting; 

Fig. 2. — Structural formulae of CH.t, CHaCl, 
CHaCla, and CHCl.,. Methane is symmetric, and 
therefore has no dipole ifioment; the other tliree 
compounds arc asymmetric, and more or less elec- 
trically polar. 



their structural formulae are shown in fig. 2. We see that the highly 
symmetric forms CH^ and CCI4 at the ends of the series have no 
dipole; in the intermediate cases dipoles are present, the gradations 
of which can be represented roughly in terms of vectorial compo- 
sition ” of elementa,ry dipoles. 

We have alrtaidy mentioned above that in the case of a gas free 
from dipoles = - ()) th(» (doctric field arising from a molecule, 
and consequently the interaction between the mob'-cules, are deter- 
mined by the qimilrufoh moment (electrical moment of inertia). This 
therefore malces a (iontribution in this case to the cohesive forces which 
act between the molecvules, and which in gases find their expression 
in the consta,nts of the equation of state (e.g. van der Waals’ equation, 
p. 20); they can be measured cither by means of these constants or 
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from the latent heat of vaporization, &c. We do not consider this 
further here, however, but merely refer to § 7, p. 255, where we shall 
return to the matter. 

We must add a remark with regard to polarizability. In what 
precedes we have taken account only of the mean value of a over all 
directions — a procedure which, in the case of a gas, whose molecules 
ban rotate freely, is certainly permissible as a first approximation. 
But by suitable experiments we can also determine the anisotropy 
of the polarizability, and so also form for ourselves a picture of the 
anisotrojpy of the electron cloud. We have already mentioned (p. 230) 
that the polarizability is a tensor, and can be represented by the 
so-called ellipsoid of polarization (see fig. 3). This has the following 

properties. The three principal 
axes of the ellipsoid, a^, a^, a^, lie 
in the directions of the least and 
greatest polarizability, and the 
direction perpendicular to both of 
these; if electric field strengths of 
unit amount act in succession in 
these three directions, the lengths 
of the axes give the electrical 

Fig. 3.— Diagram of the relative position of 
field and dipole moment in the case of an aniso- 
tropic molecule. 



dipole moments corresponding to the respective cases. If we now 
let the unit electric field strength act obliquely to these three special 
directions, we can determine the polarization of the molecule by 
splitting up this field strength into its components in the three 
special directions, and determining the polarization efiects of these 
three components separately; the total moment is then found by 
vectorial addition, and it is clear that in general the direction of the 
acting field strength does not agree with the direction of the induced 
dipole moment. 

This has a marked effect on the polarization relations in the case 
of the scattering of light. Let us consider in the first place (see fig. 4) 
the case of the isotropic molecule or atom (atoms are in this sense 
always isotropic). If a light wave falls on this molecule, the electric 
vector E of the light wave excites in the molecule an electric moment 

which is parallel to the exciting field strength, and in phase with it; 
a scattered wave is therefore emitted having the same frequency as 
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tlie primary light. If we observe the scattered light in a direction 
perpendicular to the incident beam, we find that it is completely 
polarized; this is easy to understand, for its electric vector, which is 
determined by is always parallel to the vector E of the primary 
beam. This is not so for the anisotropic molecule, in which, as we 
have just seen, the induced dipole moment in general has a different 
direction from the exciting electric vector. If in this case again we 
observe the scattered light in a direction at right angles to the incident 
beam, we find that it is no longer completely polarized, but only 
partially; in the scattered light there now occurs a component of the 
electric vector at right angles to the incident light vector E, If we 
make an experiment with the polarization apparatus, we no longer 
find, as we did before, a position of the 
nicol for which the field of view is com- 
pletely dark. In this case we speak of the 
depolarization of the scattered light (Born 
(1917), Cabannes, Gans). By measuring the 
degree of depolarization, we can draw con- 
clusions with regard to the anisotropy of 
the polarizability; for example, in the case 
of axisymmetric molecules (in which two of 

Fig. 4. — Depolarization due to the anisotropy of the polariz- 
ability. (<2) In an isotropic molecule the induced dipole moment 
vibrates in the direction of the electric vector of the light wave. 

(A) In an anisotropic molecule it vibrates obliquely to E, and 
causes depolarization in the scattered light. 




the axes of the ellipsoid of polarization become equal: = ag), we 

can find, as an exact analysis shows, the value of — a^. Since we 
can determine the mean polarizability by other measurements, we 
obtain in this way complete information regarding the lengths of the 
axes of the ellipsoid of polarization. 

The same result can be obtained from the Kerr effect (1875). In a 
statical field E, even in the absence of a permanent dipole moment 
(j 9 (j 0), anisotropic molecules are subjected to a couple, since the 

direction of the induced dipole moment does not fall in the field 
direction. This couple is again in the present case opposed by the 
thermal motion, which tends to produce a uniform distribution of 
direction, so that the molecules become partially oriented in the field 
direction, to an extent dependent on the temperature (Lange vin, 1905; 
Born, 1916). But it can be shown that such a substance behaves 
towards light passing through it exactly like a doubly refracting 



MOLECULAR STRUCTURE 


[Chap. 


238 

uniaxial crystal. In tMs case, again, naeasurement of the double refrac- 
tion gives for axisymnaetric naolecnles tbe value of — (it (Gans 
(1921), Cabannes, Raman, Stuart). We may remark fxirtber that the 
effect in question is much employed in modern technical work; it is 
the basis of the Kerr cell (Carolus), extensively used in television 
technique as a light relay. 

We come now to the determination of the distances between the 
nuclei, the frequencies of the nuclear vibrations, and other molecular 
properties connected with the nucleus. Here optical methods of a 
special sort play a part which we shall consider in next section. 


8. Band Spectra and the Raman Effect. 

We disregard in the first place the relative motions of the nuclei. 
A diatomic molecule, so far as its mass distribution is concerned, can 
be pictured as a nearly rigid dumb-bell, since of course the ehxitrons 
by reason of their vanishingly small mass form an inappreciable factor 
in the mass distribution. This dumb-bell can turn round an axis fixed 
in space, and so possesses angular momentum, which according to 
Bohr must be quantised. If j is the quantum number of this angular 
momentum, the energy of the rotating dumb-bell is given on Bohr’s 
theory (p. 100) by 

0'= 0. 1. 2. ■ . .) 


or, according to quantum mechanics (p. 129) 




877-2A 


jU + !)• 


We have called the latter energy term the Deslandres term (as con- 
trasted with the Balmer term). Here A is the moment of inertia of the 
dumb-bell about an axis through the centroid at right angles to the 
line joining the nuclei, and is easily found in terms of the nuclear 
distance and the masses of the two atoms. Thus, if are the dis- 
tances from the centroid of the atoms of masses the nioinent 

of inertia is by defimtion A = m 2 r 2 ^; also = ^. 2^2 and 

ri -f- ^2 = r, where r is the nuclear distance, which we wish to find. 
If then we denote by m the effective mass, i.e. if we take 

I 1,1 mMo 

_ = — -I- — ^ or ^ 

m mi m 2 mi -f 
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we have for the moment of inertia 

A = mr^. 


The nuclear distance can therefore be found if we know the values 
of the Deslandres terms, which can be determined from the emitted 
rotational band spectra. We have already pointed out (p. 101) tliat 
the spectrum emitted by a rotator consists of a series of equidistant 
lines. In fact, as we have already repeatedly stated, in simply periodic 
motions there is a selection rule A^' = dz Ij so that the emitted fre- 
quency is found as the difference of two consecutive energy terms: 


Ej — h 

I ^2 




= ^ ■ ' 

By measuring the separation of the lines, we therefore g(it A, 

and accordingly r also. It is assumed, however, in this method of 
deduction that the initial and final states of the ole(;‘-tronic system iiro 
identical, since a difference in these would involve a cliaiigo in. the 
nuclear distance also; moreover, we have disregarded any possible 
oscillations of the nuclei relative to one another. The purely rotational 
bands are not very suitable in practice, however, for tlu.^ determiiuiiaon 
of nuclear distances, since they lie in the extreme infra-r(Ml. We can 
easily make a rough, estimate of their position. Thus, atomic, rnasst^s 
are of the order of magnitude to 10“^'^ gm., the nuch^jvr distu-ruH^s 
are about 10-^ cm., giving moments of iiuntia of a{)proxiinately 10 to 
10~35) cm.*-^. We thus find for the fixMpiencies valiums from 10'' to 10^^ 

sec."^, and theixvfore fractions of a centimetre for wav(‘,-l(‘,ngths. 


Tablu X 

NncraoAR Di.stancus and Momknt.s of 
iNFirriA OF TIIF HydROOKN liAIJDES 



r . lo" rnu 

A . 10*“ Kin. cm.'* 

HF 

o-nn 

1 '.‘ir) 

HCl 

1-28 

24)() 

11 Hr 

1*42 

.‘Mil 

111 

14)2 

4 in 


Above we give a table of a, few niub^aa* dista, rices a.nd nionumis of 
inertia found by nn^ans of the infra-iXMl bands. 
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In polyatomic molecules, we Lave different moments of inertia 
about different axes, and must determine ttem separately. 

Tbe circumstances become distinctly more favourable, if we also 
take into account tbe nuclear vibrations. We spoke at the outset of 
equilibrium of the forces between the nuclei and the mean distribution 
of the charges of the electrons. Round the position of equilibrium, 
which of course must be stable, the nuclei can oscillate, and the whole 
electron cloud pulsates along with it. The whole molecular energy, 
after deduction of the kinetic energy of the nuclei, is to be regarded 
potential energy, F(r), of the nuclear motion] this therefore includes, 
besides the pure Coulomb energy of the (positively charged) nuclei, the 
mean electronic energy, or, more exactly, the averaged energy of the 
electronic motion, calculated on the supposition that the nuclei are 
kept fixed. Rotations of the molecule as a whole are in the first instance 
disregarded. The equilibrium position of the nuclei is defined by the 
minimum of F(r); hence the equilibrium 
nuclear distance r^ is given by {dV Idr).^.^ = 0. 
Such a minimum necessarily exists, as other- 
wise no molecule having a finite nuclear 
distance could be formed at all. Eig. 5 



Fig. 5. Graph of potential as a function of the distance 
between the two atoms combined in a molecule. The position 
of equilibrium is at Tq. 


shows diagrammatically a potential curve of the type in ques- 
tion. From the minimmn at the potential rises very steeply as r 
becomes smaller, the Coulomb repulsion between the two nuclei pre- 
ponderatmg here; in the direction of greater nuclear distances the 
potential curve flattens and asymptotically approaches a definite 
lumtmg level, which m the diagram has been arbitrarily taken as the 
zero level; this corresponds to the case of nuclei which are far apart, 
so that the molecule IS practically completely split up into its con- 
stituent parts. In this position the potential energy V(r) of the 
nuclear motion is simply equal to the constant electronic energy 
separated atoms, and can therefore be normalized to 

- - - - 
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7(r)= 7(ro) + 



For not too great amplitudes, tterefore, tEe nuclei vibrate like bar- 
monic oscillators, since of course in this case tbe restoring force is 
proportional to the distance; we can therefore apply the formulae for 
the harmonic oscillator, which from the classical standpoint 
lead to the energy levels 

E, = hv^s {s = 0 , 1 , 2 , . . .), 

and from the standpoint of wave mechanics to the formula 

+ i); 

the first formula was deduced in § 2 (p. 101), the second is obtained 
by solving the wave equation of the harmonic oscillator (p. 124, or 
Appendix XVI, p. 295). The proper frequency Vq is determined by 
the restoring force, being given, as we may easily prove, by the equation 

= L /T7?r\~ 

277^ m\dr^ / rj 

By the rules of differential geometry (dWIdr^)^^ is equal to the curva- 
ture of the potential curve at the point r = Tq, so that the result can 
also be expressed in the following form: the greater the curvature of 
the potential curve of the nuclear motion at the position of equilibrium, 
the greater is the proper frequency, and the higher are the corie- 
sponding energy levels. 

The foregoing formulm, as has already been mentioned, only hold 
for small amplitudes of vibration, or, what comes to the same thing, 
for the low quantum numbers. In the case of the more highly excited 
states, the deviation of the potential curve from the parabolic form 
has the eilect of making it no longer allowable to treat the vibration 
as that of a harmonic oscillator; the formulae deduced above have to 
be supplemented by corrections, which alter the values of the terms; 
when the quantum number s increases, the terms in fact crowd more 
and. more clos(‘ly t.ogether as they approach the so-called convergence 
limit (fig. 6). This limit corresponds to the dissociation of the mole- 
cule; it requires a quantity of energy equal to the depth of the potential 
hollow below the asymptotic limiting value of F(r), that is, the quantity 
7(oo) — F(rQ); on excitation by this or a greater quantity of energy 
the molecule splits up into atoms or ions, which then move apart with 
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a definite velocity, given by tbe excess energy. In the spectrum, 
this finds its expression in the fact that a band occurs with a conver- 
gence limit, which is immediately followed by a continuum (Franck). 
Erom the position of the Hmit we can determine the dissodaiion energy^ 
and that much more exactly than by the thermal measurements used 
in chemistry. Thanks to this principle, the work of separation is now 
well known for a great number of molecules, for example, 

Hg : 101, N 2 : 210, Og : 117'3 kcal/mole. 

To give some idea of the order of magnitude of the 
frequencies of vibration, we quote here a few funda- 

Fig. 6 . -—Term scheme of a vibrational band. The discrete energy levels converge 
towards a limit, which corresponds to the dissociation of the molecule; immediately 
above this a continuum follows, signifying that after dissociation the components 
01 the molecule have kinetic energy, and fly apart. 



meutal vibrational frequencies (after Czerny), in the form of 
wave numbers: 

HP : 4003 cm.-i, 

HCl : 2907 cm - 1 , 

HBr : 2575 cm.“i. 


For comparison, we give also the corresponding fundamental rota- 
tional frequences : 

HF : 41*1 cm.-^, 

HCl : 20*8 cm.~^, 

HBr : 16*7 cm.^^. 


It wiU be observed that the vibrational quanta are very decidedly 
larger than the rotational quanta. ^ 

vibrations we have disregarded the 

E When absorption takes 

£ simultaneously; 

tfie energy is then given approximately by ^ 

877^.4, 


= hv,{s + I) + + j). 


the energy quanta of the rotational motion are for a first ar>i-.rovi'- 
^s' which tris^'^fr^ vibrational energy terms. The frequen- 

Ai=0 1 +1 i selection rules 
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are tlie frequencies which give the rotational-vibrational bands; in 
consequence of the large value of the proper frequency Vq they lie in 
the short wave infra-red. The addition of the vibrational quantum 
hv(^ therefore causes the whole spectrum to be displaced in the direc- 
tion towards shorter waves, i.e. into the region which can be reached 
fairly easily by experimental methods; still, the law of succession of 
the rotational lines is more complicated here than in the case of pure 
rotations, since the moment of inertia, which is determinative for the 
separation of the lines, depends on the vahie of the nuclear distance 
for the time being, and may be different in the initial and final states. 

The energy terms j written down above do not give the com- 
plete scheme of terms, since we laid down the condition that the 
electronic state of the molecule does not change in the rotational and 
vibrational transitions. But the electronic state can be altercMl by 
absorption or emission of light; for the molecule, exactly as for the 
atom, there are excited states, which are distinguished by quantum 
numbers n = 1, 2 , . . . . To every such state there corres|)onds a 
particular potential energy of the nuclear motion, wliich is found 

by averaging; we therefore obtain different curves for tlio pot(‘ntial 
of the nuclei, corresponding to the separate excitation lev(^ls of the 
electronic motion. The horizontal asymptotes (r co ) of thes(^ c.urvc^s 
give the differences of energy in the end 
products occurring in dissociation. If, for 
example, molecular hydrogen II2 dissociates, 
it splits up, according to the electronic state 
of the molecule, either into two hydrogen 
atoms in the ground state, or into an un- 
excited and an excited liydrogen a.tom, or - 
into two excited atoms; to tlie. various 
energies of the products of dissociation 

Fig. 7. — Potential curves for honiopolar hiiuling (lU as 
example). One curve has a potential minimum (attraction); ^ . ,, 

the other correspondvS to a pure repulsion. ^ ^ ^ ^ ^ "oCq 



there correspond the various horizonta.] a.,syiu|)toti(‘H of t.hc |)ot,('ntia,l 
curves for the miclear vilirationa. 

In fig. 7 two potential curves ar(\ shown, one of vvhiefi, Ky. [lossesseH 
a minimum, and therefore, makes a stahk; elKunii^al hindiug po.ssihks 
while the other, £'2, steadily falls; the latter of coursis do(\s not eori'e- 
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spond to any cLenncal binding, but to a repulsion between the atoms, 
since its lowest state represents the state of atoms infinitely far sepa- 
rated. This double possibility occurs even in the case of the hydrogen 
molecule (see § 6, p. 253). 

In the case of simultaneous excitation of higher electronic states, 
of vibration and of rotation, the total energy is given approximately 
by the formula 

where represents the pure electronic energy, as determined by the 
energy difference between the minima of the various potential curves. 
The presence of E^ has the effect of displacing the bands into the 
visible or ultra-violet region, since the order of magnitude of the 
frequency determined by transitions from one electronic state of the 
molecule into another is the same as that of electronic transitions in 
the case of atoms; the combination of an electronic jump with a 
transition in the vibrational and rotational state implies the emission 
of a rotational-vibrational band in the region of wave-lengths fixed 
by the electronic transition. The appearance of these bands is the 
same as that of the pure rotational-vibrational bands, except for the 
fact that small “ perturbations ’’ occur, which are due to the inter- 
action between the electronic and the nuclear motion (for example, 
alteration of the proper frequency of the nuclear vibration by an 
electronic jump) (fig. 8, Plate VIII, p. 168). 

The electronic terms E^ for diatomic molecules admit of similar 
classification to those of atoms. Here, however, we cannot use the 
orbital angular momentum for this purpose, as in the case of atoms 
(i = 0, 1, 2, . . . ; S, P, D . . , terms), since the electron cloud has 
no longer a fixed total angular momentum, as it has in atoms; for the 
line joining the nuclei represents a specially distinguished direction 
in the molecule, and it rotates in space (rotational terms), carrying of 
course the electron cloud along with it. The component of the electronic 
angular momentum in this special direction is quantised, however, not 
being affected by the rotation of the molecule as a whole. The quantum 
number of this angular momentum component is denoted by A, and, 
in analogy with the atomic case, the terms are designated by Greek 
capital letters, corresponding to the value of the quantum number: 

A=0 1 2 

S n A ... terms. 

We may also mention that special features appear in the scheme as 
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developed so far, if a molecule consists of two equal nuclei; degeneracies 
then occur, which express themselves in definite typical alterations in 
the spectrum (dropping out of certain lines). 

Finally, we must refer to a complication which arises from the 
fact that the nuclei are really not point charges, but have a structure. 
The most important effect of this is the nuclear spin. The inner 
angular momenta of the nuclei have to be added vectorially to the 
angular momentum of the rest of the system, due to the rotational 
motion of the nuclei and electrons, with their spin. In the case of 
two equal nuclei, very large degeneracy effects arise from this cause. 
The simplest case is that of the molecule Hg. Here we have as nuclei 
two protons, each with the spin Vectorial composition gives 
I — 1=0, or|+|=l5 “the latter case the resultant nuclear 
moment 1 can have three settings with respect to the moment of 
the rest of the motions, determined by the possible components 
— 1, 0, +1 of the vector of length 1. These states have all the same 
probability. Hence, molecules with nuclear moment 1 will be three 
times more frequent than those with the nuclear moment 0. Further, 
it is found that practically no transitions take place spontaneously 
from the one sort of molecule to the other (Heisenberg, Hund); they 
exist almost independently of each other, and so they have been 
given names. Molecules with the moment 0 are called parahydxogen; 
those with the moment 1, orthohydrogen. Ordinary hydrogen is a 
mixture of these in the ratio 1:3, as is shown by many properties, 
especially the specific heat (Dennison, 1927); but orthohydrogen, which 
has the higher energy content, can be converted into parahydrogen by 
means of catalytic effects, such as adsorption at surfaces (Bonhoeffer 
and Harteck, Eucken and Hiller, 1929). The difference in respect of 
energy arises from the fact that the paramolecules with the spin 0 can 
only have even rotational quantum numbers, and orthomolecules with 
the spin 1 only odd ones; the lowest state with quantum number 0 
belongs therefore to parahydrogen. Since the latter occurs in ordinary 
hydrogen in the ratio 1 : 3 as compared with the ortho -modification, the 
intensities of the band lines are in the same ratio. Such a variation 
in the intensity of band lines occurs in all molecules which consist of 
two equal atoms with nuclear spin, and makes it possible to determine 
this spin. The method has already been mentioned (p. 178). 

Band research has already developed into a science of considerable 
dimensions. The investigation and analysis of band spectra gives very 
far-reaching information regarding the structure of niolecules. For 
the interpretation of the extensive experimental material which lias 

(e 908) 17 
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been collected, ingenious matEenaatical methods, snch as group 
theory, considerations of symmetry, and so on, have been called 
into service. 

To conclude this section, there is one other phenomenon we should 
like to discuss, viz. the Raman effect. Let it be mentioned before- 
hand, however, that this is not a revolutionary discovery, like, for ex- 
ample, the discovery of the wave nature of the electron, but an effect 
which was predicted by the quantum theory (Smekal (1923), Kraniers- 
Heisenberg) some years before it was found experimentally, though 
it can also be explained within the framework of classical physics 
(Cabannes (1928), Rocard, Placzek); its great importance rests rather 
on the facility with which it can be applied to the study of molecules, 
and on the colossal amount of material relating to it which has been 
accumulated so quickly. The effect was discovered simultaneously 
(1928) by Raman in India, and by Landsberg and Mandelstam in 
Russia. They found that scattered light contains, in addition to the 
frequency of the incident light, a series of other frequencies. 

The classical explanation of this effect is as follows. If a light wave 
EQCo^^TTvt falls on a molecule, it produces in this molecule a 
dipole moment 

^ = aE^ cos277V!5, 

where a denotes the polarizability tensor. As we have already re- 
marked, the direction of the induced polarization is not in general the 
same as that of the exciting field strength. In the present case what 
we have to consider is the effect produced on the induced polarization 
by the state of the molecule as regards rotation and vibration. For, 
when^ the molecule rotates, the ellipsoid of polarization turns along 
with it, and the induced dipole moment therefore vibrates in the same 
rhythm. Similarly, when the nuclei oscillate, the whole electronic 
system also does so, and this again causes an oscillation of the polariza- 
bility in the same rhythm; in fact, since the electronic motion round 
the nuclei is much more rapid than the oscillations of the nuclei them- 
selves, we can use the averaged electronic distribution when we are 
considermg the effect of the nuclear vibrations on the polarizability. 
From the Fourier series which represents the influence of the rotations 
and vibrations on the polarizability we pick out a single term v,, and 
write a in the form 


a — cxq -f- COS {27rVst + §); 

here § denotes an undetermined phase which varies from molecule to 
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molecule. If we substitute this expression in the form 
moment, we find 

^ cos 27 n^^ -f- cos 27 rv^ cos ( 27 ri^g^ -|- S) 

+ {cos [2it(v H- Vs)t + S] + cos [27t(v — v^)t — 8]}. 

The vibration of the dipole moment may therefore be regarded as due 
to the superposition of three vibrations with the frequencies v, v + 
and V — Vg. Since the dipole moment is the cause of the scattered 
light, the latter contains the frequencies v + ^iid v — Vg in addition 
to the frequency v of the incident light; moreover, since the phase S 
is arbitrary, the three vibrations are incoherent. Precisely the same 
holds good for all the rotational and vibrational frequencies of the 
molecule. 

The spectrum of the scattered light is therefore a sort of band in 
the neighbourhood of the incident line, from which the rotational and 
vibrational frequencies can be read ofi, exactly as in the case of 
emission and absorption bands. The advantage of the method, how- 
ever, is that the whole band is situated at a part of the visible spectrum 
which can be chosen at will, its position depending only on the choice 
of the irradiating frequency. Thus, for example, we can determine the 
constants of the ground state of the electronic system by observations, 
in the visible spectral region, of the separations of the lines of the 
bands, while the corresponding emission bands lie far in the infra- 
red. It should be noted that the displacement of the bands into the 
visible, by observation of the rotational-vibrational bands in the case 
when a simultaneous electronic jump is involved, does not give the 
molecular constants of the unexcited natural ” state, but those of 
some excited state, which in general does not interest the cbemist. 

With regard, however, to the intensity relations in the Raman 
lines, special features are found, 'which do not admit of explanation 
on classical lines; for example, the component of the scattered 
light with the frequency v — is much stronger than the one 
with the frequency v + This phenomenon can be understood at 
once in the light of the following simple quantum consideration. If 
an incident light quantum hits the molecule, it may as a first possi- 
bility be scattered without loss of energy. It may, on the other hand, 
excite the molecule, and so give up to it the vibrational energy hv,\ 
in the scattered light the light quantum then appears with the energy 
h{v Vs). In rare cases, again, it may happen that a light quantum 
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liits a molecule wMch. is already excited; it may then take energy 
away from the molecule, the latter falling into the lower state, while 
the light quantum flies on with energy 'h{v + v^), tience on the long 
wave side the Raman lines are strong, but only a few weak lines lie 
on the short wave side. 

The Raman effect has come to be of the greatest importance for 
molecular research, since it is comparatively simple to observe, and 
makes it possible to reach exact results regarding molecular structure 
in many cases, from the mere consideration that certain lines occur or 
do not occur. The following example serves to illustrate these remarks. 

The molecule NgO, assuming rectilinear arrangement, might have 
either of the forms NON or NNO. The question is how we can dis- 
tinguish between these alternatives. Now the first form is obviously 
symmetrical, the second not. But, among the vibrations taking part 
in the Raman effect, those belonging to a symmetrical molecular 
structure differ characteristically (in the number and polarization of 
the lines) from those belonging to one which is unsymmetrical. Thus 
we can deduce without ambiguity from experiment that the non- 
symmetric form NNO is the correct one. Similar considerations can 
also be adduced with respect to complicated molecules (for instance, 
the symmetric structures methane, CH4, and carbon tetrachloride, 
CCI4), but we cannot go into this here. 

4. Chemical Binding. Classification of Types of Binding. 

Hitherto we have considered the electronic system of the molecule 
as a whole, and confined our attention in the main to properties and 
effects in relation to which the molecule is regarded as a given struc- 
ture, We must now proceed to deal with the question which to the 
chemist is the specially interesting one, viz. how a molecular binding 
can come about at all, or how our molecular model is produced from 
the individual separate atoms. 

We distinguish several different kinds of chemical binding, but 
between the principal sorts all possible intermediate stages occur. In 
our classification we adhere to the distinction drawn by Eranck, accord- 
ing to which the decisive criterion is whether a molecule in dissociating 
tends more readily to split up into ions or into neutral atoms. It is 
true that the type of dissociation sometimes depends also on the 
excitation level of the molecule; still Eranck’s criterion gives in all 
cases a suitable point of view for the classification of binding. We 
therefore distinguish the following cases: 

I. The molecule splits up into ions in dissociation by electrolysis 
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or in consequence of absorption of radiation; tbis kind of binding is 
called ionic binding. The extreme case of this type of binding is that 
in which the atoms are charged even in the molecule, so that they are 
present as ions; the binding is then explained by their Coulomb 
attraction. In this case we speak of polar (or heteropolar) binding. 
The typical case of this kind of binding is that of NaCl. About 
a hundred years ago it was conjectured by Berzelius that all 
chemical forces are really of electrostatic nature. The hypothesis 
was dropped, however, on account of the difficulty of explaining 
in this way the binding of atoms of the same kind (e.g. 
Hg, Ng, . . .), which cannot possibly be of polar nature. It was 
only after it had become possible, by observation of electrolytic 
behaviour, of dipole moments and the like, to demarcate polar mole- 
cules in some measure from others, that the hypothesis of Berzelius 
was revived; it holds good for a limited class of bindings only, but 
within this range, as has been shown by Lewis and Kossel (1916), is 
capable of yielding important results. 

II. The molecule breahs up into atoms, as, for instance, in the case 
of thermal excitation, or in consequence of absorption of radiation; 
we speak in this case of atomic binding. Here there are several sub-cases 
to be distinguished: 

1 . Atomic bindings with saturation of valency: valency bindings 
(also called homopolar bindings)', to these belong in the first place the 
diatomic gases, such as Hg, N 2 , O 2 , as well as most organic compounds, 
for instance, CH 4 , 

2 . Loose bindings without saturation of valency, due to the van 
der Waals forces; cohesion bindings. 

3. Bindings which are effective, for example, in the case of the 
lattice formation of metals, and which we comprise under the name 
metallic bindings. 

L A series of bindings which do not admit of inclusion in the 
above scheme, such as the benzene binding, the diamond binding, and 
other similar binding types. 

Between these various groups there is of course a series of inter- 
mediate stages, which will not, however, be considered here, the next 
sections being confined to a discussion of the most important of the 
types of binding mentioned above. 

* The nomenclature is not quite fixed, but that given here seems to he gradually 
becoming established. As a matter of history, it may be noted that the distinction 
between heteropolar and homopolar binding wa.s first drawn by Abegg; the separation 
into ionic and atomic binding, with tlie criterion of the dissotuation products, was 
introduced by Franck. 
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5. Theory of Heteropolar Ionic Binding. 

How this binding comes about, we have already indicated above; 
we shall now consider the question a little more fully (Kossel, Born and 
an e, 1918). The atoms which come next the inert gases are al'ways 
striving to become converted into the inert gas configuration, by taking 
up or giving up electrons. In the alkali atoms the valency electron 
moves outside a closed shell and is comparatively loosely bound— the 
alkalies have a very small ionization energy I (see the numerical values of 
the ionization potential in Table IV, pp. 163, 164, 165). Conversely, in 
the halogens there is one electron too few to make up a closed shell, 
which, as we know, represents a very stable electronic configuration; 
n to Piok up an electron in order to complete 

if- \ ^ electronic affinity E; it is given by the energy 

which IS set free when the electron settles in its place. Strictly con- 
necte with these concepts is that of electrovalency, positive electro- 
va eMy being the number of electrons loosely bound and therefore 
outside a closed shell in the atom, and negative electrovalency the 
number of electrons required to complete the inert gas configuration. 

Ihe genesis of an ionic binding may be pictured as a process con- 
sisting of two steps. In the first, the two reacting atoms become 
charged in opposke senses; thus, for example, Na + Cl = Na+ ■+ C1-. 
The second step is the attraction between the two ions in accordance 
with Coulomb s law; the energy of the attraction is —e^jr. By itself, 
this would lead to the absolute coalition of the two ions; however, 
at small distances repulsive forces come into play, which can be 
accounted for by quantum mechanics. To represent them, a law of 
^ e oim /r’* has been tried, with good success; quantum mechanics 
pves approximately an exponential law which has been found 
to answer even a little better. The position of equilibrium is then 

of energy 

and the Coulomb energy has a minimum value. 

In the gas molecule, in consequence of the one-sided action of the 
electric forces, the electron clouds of the two ions are of course very 
much deformed, so that the analysis of the ionic binding becomes 
extremely difficult. The circumstances are simpler in crystals 
especially in the highly symmetrical ones of the rock salt (cubic 
ace een re , g. 9) and similar types. In these the deformation dis- 
appears on account of the symmetry; in a rock salt lattice the same 
force IS exerted on four sides on a chlorine ion by the neighbouring 
sodium ions, and a similar result holds for the more distant ions. Thus 
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we can calculate the lattice energy, that is, the energy XJ which must 
be supplied in order to break up the lattice completely. It is given by 
a sum of the form 



the summation being taken over all the lattice points; here we adopt 
the same hypothesis as before with 
regard to the repulsive forces. The 
evaluation of this sum presents con- 
siderable difficulties, since the first 
or Coulomb part is only slowly con- 
vergent; the acting forces certainly 
diminish as the distance increases, 
but on the other hand the number of 
ions, at the same distance from a 
given ion on which they act, increases 

as the square of the distance. Advan- Fig. 9.— Face-centred cubic lattice 

tageous methods of evaluating such 

lattice sums have been given by Madelung and Bwald (1918); the 
expression found for V has the form 



where 8 is the lattice constant, i.c. the distance of a sodium ion from 
the nearest chlorine ion; a, which is called Madelimg’s constant, 
depends on the lattice type, and for NaCl has the value 1-75. To de- 
termine the other constants, ^ and n, which are unknown initially, 
two equations are available. There is first tlu‘. equation of equilibrium 
dUldS^ 0, expressing that the lattice energy is a minimum; secondly, 
dWIdB^ is the force needed to compress the ciystal by a certain 
amount, and so can be determined experimentally. For the alkaline 
halides values of n between 6 and 10 are obtained in this way. Better 
results are found by using the cxpommtial law for the repulsive 
force, as given by wave mechanics; the constant p is found to have 
approximately the same value for all the alkaline halides, viz. 
p A. (Born and Mayer, 1932). 

The results predicted by the theory can be tested directly. Thus, 
an experimental determination of lattice energies by J. Mayer, by 
means of thermal dissociation, showed good agreement for several 
salts. It is also possible to test the theory indirectly by calculating 
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the electronic affinity of a halogen derived from diffexent salts (say of 
Cl from the compounds LiCl, NaOl, &c.), with the help of the following 
cyclic process (Born, 1919; Haber); 


NaCl solid 



N'a+ gas, CL gas 


Ka solid, CI 2 gas 


-D 


Na gas. Cl gas 


We start with solid rock salt (crystalline). By adding the lattice 
energy TJ (energy supplied is to be estimated as positive), we break tip 
the crystal into ions. By further addition of the energy E correspond- 
ing to the electronic affinity of Cl, we can remove th.e excess electron 
from the Cl"', whereupon the Na+ ion picks this electron up, at the 
same time giving up the ionization energy I, and so forming neutral 
Na gas. This gives up the heat of sublimation 8 of metallic Na, and is 
converted into solid sodium, while the atomic Cl gas gives up the 
dissociation energy D of the halogen and is converted into molecular 
CI 2 gas. By the action of this gas on the Na metal, crystalline rock 
salt IS formed, the heat of formation Q being given up; and thus the 

cycle is closed. The energy of course must balance, so that w(! must 
nave 


tj-i + e-s-b-q^q. 


Here aU the quantities are known except the electronic affinity E, 
\ thermal and electrical measurements, arid U 

irom the lattice theory; and we can therefore calculate E from the 


Table XI.- 


-ttlectromc affinity ii ot U1 fro 
chlorides (in kcal per mole) 






LiCl j 

NaCl 

KCl 

RbCl 

CsCI 

1 Mean 

85-7 

86*5 

87-1 

85-7 

87.3 

86*5 


Table XII. — Electronic affinities of the 
halogens (in kcal per mole) 


E 

Cl 

1 

Br j 

J, 

95-3 

1 86-5 

1 81-5 

1 74’2 


SthiTame^}.!!!" be found from all salts 

be the case ^ a good approximation, is found to 

in the ' chlorine salts, for example, the values shown 

0" a TkZCr^ Table XI -- 
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Recently, Mayer Fas succeeded in confirming these results by direct 
measurement, by means of molecular rays. It may be mentioned 
further, that for ions in solutions of salts there exists an absorption 
spectrum, which is referable to this process of liberation of the 
electron from the halogen ion; by taking into consideration the action 
of the surrounding medium (water), the electronic affinity is verified 
to a rough approximation (Franck and Scheibe). 

6. Theory of Valency Binding. 

We proceed now to consider the so-called valency binding. Here 
(according to Lewis, 1923) experience shows that such binding is 
frequently associated with the existence of an electron pair, which is such 
that each of the pair is shared by, or belongs to both of, the two 
atoms which are combined with each other. The hydrogen molecule 
is to be regarded as the simplest case of this kind, being built up from 
two equal nuclei and two electrons. 

A method of dealing with the problem of the hydrogen molecule 
by quantum mechanics was pointed out by London and Heitler (1927). 
The following practical electrical example is exactly analogous to the 
case we are to consider, and may help to make the treatment of the 
general case easier to follow. If two like electrical oscillating circuits 
are brought close to each other, the original frequency of each being 
pq, the coupling throws them to some extent out of tune, pq being 
split up into two different frequencies, one higher than Pq and the 
other lower, so that beats are produced by the combination. The 
conditions in the hydrogen molecule are analogous to those mentioned; 
the two oscillating circuits are represented by the electrons revolving 
round the nuclei (in separate atoms). The coupling puts them out of 
tune a little, and we thus get a frequency somewhat higher than Pq 
and one somewhat lower. But, as we know, to every frequency Vq 
there corresponds an energy hp^; hence the undisturbed energy 2Efy 
of the two separate hydrogen atoms gives rise to a somewhat lower 
and a somewhat higher energy of the coupled system 

= 2^0 - ^2 = 2^0 + W ,{ R ), 

where lTi(i?) and Tf2(J?) denote practically the coupling energies, 
which depend on the distance R between the two atoms, i.e. the nuclear 
distance (see Appendix XXXI, p. 340). The state represented by E-^ 
possesses less energy than the dissociated state (separate hydrogen 
atoms), and therefore corresponds to a binding; Eo denotes repulsion 
of the two atoms (see fig. 7, p. 243). The energy Wj{R) corresponds 
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to tlie frequency witE which the deformation of the wave functions 
by the interaction oscillates from one atom to the other. Since the 
square of the amplitude of a wave function represents the probability 
of finding a particle at a given place, this can be interpreted as an 
exchange ” of the two electrons. Therefore is called exchange 

energy’’. 

The phenomenon of valency saturation is explained by PaiiWs ex- 
clusion principle. Just as in the case of atoms, so also in that of mole- 
cules the atoms, in consequence of this principle, become arranged 
in shells round the two nuclei. In the hydrogen molecule, the two 
electrons are in the ground state in the innermost shell they must 
therefore, like the two electrons of a K shell, have opposite spins. Thus, 
in the attraction-state the spins of the two electrons are antiparallel; 
on the contrary, it may be shown that in the state E 2 the spins would 
be parallel. Here again “ closed shells ” represent specially stable 
states, and a chemical binding will easily come about if, in the mole- 
cule, saturation of the spins of the outer electrons occurs, that is to 
say, if a closed shell is formed. Generally, only those el(3ctrons in an 
atom, which do not already form an antiparallel pair with another 
electron, co-operate to a first approximation (the atomic distance R 
being great) in the binding. The number of spins not compensated is 
equal to the number of free valencies of the. molecule (atom). The 
true [liomopolar) valency is therefore equal to the number of electrons 
with spins not saturated^ As examples we take the first two rows of the 
periodic table. In the first row we have H and He. Univalent hydrogen 
we have already discussed. Helium possesses two spins already satu- 
rated in a closed shell, and is therefore chemically neutral. Tlie first 
element in the second row, Li, is, like hydrogen, univalent; it has one 
radiating electron outside a closed shell. With Be another electron 
comes in, whose spin becomes saturated in presence of the first L 
electron; Be should accordingly, like He, have valency 0. Actually 
it has valency 2, the explanation possibly being that it is only after 
excitation that the directions of spin in the two electrons come to 
have the same sense. Then follow the three elements B, C, N with 
1, 2, 3 electrons respectively in the outermost shell (flp electrons). 
If a fourth p electron enters, so forming 0, it will necessarily become 
saturated by means of one of those already present; for, when a 
defimte spin direction is prescribed, there are only three possibilities 
for the setting of the orbital angular momentum. The last comer of 
the electrons must therefore, by the exclusion principle, take its place 
with the opposite spin direction, and so compensates one of the three 
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free spins of the nitrogen configuration of the electrons; oxygen is 
therefore divalent. When we pass on to fluorine, a new electron is 
added, which again saturates one of the two spins still present, making 
fluorine univalent. Neon with its closed shell is of course chemically 
neutral — its chemical valency is 0. This general view is well confirmed 
on the experimental side. We have already spoken of the difficulty 
with regard to Be; it must also be remembered that the berylliura 
compounds are mostly heteropolar. A more serious objection to the 
theory is that it ascribes two valencies to carbon, whereas this element 
is well known to be quadrivalent. This difliculty has also ree.cuvcHl 
a simple explanation. The. carbon atom possesses, close above 
the ground state, an excitation level, in which it is quadrivalent; 
the ordinary chemical carbon bonds are due therefore to the first 
excited state of the carbon atom. 

For the sake of brevity we shall not enter here into tlie mathematical 
treatment of valency binding (see Appendix XXXI, p. 34:0); W (3 may 
mention, however, as special successes of the theory that it makes it ]) 0 S“ 
sible to deal quantitatively with nuclear distances, heats of dissoe.iation, 
and nuclear vibrational frequencies for molecular hydrogcm. In oth(‘r 
diatomic molecules also, the theory lias proved capable^ of giving 
qualitative and quantitative results, which a.re in good agreamu^nt 
with experiment. 

The intcr|)r(‘tation of polyatomic (^om|)oun(ls lias been found <liiH- 
cult. Here the semi-empirical theorievs of Herzlxu'g, Muiub Slater, 
Pauling and others pave the way to a satisfaci^oiy 
theory. A typical example of the ])h.en()nu‘na to Im 
explained is the fact, which has long beiai W(41 known 
to physicists, that the three atoms of the wider mol(‘(‘,ul(‘. 

do not lie in a straight line, as one miglit at first exfXM'.t, 

but form an isosceles triangle (fig. 10). This jihenonu',- 

non aijpears to have been successfully explatned, at lea.st qua,liint;iv(4y. 

7. Theory of van der Waals Forces and other Kinds of Binding. 

Of this subject we shall give only a very bri(4; summitry. ''Tin* van 
der Waals cohesion forces depend on tiu*. mutual (h^formation of tlu^ 
atoms, and that in two diflerent ways. First, tlie a.c.tion of the fu'ld 
which emanates from the permanent dipoh^ or qiaidrupoh^ of th(‘ 
molecule, on the dipole induced in the otlavr moltaviih^, by thiit liiid, 
leads on the average to an attraction; a result wliic.h, (‘ven b(‘for<‘ tiie 
quantum theory, had been proved by I)(‘by(‘ wml IviM^som (1921) by 
classical considerations. From this, homwv.v, it wanild follow tlnit 
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spherically symmetrical atoms (as of the inert gases) Or inolcK*;iilea 
should show no cohesion, which is contrary to the experimental fact 
that all gases can be condensed. A way out of this clifficiilty was shown, 
by London (1930), who proved that the deformability has a second 
effect, which is characteristic of the quantum theory, A(a30rcHiig 
to this theory there exists in fact a “ zero-point motion i.e. even 
in the lowest energy state an atom or molecule has to be put in corre- 
spondence with a system of moving charges (electrons), so tliat it 
carries a dipole oscillating with electronic frequency. If them twa 
such systems come near each other, the zero-point rnotionB of tlie 
dipoles always act in such a way that on the average thc^. result is 
attraction; and the calculation gives an interaction energy wdiich is 
inversely proportional to the sixth power of the nuclear distance, or 
W ^ In many atoms or molecules without free valencies (s|)inB), 
even before condensation a sort of pairing occurs, which, is attributed 
to the van der Waals forces of attraction; it has to do with compara- 
tively loose molecules with small dissociation energy. Exam]>h‘S of 
this sort of binding are given by metallic molecules, such as Hgg and 
others. At sufficiently low temperatures, in all gases liqu(rfa,c.tion 
occurs, and finally solidification. By means of his tlieory of coJussion, 
London (Appendix XXXII, p. 343) was able, to a fair approxiination, 
to calculate the heats of sublimation of molecular lattices from atomic^ 


properties (ionization energy, proper frequency). 

The existence of metals cannot be explained by the types of binding 
dealt^ with so far; we must regard them as being so formed tliat) tlui 
positive atomic residues are held together by the free .mcdiallic elexd.rons. 
A few cases, lithium, for example, have been successfully worked out 
(Slater, Wigner). Special difficulties are presented by a tyix’* of latthx^ 
(diamond lattice) in which the binding apparently depends on tlm 
saturation of the (four) valencies; among crystals of this ty|)(‘. tliom 
occur both metals (Ge, Sn) and non-conductors, the latter including 
the extremely hard diamond itself (besides SiC, Agl, &c.). Tlu' 
lations involved have been elucidated by Himd, from the point of 
view of quantum mechanics. 


Other examples, which in each case require the application of 
specia t eoretical considerations, are the ring format/ions of orgaaiic 
chemistry, ^ the benzene ring, for example (Hlickel); according to 
chemists ideas the 6 carbon atoms are arranged in the form of a 
hexagon, with the hydrogen atoms outside (fig. 11). In order to scxvnre 
that the carbon appear as quadrivalent in the structural diagra.m, 
the chemist has to introduce double bonds as shown. This iiusatis- 
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factory lack of symmetry in tke binding form is avoided by quantum 
mecbanics, according to which the binding is effected by means of 
•electrons, which revolve in the hexagon of 
-carbon atoms. 

8. Conclusion. 

We have now reached the final stage 
■of our task. In the preceding chapters 
we have in the main confined our account 
to the positive results of research, and have 
not dealt in detail with problems which 

Fig. II. — Benzene ring. Chemists assume double bonds, in 
•order to allow for the quadrivalence of carbon. 

are not yet completely cleared up. The impression might thus be 
given that physics had attained to a certain degree of finality. That, 
however, is by no means the case. There still remain many perplexing 
questions, all strictly connected with one another, and all in the last 
resort hanging upon the question of the structure of the nucleus. The 
•questions are: which are the real elementary particles, electrons, 
positrons, protons or neutrons? Axe photons, possibly also neutrinos, 
to be added to the list, or is the part they play a different one, perhaps 
by reason of the fact that their rest mass is nil? Why are the other 
particles of two kinds, one kind with small mass, the other with large? 
What are the forces which retain these particles in the nuclei? What 
•are the laws of the stability and instability of nuclei? 

Many physicists expect the answers to these questions to come 
from a blend of the theory of relativity and the quantum theory. 
The methods in use at present relate practically to the one body prob- 
lem only, and fail when applied to processes involving several particles 
in rapid relative motion. The essential point here is the dualistic idea, 
:according to which particles with their de Broglie waves, and electro- 
magnetic fields, are regarded as two entirely different things. On the 
contrary, the author is firmly convinced that a satisfactory theory 
must be unitary in character, i.e. it must assume only one carrier of 
physical* processes, the electromagnetic field, of which the particles 
are in some sense singularities. This conviction is based above all on 
the fact that particles, electrons and positrons, can be annihilated, 
becoming converted into electromagnetic waves; and that conversely 
they can be born in pairs from such waves. Dirac’s theory of the 
positron (considered as a hole ” in a multitude of electrons with 
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negative energy) is a brilliant description of tlieBc procu^B8e», I>ut not 
a satisfying explanation. All miclear proceHS(‘S uto f ritriaforrriaiionH iiiui 
separations of particles, wHcE are so closely allied to i»iie <d<»mt‘ntiiiy 
process of anaalgamation just referred to, tliat onc^ is strongly incliniHl 
to refer tbem to the same root cause. In the author's t^|>iiiioiu tlio 
suggested generalkation of MaxwelFs electro(lyiianucH, witli the fiiiiti‘“ 
ness of the energy of point charges preserved, (hvlhuss the direction 
in. which research should proceed. 

We look to the physics of the future for tlu^ solut.ion cd' t In^ enigma 
of inorganic matter. But the principal rcsultis of modern pliysics 
reach far beyond the domain in which they are won. Ah Niels llolir 
first pointed out, the new views with rc'gard to causality ami deter- 
minism, which have arisen as a result of the quantum thc‘ory, idso 
of great significance for the biological sciemuss and for [wyehology. 
If even in inanimate nature the physicist coimm u|> against al>so!uta 
limits, at which strict causal connexion ceases and mnst rephicml 
by statistics, we shall be prepared, in the realm of living things, and 
emphatically so in the processes conmujted witli (‘.onsciousness am! 
will, to meet insurmountable barriers, wli(U‘(‘, ims-hanistic. i‘X])lariutiori, 
the goal of the older natural philosophy, l)ecom(‘s mitirely meaning- 
less. But this has the effect of completely dianging tin* pluloKophiral 
import of research. Physicists of to-day havii l(‘armsl that mdi every 
question about the motion of an electron or a liglit ({uant.um can Iw 
answered, but only those questions which ar(^ (‘ornpatildr^ witli Heisen- 
berg’s principle of uncertainty. There is a liint }mr<‘ for the biol(»giHt 
and the psychologist, that they should sea-rch for nat.ural limits to 
causal explanation in their. domains also, and ma.rk out> thosi* limits 
with the same exactness as the quantum theory is (‘apa-ble of doing 
by means of Planck’s constant h. 

This is a programme of modesty, but at tim same time one of c‘oii- 
fident hope. Por what lies within the limits is km)wal>l(\ and will 
become known; it is the world of experience, wid(‘, ri(‘h enough in 
changing hues and patterns to allure us to ex{)le)ie it in all direH’tiemw. 
What lies beyond, the dry tracts of metaphysics, wc willingly lenve^ to 
speculative philosophy. 
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I. Evaluation of Some Integrals Connected with the Kinetic Theory 
of Grases (p. 15). 

Integrals of the type 



where A = mjS/2 = frequently occur in the kinetic theory 

of gases. The general form of the integral may at once be obtained 
from the particular cases Iq and by differentiation with respect to 
A. Thus, for example, 




+ 


dio 

L = 

dl^ 

dX’ 

j. .j 

dX' 

d% 

dX?' 




the second of the two fundamental integrals, can be evaluated by 
elementary methods: 

= r ve~^''’"dv — 

*/() 2 A 


Jo is Gauss’s well-known probability integral 



The values of the succeeding integrals obtained, as stated above, by 
differentiation are as follows: 
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and so on. 

Ajpplication to the integrals occurring in the kinetic theory of gases.— 
Eor n, the total number of molecules, we have 



CO 


== irrAI^ = A. 



Similarly, the total energy E is equal to 

^ttA f dv = 27 TAmI^ = ^rnA 



The expressions for A and ^ given in the text (p. 15) are obtained by 
combining these two formulse. 

Integrals of this type also occur in the calculation of mean values. 
As according to Maxwell the number of molecules having a vtdocnty 
between v and ^ + eZi; is 

n^dv— 477 ^/^— 

X^rrkT J 


the mean velocity ’’ v is given by 



2 

's/ (77 A) 


Again, the ^‘mean square velocity” which is frequently used 

in the kinetic theory of gases, is given by 


00 



is a little larger than v, their ratio being y^( 377 / 8 ) = 1*085. 
With these quantities we may compare the '' most probable velocity ” 
which corresponds to the maximum of the Maxwell distribution 

dn 

curve. It is given by tbe equation — = 0, or 

dv 
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hence 



In the Maxwell distribution curve given in the text (fig. 5, p. 15), 
the three values v, and V are shown in their order and approxi- 
mately proper positions. 

Multiplying the expression for above and below by the square 
root of Avogadro’s number L and remembering that Lh = 2? and 
Lm = fjL, we have 



II. Heat Conduction, Viscosity, and Diffusion (p. 19). 

In this appendix we shall give a combined account of three 
phenomena by means of which the mean free path in a gas can be 
determined experimentally. These phenomena are heat conduction, 
viscosity, and diffusion. In all these phenomena there is a variation 
in some physical property of the molecules of the gas from point to 
point, which, however, tends to disappear as a result of the move- 
ments of the molecules. 

Heat conduction occurs when external conditions of any kind give 
rise to a temperature gradient in a gas, i.e. when the molecules of gas 
at different points of space have different mean kinetic energies. Heat 
transference takes place owing to molecules from the warmer regions 
moving into cooler regions and giving up their surplus energy there, 
while slower-moving molecules move into the warmer regions and 
diminish the kinetic energy of the faster molecules there. 

The circumstances are similar in the case of viscosity. This mani- 
fests itself in the form of a resistance acting on the faster-moving 
parts of the gas under consideration. According to the kinetic 
theory of gases, this resistance is due to molecules from slower-moving 
regions moving into faster-moving regions; as they then have a 
smaller mean velocity of flow than their surroundings, they will on 
the average be accelerated as a result of collision with the surrounding 
molecules, while the latter will be retarded, i.e. will be subject to a 

(e908) 18 
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resistance. We shall not go into the experimental methods for deter- 
mining viscosity, but merely mention the result (due to Maxwell), wliioh 
perhaps at first sight is surprising: the viscosity, like the thermal con- 
ductivity, is within wide limits independent of the pressure of the gas. 

The third phenomenon which we shall consider here is diffusion. 
If in a mixture of two gases the concentration of one gas varies from 
point to point, i.e. if the ratio of the concentrations of the two gases 
difiers at different points of the region occupied by the gaseous mixture 
(it is assumed that the pressure is everywhere the same, i.e. that the ' 
total number of gas molecules is the same), then it is clear that the 
molecules of one gas will gradually move from the regions where the 
concentration of this gas is greatest into regions where it is less; and 
similarly for the molecules of the other gas. 

These three phenomena can be discussed mathematically in a very 
simple way provided we confine ourselves to a qualitative survey. 
In order to treat them together, we assume that the property A varies 
horn point to point of space, e.g. has a non-vanishing derivative 
dAjdz in the direction of the 2-axis. Then for heat conduction A is 
to be taken as the mean kinetic energy of a single gas molecule, for 
mscosrty as the mean velocity of translation of the molecule in the 
duection of flow, and for diffusion as the number of molecules of a 
particular gas in a cubic centimetre of gaseous mixture. Now this 
variation of the property A from point to point gives rise to a traiis- 
erence of the property; a definite number of molecules cross unit 
area normal to the 2-axis per second in either direction, and this 
number is given, at least approximately, by the product nv, where n 
IS the number of molecules per cubic centimetre and v their mean 
velocity. But the molecules crossing the surface from one side posse.ss 
tbe property ^ to a greater or less extent than those crossing the 
ace om e other side, so that there is a transference of the pro- 

easilv ® quantity M{A) crossing per second can 

asfly be estimated if we note that any molecule has a mean free path 

molecules, i.e. in the 

m+r 1? tietween successive collisions it describes on the average 

mS J. "I”"* “““f **“ factor For 

M{A) we readily obtam the expression 

M{A} ~ nv{A(za -l)~ A(z„ -f Z)}, 

S' we havtl of area considered. Expand- 

mg, we have (apart from numerical factors) ^ 



APPENDIX II 


263 



The amount of the property A transferred is therefore proportional 
to the gradient of ^ and also to the number of molecules per cubic 
centimetre, their mean velocity, and their mean free path. This equa- 
tion is known as the transport equation. 

We note that M{A) is independent of the pressure, provided that 
A itself denotes a property of the gas molecules which is independent 
of the pressure (Maxwell). For the pressure of a gas is given by 
= nhT, i.e. at constant temperature depends only on the number 
of molecules per cubic centimetre. It is true that n appears as a factor 
in the transport equation; but this factor is compensated by the 
occurrence in the formula of the mean free path, which is inversely 
proportional to n and to the cross-section of the molecule. This inde- 
pendence of the pressure accordingly results from the fact that though 
more molecules take part in the transference of A at the higher 
pressures, they do not on the average travel so far. 

We shall now make particular application of the transport equation 
to the three phenomena mentioned above. We begin with heat con- 
duction. Here A stands for the kinetic energy of a molecule, i.e. 
"®idn = const, -j- c^mT, where is the specific heat of the gas at 
constant volume, for a single molecule (c,y is the specific heat per mole). 
The quantity of heat Q which crosses unit area per second is then 
given by 



We see that it is proportional to the temperature gradient; the factor 
of proportionality k nvlc^m is called the thermal conductivity. 

In the case of the viscosity, as we saw above, A stands for mu, 
the mean linear momentum of a molecule resulting from the flow of 
the gas. Then the momentum transferred per second (per unit area 
of the surface of contact between faster-moving portions of gas and 
slower-moving), i.e. the resistance R, is given by 

R — nvlm \ 

dz 

the quantity rj = nvlm is called the coefficient of viscosity. We see 
that the quotient K|r]G,^, is a constant of the order of unity. Theoreti- 
cally this constant must be the same for all molecules of the same 
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structure, i.e. the quotient must have a constant value for all mona- 
tomic gases, another constant value for all diatomic gases, and so on. 
Our qualitative discussion of course does not enable us to obtain the 
exact value of the constant. 

As we have already emphasized, the discussion given here is of 
course only a rough sketch. Improvements and refinements in the 
theory have been made by Boltzmann, Maxwell, and others, by con- 
sidering the mechanism of collision and the distribution of velocities 


in greater detail; these improvements, however, yield no new principle, 
but merely lead to greater accuracy in the numerical factors. Here, 
however, we shall not go into the matter further. It remains for us 
to point out that the above theory is not valid unless the mean free 
path is small compared with the dimensions of the vessel containing 
the gas. If this is not the case (at atmospheric pressure I is of the 
order of cm., but is equal to about 10 cm. at the pressure in 
an X-ray tube (lO^'^mm. of mercury)), the laws which hold are quite 
'fferent. The molecules then fly practically straight from one wall 
of the containing vessel to the other without colliding with other 
mo ecules. Thus, for example, if there is a difference of temperature 
between two opposite parts of the wall of the container, they carry 
heat ener^ directly from one wall to the other. The quantity of heat 
ansferred is then proportional to the number of molecules; n no 
longer disappears from the transport equation, as the mean free path 
no longer enters mto it. The laws of heat conduction, viscosity, &c., 
at low pressures have been especially studied by Knudsen. They are 
ot ^eat practical importance, for instance, in connexion with the 

P™-Ps (sach as Gaede’s rotary molecular pump and 
the diiiusion pump). ^ 

We shall now briefly consider the problem of diffusion. We imagine 

dynamical equilibrium, i.e. the pressure, and 

tbrspm molecules per cubic centimetre, are to be 

!f o^e 7^ 1 1 ^ concentration 

of molecule ^ concentration of the other kind 

1 \ Then the transport equation gives the number (Z ) of 

(2.) S’the 

second kmd, that diffuse through unit area in unit time: 




dz 


dz 


-Vl — 2 . 

dz 


If the phenomenon is a steady 
stant n, i.e. dnijdz— — d/n^ldz] 


one, % + Wg must be equal to a con- 
then the total flow ff- is zero. 
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Tke two kinds of molecule haye the same difiusion constant S = vl^ 
whicli in virtue of the factor I is inverseljr proportional to n, the total 
number of molecules. 

III. Van der Waals’ Equation of State (p. 20). 

As compared with, the equation of state for perfect gases, van der 
Waals’ equation of state for actual gases, given in the text (p. 20), 
contains two correction terms, a volume correction and a pressure 
correction. Here we shall seek to show, at least qualitatively, how 
these terms arise. 

(1) The fact that in the equation of state, as is stated in the text, 
exactly four times the total volume of the molecules themselves must 
be subtracted from the total volume of the gas, may be explained as 
follows. In § 6 (p. 9) we investigated the probability that n mole- 
cules should be distributed in a given way among the cells cog, - . . . 
We found it to be the product of the number of ways in which a definite 
distribution, prescribed by the numbers %, ^25 • • • molecules 

occupying the individual cells, can be realized and the a priori proba- 
bility of the occurrence of this distribution. It is with this a priori 
probability that we are concerned here. If we inquire into the proba- 
bility that n molecules will be found in a definite portion of volume v, 
we begin by assuming, as was done in § 6 (p. 9), that the probability 
is proportional to This is assuredly the case so long as we can 
neglect the finite magnitude of the gas molecules, as, e.g., in rarefied 
gases. It is not so, however, for high pressures, where the gas mole- 
cules are so tightly packed together that their own volume is actually 
comparable with that of the space available for them. Here we obtain 
the desired result in the following way. Let be the volume of a 
molecule (i.e. for a spherical molecule = f'77(|a)^ where c denotes 
the diameter of the molecule). Now the centres of two molecules 
cannot approach within a distance equal to the diameter of a mole- 
cule; hence each molecule has an effective volume of magnitude 
^TTcr'^ — independent of the particular shape which the molecule 
happens to have. 

The probability that a molecule will be found in a definite portion 
of volume v is of course proportional to v, as above. If we introduce 
a second molecule into this region, the space available for it is only 
y ™ the space left for a third molecule is — 2 X and so 
on. The probability of finding n molecules in v, then, is proportional, 
not to but to the product 

v(v- 8vJ(v-2 X 8vJ l)8i;J; 
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V is accordingly replaced by the root of this product. We can 
easily calculate tMs; as is very small and still small in com- 
parison with V, we can replace the product approximately by 

qjn — -j- 2 + • - • + ” 1)) ^ ^ 


Taking tke ^-tb root of this, we see that if the finite volume of the 
molecules is to be taken into account v must be replaced by 



v—h, 


where b stands for four times the actual volume of the molecules 
contained in v. 

(2) The term ajv^ added to the pressiure may be explained as 
follows. If there are forces of cohesion acting between the molecules, 
one element of volume acts on another of equal size with a force which 
is proportional to where n is the number of molecules per cnibic 
centimetre. The pressure exerted by the gas on an external body is 
correspondingly less than it would be if there were no forces of cohesion. 
Hence in the equation of state p must be replaced by p + An^. Now 
let nV= N he the total number of molecules in the volume of gas V; 
this number of course does not vary if the volume is changed, so that 

the additional term An^ may be written in the form A(^i = ~ . The 

\y/ y2 


constant a accordingly is closely related to the energy of cobosion of 
the gaSj and we may mention that the magnitude of the latent heat 
of evaporation of liquids also depends on it. Van der Waals’ equation 
is still approximately true even for densities which correspond to the 
liquid state, and enables the phenomenon of liquefaction to be investi- 
gated thermodynamically. 


IV. The Mean Square Deviation (p. 21). 

All phenomena involving deviation from a mean value depend on 
the formula 

= n. 

Here n may denote, e.g., the number of particles in a definite fixed 
portion of vo W of a gas. If we stick to this example, we know that 
tins number is not always the same hut varies with the time. There is, 
however, a time-average (n) of n, about which the number of particles 
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varies. If we could observe tbe actual number n at any instant (as if 
in a snapshot), we should obtain varying values %, ng, . . . , deviating 
from the mean value n by the amounts A% = % — n, = ng — n, . . . . 
The sum of these deviations for a large number of observations, divided 
by their number, must of course vanish; a result differing from zero, 
however, is obtained if we average the squares of these deviations over 
a large number of observations. We thus obtain the mean square 
deviation An^, which according to the assertion made above is equal 
to the mean value n. 

To prove this, we start from the fundamental formulae of the kinetic 
theory of gases, according to which the probability that of N molecules 
in a total volume Y the fraction n will be found in the portion of volume 
V is given by the formula 




nl(N 


m / vy /V -vY~'' 

V~n)!VF/ \yy^) 


(cf. p. 12 : instead of the distribution among the cells 0 ) 3 , , 
we here have the distribution between the two regions v and V — v 
with occupation numbers ” = n and = N — n). The sum of 

N 

all the probabilities of the various distributions is S IF „ == 1 (by the 

72= 0 

binomial theorem). The mean number (n) of molecules in v is 
obtained by working out the sum 

N 

n = S nWn- 

72=0 


If we put vjV = X, this sum becomes 
nN\ 


N 

^ = s 


72=0 n\{N n)! 


Nx S 


X^(l — xY~ 


(iV-1)! 






According to the binomial theorem the sum here is again equal to 1, 
so that for ft, the mean number of particles, we obtain the expression 


n — Nx — 


Nv 

7 ’ 


as might be expected. In order to calculate n^, we note that the mean 
value n{n — 1 ) may be found in exactly the same way as n. In fact, 
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n{n — 1) == 2 m(n — l)If„ 

n=0 ” 

=:N{N~l)x^ 2 (-^ — 2)! 

wl,enc6 .-M»-2)![(jy-2)-(»-2)]l 


a:»-2(l_ a;)(iV-2) -(n-2)^ 


Hence we at once tave 


w(n-l) = V(iV-l)a:2. 


so that 


n^ = n(n-l) + n= N{N - l)a,2 + ^x, 


An^ ■■ 


i — n)2 : 


: 


■n^ = Nx — Nx^ 


■-N- 




^ f 3 *“>“‘‘5' 

tie toTfc MolecS “ If of 

a change in almost all ftp t value are associated with 

variatiL ofln if t tZ 

refractive index Bv obsert^ Ti? variations in the 

ties we oaf Seri th™^ of measurable proper- 

variation of thI Xctit iS? oxanapk/the 

mitted light, which is nronorf^^^T ^ scattering of the trans- 

(to this, accordine to Lnr^ -R ^ j square deviation 

certain motions as a result 'nf ’ • s^rspension execute 

roundingmei and rs!f «f ®^- 

deviation of the density of ft ° measure of the mean square 

way in which ®}“^o™ding medium. If we know the 

the mean vake of the Zr 7 

measuring the deviations au^ f P^les (w) can be determined by 
An ifpoSnt fiptTf r the mean square deviation 

subject of radioactivity. Selt is a itif f® 

of particles emitted bv n rati' +• ^ counting the number 

means of ! rS!p ^ ^^."^^o^otive preparation per second (e.g. by 

with a long-lived substanc^ S which the !vpr T 

, ioi wnicn tne average number {%) of 
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particles emitted per second may be regarded as constant, the actual 
number (n) of particles emitted in individual periods of one second 
will differ from n. The fact that the deviations are in accordance with 
the law stated above, 'An^ = n, forms a convincing proof of the statis- 
tical nature of the disintegration process. Corresponding formulae 
can also be deduced for short-lived radioactive substances. 

V. Theory of Relativity (p. 27). 

In classical mechanics it is proved that an observer who experi- 
ments only within a closed system cannot determine whether this 
system is at rest or is in uniform motion. In fact, the Newtonian 
equations of motion md^xldt^ = F (where m is the mass, F the force, 
X the co-ordinate of a particle, and t 
the time) remain unchanged if we 
pass to a moving co-ordinate system 
by the transformation x' — x — vt, 
provided the force depends only on 
the position of the particle relative 
to the co-ordinate system (since 

~ ^2 == cCi — X 2 ). This principle ^ ^ 
of relativity in mechanics has to be 
modified when electromagnetic pro- 

Fiff. I. — Diagram of Michelson’s interferometer. 

Q, source of light; P, semi-transparent, silvered glass 
plate; *S'i, mirrors; T, telescope. 

cesses, light waves for example, are taken into account. Since 
theses waves move in vacuo, it was the custom to assume a carrier, 
the setlier. The earth moves through it, so that an observer on 
the earth must perceive an '' aether wind ”, which retards or 
accelerates the light waves according to their direction. The experi- 
ment was carried out by means of Michelson’s interferometer (fig. 1). 
A light ray from the source Q was divided into two parts by partial 
reflection at the thinly silvered glass plate P; the two partial rays 
were reflected at the mirrors S 2 and united again at the plate P. 
Interference fringes are seen in the telescope T. If the apparatus is 
then turned round so that first P/S^, then PS^, fall in the direction of 
the sethcr wind, the interference fringes ought to be displaced. The 
result of the experiment was negative: the sether wind is not really 
there. 

To explain this fact Einstein developed his theory of relativity. 
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The leading idea is that the customary combination of space and time 
— ^kinematics — ^mnst be abandoned. There is no absolute time, but 
just as every moving system has its ‘‘ proper ” co-ordinates x, y, 
so it has also a proper time t, which has to be transformed as well as 
the co-ordinates when we pass to a new system. The equations de- 
fining this so-called Lorentz transformation for two systems moving 
in the a:-direction with the relative velocity v are 


X — vt 

^/{l — v^/c^y 


2/' = 3/. 


t — vxjc^ 
^(1 •— v^jc^y 


where c is the velocity of light. It is easily verified that these equations 
give 

cc'2 ~ cH'^ = 


This formula suggests that x, ict (i = —1) may be interpreted 

(Minkowski) as co-ordinates in a four-dimensional space, in which 
{ictf represents the square of the distance from the 
origin; a Lorentz transformation then represents a rotation round the 
origin in this space. Minkowski’s idea has developed into a geometrical 
view of the fundamental laws of physics, culminating in the inclusion 
of gravitation in Einstein’s so-called general theory of relativity. 

Physically, the equation last written expresses the fact that ct 
implies x' = or that the velocity of light is independent of the 
motion of the observer. The negative result of Michelson’s experiment 
is thus explained. 

Eurther, we see that if the distance of two points is — ccg at the 
same time t in one system {x, t), then in a second system {x\ t') their 
distance is 

xy — xy = {x^ — ~ 

Thus 

““ ^2 = (^1' — ^ 2 ')V(i ~ 

Hence lengths in the second system appear from the first system to 
be shortened (the Eitzgerald-Lorentz contraction). On the other 
hand, if are the times of two events at the same place x in the 
fiirst system, then 

h ^ h — ih h)l^/Q' 

so that the time between the two events seems longer from the 
second system (cf. p. 271). 

It must be assumed that there is no velocity greater than the 
velocity of light — otherwise the theory would become meaningless. 
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It follows that the basic ideas of mechanics must be so altered that the 
motion of a body can never be accelerated up to the velocity of light. 

We can arrive at this result from the consideration that the velocity 
defined by the components dxjdt, dyjdt, dzjdt (or the momentum 
obtained from this velocity on multiplication by the mass) cannot, 
in view of Lorentz’s transformation, be regarded as a vector, since 
the differential dt in the denominator is also transformed. We obtain 
a serviceable “ covariant ’’ definition if we replace dt by dt^, where 
dt^ is the element of the proper ’’ time of the particle, i.e. the time 
measured in the system of reference in which the particle is at rest. 
The relation between dt and dt^ is found by taking the derivative of t', 

^ V dx 
dt' ^ (? dt 

“ V(1 - ^2/o2)’ 

and putting dxjdt = v] dt' then becomes dtQ, and we have 
dtQ = Y^(l — v^jc^)dt. 

The component momentum is now defined to be 
dx mn dx dx 

V(1 ~ 'dt^^dt' 


where is a constant, the rest mass. The mass m is therefore given 
by the formula of the text, m= mo/'\/(I ■— The formula has 

been confirmed, not only by the experiments with cathode rays already 
mentioned (p. 27), but also by certain details in the behaviour of 
spectral lines, particularly those of hydrogen. In fact, since such lines 
are emitted by rapidly moving electrons, they reflect the mechanical 
properties of these electrons (p. 107). The energy is 




mc^ 


and the momentum is 


v(r=^)’ 


G == mv 


V(1 




From these two expressions we find 


mn 




the relation which is used in Chap. Ill, § 4, p. 59, in the discussion on 
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^ «<i <? tWore deter- 

qmntum (pilrs’j “ et b Z r"*' " “ f r 

> S , p. b9), A and 6* are connected by the relation 

cG = E. 

VI. Electron Theory (p. 44). 

Maxwell’s equations, for an isotropic substance, are: 

1 


1^ 
c 9^ 

1 ^ 
e~U 


~ cxalH= — ^ 


i, divD = 477/3, D = eE\ 


+ curl.S'— 0, div^ = 0 , B=^ y,H. 


the meaning of the^vecto vector notation, and 

theorem ’ ’ > -“5 *) ^.s also with the energy 

__ 3iW r 
dt 

Meis”^d!y “* 

current 2= ov fh^n\, assumed to be a convection 

connect the theory with 2ech2s”rtff electron. To 

that the field exerts the mechanical force 


^~fffp{^+ \ c^’^]) dxdydz 


on the electron 


fl: 




• B^) 


(m tie tat, ter brsvity, Jr h written in place of S), tie 

. " ■“ *• *“ -oo-* 
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electrons are taken to be point charges (p == i = 0). The energy is 
W = ~ J J ““ l)}dxdydz, 


the Poynting vector 


.S = — \DB] = — \BH]. 

iTT^ ■' 477 '■ •' 


In the statical case we have 11 = B = 0, so that 


D=€B- 




For a point singularity, it follows from divD = 0 that 


and hence that 




The field B therefore remains finite even at the centre of the electron, 
where it has the value 


Since the field equations reduce to curljE‘= 0, a potential <j> exists, 
which is found from E = —d(f)ldr to be 

J e dx 

Cl '^rja ^/(l “k 

For r':^ a, ^ is easily seen to reduce to the Coulomb potential ejr, 
but for r = 0 it is finite, 

^( 0 ) = 1-8541 

Of 

If we substitute the expression for E in the energy formula 




V(1 ~ 


+ b^iVl - - 1) dxdydz 


we find 


|e^(0)-: 1*2361" . 

a 
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Einstein’s theorem W = is here rigorously true, but the proof 
would take us too far. Equating mc^ to the value of W given above, we 
get a= 1-2361 which, on introducing the empirical values for the 

charge and the mass of the electron, comes out as == 2-28 X cm. 
The absolute field is 6 = eja^ == 9-18 X 10^^ e.s.u. It can be shown 
that the equations of motion given by Lorentz in the classical theory, 

i{mv) = e(£+-[-^^]), 

at c 

hold here rigorously for a constant external electromagnetic field, and 
approximately for a field which does not vary appreciably over the 
diameter of the electron ” 2a. Por quickly vibrating fields there are 
deviations, namely a diminution of the force. It may be that this 
result can be applied to the explanation of the extremely high pene- 
trating power of cosmic radiation (§ 7, p. 41), which is much less 
absorbed than the usual theories predict. 

The adaptation of these ideas to the principles of quantum theory 
and the introduction of the spin has been carried out to some extent, 
but still meets with great difficulties. 

VII. The Theorem of the Inertia of Energy (p. 47). 

Here we give the mathematical proof corresponding to the ideal 
experiment given in the text. Classical electrodynamics, in agreement 
with experiment, yields the result that the momentum transferred by 
hght of energy jE* to a surface absorbing it is JEjc (cf. Appendix XXVII, 
p. 329); hence the momentum transferred by recoil to the box during 
the emission is of the same magnitude. If the box (tig. 1, p. 46) has the 
total mass Af , it acquires a recoil velocity v to the left, given accord- 
ing to the theorem of the conservation of momentum by Mv == Ejo. 
The box continues to move during the time required by the light to 
traverse the distance (Z) between tbe transmitter (I) and the receiver 
{II), If we neglect terms of higher order, this time t is equal to I Jo. 
During this time the box moves a distance x= vt = EljMc^ to 
the left. In order not to contradict the fundamental principle of 
the centre of gravity we must assume, as was explained in the text, 
that the transference of energy from I to II is accompanied by a 
simultaneous transference of mass in the same direction. If we denote 
this meanwhile unknown mass by m, then the total moment due to 
displacement of mass after the phenomenon is given by Mx — ml; 
by the fundamental principle of tbe centre of gravity this must be zero. 
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Substituting for x the value found above, we obtain Einstein s formula 


for m: 


m — 



E 

c^' 


VIII. Calculation of the Coefficient of Scattering for Radiation of 
Short Wave-length (p. 48). 

In order to calculate the coefficient of scattering we start from the 
familiar formulae for the radiation from a dipole antenna. According 
to Hertz, the field of a dipole of moment ^ is given by 

\B\ = \H\ = L^sin0. 


The electric vector is at right angles to the magnetic vector and both 
are at right angles to the direction in which the radiation is propa- 
gated; 6 is the angle between the direction of propagation of the 
radiation and the direction in which the dipole is oscillating, and r 
the distance from the dipole. A necessary assumption for the validity 
of this formula is that r must be very much greater than the wave- 
length of the radiation emitted, or, in other words, the above formula 
is valid only for the so-called wave zone. 

To apply the formula to our case of a vibrating particle, we note 
that this represents an oscillating electric dipole of moment ^ = es, 
where ^ is the displacement of the electron at any instant from its 
position of equilibrium. Then the energy radiated per second in a 
specified direction is given by the Poynting vector, the length of which is 


c 

477 


^1 \H\ 


47rc'b’2 


sin^ 9 . 


The total energy radiated in unit time is obtained by integrating this 
over the whole surface of a sphere: 


/ = r Sda — f f Sf^ sinddddcj). 
J Jq Jq 


As 


J sin' 


Hdd- 


8777*2 


the total radiation is given by 


2 ^ 2 , 
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This formula still contains the displacement of the oscillating electron, 
or, more accurately, its second derivative with respect to the time. 
This is determined by the equation of motion of the electron under the 
influence of the incident radiation: 

ms == bJBq, 

Bq, the electric vector of the primary wave, however, is connected 
with the intensity of the incident radiation by the equation 

= = 


If we substitute these expressions in the equation above, the formula 
for the energy received by the electron from the primary wave and 
transformed into scattered radiation becomes 




877 

y 



lo- 


As the mass of the scattering particle occurs squared in the denomi- 
nator, we see that a proton or an 
atomic nucleus scatters some millions 
of times less than an electron. 



IX. Rutherford’s Scattering Formula 
for a-rays (p. 53). 

According to Rutherford, the nu- 
cleus of an atom (with charge Ze) 
and an a-particle (with charge E and 

Fig. 2. — Hyperbolic path in the scattering of an 
a-ray by a nucleus; a and b are the semi-axes, <■ the 
distance between the centre and the focus. The angle 
of deflection is (]> = tt — zB. 


mass M) repel one another with the Coulomb force ZeEjT^. If we 
consider the heavy nucleus as at rest, the a-particle describes an orbit 
(fig. 2) which is one branch of a hyperbola, one of whose foci coincides 
with the nucleus K. Let h be the distance of the nucleus from the 
asymptote of the hyperbola which would be described by the a-particle 
if there were no repulsive force. Further, we denote the distance of 
the nucleus K from the vertex of the hyperbola by q; then 

gr = e(l H- COS0), 
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where € denotes the linear eccentricity OK (i.e. the distance between 
the centre 0 and the focus K)^ and 6 the angle between the asjmip- 
tote and the axis. From fig. 2 we readily see that 


_ b 
sin^ 

and hence that 


sinS 2 


b is obviously equal to the length of the minor semi-axis of the 
hyperbola. 

In the first place we shall seek to find a relation between the col- 
lision parameter ” b and the angle of deviation cj), which, as we see 
from the figure, is equal to tt — 26, We accordingly apply the laws 
of motion to the a-particle. First we have the theorem of the conser- 
vation of energy: the sum of the kinetic energy and the potential 
energy is constant. At a very great distance from the nucleus the 
a-particle has kinetic energy only; let its velocity there be v. If we 
equate this energy to the total energy at the instant when the electron 
is passing the vertex of the hyperbola, we have 

= iMV + 

or, if we divide by and for short put k = ZeEjMv^, 

^ 2Z: sin 0 

6 1 + cos 0* 

Further, we have the theorem of the conservation of angular 
momentum, in virtue of which 

Mvb = Mv^q, 

^ ^ 

V q 1 + cos 0 ’ 

/ '^oV __ ^ ^ ^ 

\'y/ (l + cos0)^ 1 + COS0 


Substituting this value in the above equation and carrying out a few 
transformations, we have 


6 

k 


cos 6 


(E 908) 


19 
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or, since </> == tt — 20, 

b= Jc cot 

2 

This gives the angle of deviation as a function of b, the distance of the 
rectilinear prolongation of the path of the a-particle (the asymptote) 
from the nucleus. 

It is now easy to calculate how many a-particles in an incident 
parallel beam are deviated by a specified amount. We imagine a 

plane E at right angles to the 
incident beam and at a great 
distance from K; C is the foot 
of the perpendicular from K to 
E (fig. 3). It is obvious that 
all the a-particles which pass 
through a ring of E formed by 

Fig. 3. — Relative frequency, in a definite 
angular region, of scattering of a-particles by a 
nucleus. 



two circles with radii b and b-{- db will be subject to a deviation 
between ^ and ^ If one particle passes through one square 

centimetre of E in one second, the number passing through the ring 
in question will be 

dn = 2Trbdb, 

where 

db^jcd{oom2)=--4%-^. 

2 mi^cp/ Z 

Hence 

I dw I = irk^ \d<j>\. 

' ' sinS^/2' 

This is the number of particles deviated through an angle l)etw(M;n 
and </) dcj)] they are uniformly distributed over a zone of a unit 
sphere, the area of the zone being 27t sin 9 !>cif</>. Hence If(c/>), the 
number of a-particles deviated into a unit of area of the unit 
sphere, is dnj2iT Bin defy, so that the probability of deviation per 
unit solid angle is 

Widy) = -P - = ( V ^ 

^ sin^^/2 \2Mvy sin^^/2* 

This is Rutherford’s scattering formula. Each relationship (between 
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Z, M, V, cj>) contained in it can be tested experimentally by counting 
the scattered a-particles; the '^-relation, it is true, can only be investi- 
gated experimentally over a small region, as the range of velocity 
available with naturally-occurring a-particles is small. In general 
the agreement between the formula and experimental results is ex- 
tremely accurate; with light atoms, of course, we must take into 
account the recoil of the nucleus K after collision with the a-particle, 
which is easily done. Marked discrepancies have been found only in 
the case of almost central collisions (deviations of almost 180°) of 
light atoms (which have low nuclear charges, so that the incident 
a-particle approaches the nucleus very closely); here, however, we 
shall not go into further details. 

As the charge and mass of the a-particles are known (they are 
He++ ions, for which M = E “= 2e) and their velocities can be 
determined from deflection experiments, the formula can be used to 
find the nuclear charge Z. For this we need only know the number 
of scattering atoms per unit volume and count the number of a-particles 
in the presence and absence of the scattering layer. For example, 
accurate experiments by Chadwick gave the following values for Z: 

Platinum Silver Copper 

774 46*3 29-3, 

while according to the periodic table the numbers should be 
78 47 29. 

The excellent agreement between the two sets of figures confirma the 
basic assumption tluit tlie niiclea,r cha.rge and the at^omic number are 
identical. 

X. The Compton Effect (p. 75). 

Here we shall investigate th(‘. collision b(‘dween a light quantum 
and an electron, on tlie assurn|)ti()na of the special theory of rtdativity. 
This procedure is appropihite for our purpose, as it dot's not raa,ke 
the calculations any more (•-om|)li(*,a.t;e(l, whih'. on tlu^ otluvr hand the 
result obtained is tli(\n valid for tlie scattering even of very liard 
radiation. 

The calculations art'- basetl on tlit', tlit'ortvms of tht' (‘.tuist'rvation 
of ('.nergy and of inorrit'ntum. TJie t'lu'rgy of tht'- liglit qua-ntum 
before the collision is /n% its monuMitum hv/c; tht'- c()rres|)ondiug 
quantities after the, collision wt* shall ca.ll hv and hv /c. For 
the sakt', of simplicity wt^ shall r<ga.rd the ('lectron as at rt'-st 
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previous to tlie collision; in this case its energy will be equal to the 
rest-energy corresponding by Einstein’s formula to the rest-mass 
mo, while its momentum will be zero. Let v be the velocity of 

the electron after the collision; then its mass m will be , 

moC^ va - 

its energy mc^ will be “ / T T and its momentum mv will be 

m^v ‘ ^ 

collision the electron has 

the kinetic energy ” 

J/A (’W'hich, as we easily see by expanding in powers 
hv /\(p \ '^1^’ agrees with the formula of non- 

relativistic mechanics when the velocity is 
\ small), while before collision this ‘‘kinetic 

^ energy ” is zero. 

if ^ angle of deviation of the 

light quantum and 0 the angle of deviation of 
the electron, the theorems of the conservation of energy and of 
momentum take the following forms (see fig. 4): 

Conservation of energy: hv + = hv -f* mc^; 


Conservation of momentum: 


hv hv , , , 

__ = COS0 mv COSi/r, 

c c 


0 = — sin</> ™ mv sini/». 
c 


Eliminating ip from the last two equations, we obtain 
mVc^ = h^{{v — v' coS(/>)^ + (v sin(/>)2} = h^v^ + v^ — 2vv' cos^). 

Again, from the energy equation we have 

m?‘c^=[h{v — v')-|- moC^}^= — 2vv)-\-2mQC^h{v — y') + mo^c^. 


V • 2/1 A 


by definition, subtracting one of these equations from the other gives 
— — 2]i^vv'{l — cos^) + %nQC^h(v — v') + 
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or 


{l-coscl>) = !^ 
h 


OTIqC^ / 1 

“Fv 



If for convenience we denote the quantity 

A. = 0-0242 A. 
m^c 


(which is in general referred to as the Compton wave-length) by Aq, 
the above equation can also be written in the form 

AA = A' — A = c = (1 — cos^) = 2Ao sin^ 

\v v) m^c 2 

which was given in the text. 


XL Phase Velocity and Group Velocity (p. 78). 

In order to give a strict proof of the relationship U ^ dvjdr given 
in the text, we in the first instance consider the most general form of a 
group of waves; it must have the form of a Courier integral 

ii{x, t) = dr, 

where v = v{r) is to be regarded as a function of the wave-number r. 

We now assume that the group is very narrow, so that in the 
integral there occur only those waves of finite amplitude whose wave- 
numbers differ from the mean wave-number Tq by a very small amount. 

If we put T = To “I Ti, y{r) Po “h + '^i) == 

wave-group may be writt<ni in the form 

u{x, t) A(x, 

where 

J(x, t) = 

Hence the wave-group may be regarded as a single wave of frequency 
1 ^ 0 , wave-number To, and amplitude A(x, t) varying from point to 
point and moment to monumt. This assumption is justified, as accord- 
ing to our assumption A(x, f) is a function which varies only slowly 
compared with the (‘xponential function to a first 

approximation it vari(‘s in the rhythm of a mean of the beat 
frequencies v^, wliieh ar('. V(‘ry small conipa,rc<l with Pq. 

The velocity with, whicli a (l(v{init<^ valuer of the am|)litiide A(x, t), 
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e.g. its maximum, advances with the wave is called the group velocity. 
This is accordingly found from the relation 

dA dx dA ^ 

dx dt dt 

obtained by differentiating the equation A{x, t) = const, with respect 
to the time. If we call the group velocity U to distinguish it from the 
phase velocity, we have 

dA /dt 

\ dt / Ji == const. ^A jdx 

Now obviously 

dA 

^ = 2ni J 

dA r 

g = -^277i J 


As we have assumed that the group is confined to a very narrow range 
of wave-length, we can expand in powers of r^: 



Hence 


dA / dv\ dA 

dt xdT/^dx^ 


and for the group velocity we accordingly have 



while the phase velocity is given by 

V 

T 


XII. Elementary Derivation of Heisenberg’s Uncertainty Relation. 

We consider a wave packet of finite width. For the sake of simplicity 
we represent its amplitude at any moment by a Gauss error function 
(such as actually occurs in the ground state of the harmonic oscillator, 
Appendix XXXII, p. 343): 

f{x) = 

then Lx the width is given by 

Lx = ^a. 
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The Foxirier representation of /(cr) is 

f{x) = f 

where 

J — 00 

is the amplitude of a partial harmonic wave with the wave number t. 
Introducing the expression of f{x) in < 5 ^( 1 :) we have 

00 

(l){y) :=z A f ^ dx 

J — 00 

J — 00 

This integral is transformed by the substitution x/a -j- rrira = y into 
the Gauss integral _ 

a f e~~'^‘'dy = aV tt. 

Therefore 

cI){t) = Aa'V = Aay^ 

where j 1 

Tva 

TIk^ (listril)ution of the ehunentary waves composing the wave packet 
/(:r) is again a Gaaiss fune.tion with the half width b - - l/Tia. Putting 

Ara~ |a, At = one has Aa; . At = and introducing the mo- 
nientuin p == hr: 

A ^ h 

. A,T.Ap=^ , 

477* 

wliicli is th(‘ (‘xa(‘.t (‘xpr(‘ssi()n of IhascMiberg’s uncertainty law for the 
a])e(via,l wav(‘. |)a(‘.k(‘t (s(m‘ A|)p(‘n<lix XXXII, p. 343). It is evident that 
with r('S})ect to order of magnitude, tlu' r<Ja.tion A:/; . Ap h holds for 
any form of the wave' patilcet. We sha.ll ])rove th(‘. inequality with an 
<nxact nunu'ric.al (‘.oc^flieient la,t(‘r (s(‘(‘ vVppimclix XXII, p. 312). 

XIIL Hamiltonian Theory and Action Variables (p. 101). 

Here we shall briefly ennsidor the nKschanics of multiply periodic 
motions a-nd the corr(‘S{)ouding c[ua.ntum conditions. According to 
Hamilton, the motion of a, syst(‘.m is (h^scribed completely by stating 
the energy as a function of thci co-ordinates and the momenta 
the so-called Hamiltonian function 5 ^ 2 ? • • • ^ Tv • • 0- 

ordinary rectangular co-ordinates the momentum becomes 
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here, in what follows, the dot denotes differentiation with respect 
to the time.) The equations of motion are then 


qic = 


dH 


Plc = 


dH 

9?* 


From tliese tlie theorem of the conservation of energy follows imme- 
diately; for if we form the total difierential coefficient of H with re- 
spect to the time, and make nse of the equations of motion, we have 


dt k 




= 0 , 


that is, the energy of the system, = E, is constant. 

In general we can replace the pair of variables qj) by an 
arbitrary pair of canonically conjugate variables, where we define 
canonical variables by the fact that they satisfy equations of the 
type of the equations of motion given above. The investigation of 
such canonical transformations leads to a mathematical problem (the 
so-called Hamilton-Jacobi difierential equation) which in many cases 
can be solved. Here we shall assume that a solution can be found. 
Then the problem of integrating the equations of motion may be 
stated in the following form: to find new canonical variables 
{J Tc> such that the energy depends on the quantities J 4, only, not 

O rr 

on the quantities Then by the equations of motion == — ~ 0, 

dWf, 

so that Jj^ is constant throughout the motion. On the otlier hand, 
dH . , 

r/c = -y- IS also constant as time goes on, owing to tlu^ constancy 

of the quantities Jjc, and Wj,. increases linearly w^ith the. time: 

Thus the integration problem is solved in the new co- 
ordinates, and it only remains to make the reverse transformation. 

A system is said to be singly or multiply periodic if the variables 
just defined can be found such that each rectangular co-ordinate is 
periodic in the quantities i.e. can be represented as a lit'ourier series 
in terms of these variables ^1, . . . , so that, r2, . . . being 
positive or negative integers, 

Ti, To, 

The coefficients are then functions of the quantities If the 

motion is periodic, the quantities J ^ are said to be action variables and 
the quantities Wj^ angle variables. We have already had an example 
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of tHs Mad in the rotator, where the azimuth 0 and the angular momen- 
tum f were taken as canonical co-ordinates. Then the Hamiltonian 


functioa is H — wlience there follow the equations of motion 

dH 

ci = __-=^==:to-p== — — - == 0. These have the solutions p = const. 

dp A o<p 

and (j) = out. The rectangular co-ordinate is then given by 


X == 


Ehrenfest has proved that the action variables adiabatic 

invariants, i.e. that the quantities J ^ can be quantised. We now postu- 
late the quantum conditions 

Jj^= hn^c (% 9>n integer). 

We can, however, only set up as many conditions of this kind as there 
are incommensurable frequencies in the motion. This may be seen 
as follows. By way of example we consider the case of two degrees of 
freedom; the index in the Fourier series then contains the sum 
ViTi “1“ V 2 r 2 , where t^, Tg are integers. If, e.g., = kv^, where k is an 

integer, “H '^ 2 )- Now kr^ + '^2 ^^7 

integral value, since and are integers. In reality, therefore, we 
have only a single periodic motion and a single periodic Fourier series, 
and it is clear that in these circumstances only one quantum condition 
can exist. This case is referred to as degeneracy. 

The canonical variables and can be conveniently determined 
in the case where the system is separable, i.e. once the equations of 
motion have been solved each pj^ depends only on the corresponding 

Vk = Vilqjc)- 

Here it may be shown that the action variable corresponding to 
the Ml period is given by 

fficdqh, 

where the integral is to be taken over the whole period. Hence in the 
case of separable co-ordinates the quantum condition may be stated 

at once: /• 

fViAqic ^ 

Without further examination these conditions do not reveal whether 
degeneracy is present or not. Hence before a,pplying tlnan it is nee.es- 
sary to investigate carefully what the actua.1 niimber o!’ iiMainimen- 
surable periods in the system is. Frequently, liowevin*, it is eonvaaiif'ut 



286 


APPENDIX XIV 


to take no notice of this (Sommerfeld) and simply to write down super- 
fluous quantum conditions. Then the physically observable quantities 
like energy, momentum, &c., depend only on certain combinations of 
th.e quantum numbers n 2 , so that they may be expressed by 
a smaller number of integers; thus contradictions cannot arise. This 
method has the following additional advantage: if a degenerate system 
is perturbed, e.g. by an external electric or magnetic field, the degeneracy 
is in general removed and there appears a new fundamental period, 
incommensurable with the former periods. If the unperturbed system 
has been discussed by means of suitable variables involving a super- 
fluous period, and the perturbations are small, the quantum conditions 
can be taken over direct from the unperturbed case. We shall meet 
with an example of this in connexion with the Kepler problem. 

XIV. Quantisation of the Elliptic Orbits in Bohr’s Theory (pp. 92, 107). 

The quantisation of the elliptic orbits in the Bohr atom is carried 
out here by means of the method, described in the previous section, 
of over-quantising the system by using more periods to describe the 
motion than it actually has. 

We have first to write down the classical laws of motion for two 
particles of masses m‘ and M and charges —e and Ze which attract one 
another according to Coulomb’s law. (These correspond exactly to 
the laws of motion in astronomy, except that there the attracting 
force is the force of gravitation.) If (x^, y^, z-^) and %) are the 

co-ordinates of the electron and the nucleus respectively, W, the energy 
of the motion, is given by 

7p^ 

W = iOT(V + + 22^) — — . 

r 

I 

If we regard the centre of gravity of the system as at rest, then 
mxi-\- M x 2 is z&io] introducing the relative co-ordinates {x, y, z), 
where cc = ccg “ variables, we have 

—M m 

X. = — X, Xo = X, 

M m M + m 

Similarly for the corresponding components of the velocity. The 
corresponding term of the kinetic energy is then 

^mxj^ + ^Mx2^ = 

where fju is the so-called effective mass mMI{m + M); cf. the discussion 
of the motion of the nucleus in § 1, p. 96. Hence the problem 
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may be treated as a Kepler problem for the relative motion about the 
centre of gravity with co-ordinates {x, y, z) and effective mass /x. 

Eor suck motions about a fixed centre the conservation of angular 
momentum (theorem of areas) holds as well as the conservation of 
energy. The former implies in the first place that the motion is all in 
one plane. We take this plane as the ccy-plane and transform to polar 
co-ordinates by means of the equations x = r y = r sincji. The 
momentum theorem then gives 

=z rrrr COnSt. 

In polar co-ordinates the energy is 

W = -f = const. 

r 


Eliminating <f) between these two equations and noting that 


we have 


r = A * = Pjh 

fjLT^ dcj) 



Here it is advantageous to introduce the new variable 1/r; for 
p we then have the diifcucntial equation 



This may readily l)e solved by diflercnitiating once more with respect 
to cj)] re j (acting the fiictor dpldcf), we hav(i the dillerential equation, of 
the second orde,r 




: - 0 . 


As is well known, its genera,! solution is 

■P.ir 

containing the two constants C and l)y suital)le (‘.hoice of f/> the 
latter can always be nnide to vanish. If for brevity we also put 
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we liave 


r = - 


1 + e COS^* 


As we know, this equation represents a conic. In order tkat the motion 
may be periodic, i.e. in order that tke conic may be entirely at a finite 
distance, tbe denominator in the above polar equation must never 
vanish; that is, | e | must be less than 1. Perihelion, i.e. the minimum, 


Aphelion 


value of r, corresponds to the azimuth ^ = 0; then = ^ 

1 + € 

corresponds to <f>=7T: r 2 = — . From these we obtain the expression 


a 


1 

2 


:(^i + ^2) = 


for the major semi-axis a. For +7r/2, r is equal to the semi-latus- 
rectum q of the ellipse (see fig. 8, p. 107). Further, we readily see that e 
is the numerical eccentricity and that the minor semi-axis is given by 

b = of the motion is obtained by substituting 

from the equation of the ellipse in the previous expression for W; we have 

which is the same as the result for a circular orbit (p. 92) if we 
replace the radius by the major semi-axis. 

Now, although there is only one period, we prescribe two quantum 
conditions j. . 

mjprdr = n'h, — Ih. 

Owing to the constancy of the second condition at once gives 

h , 


*!? 
2a ’ 


The first integral, however, is not so easy to calculate; here we have 
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Accordingly, we have to evaluate the integral 




' sin^^ 


(1 + e cos^)' 




for a complete revolution, i.e. <j> runs from 0 to 2^. Integrating by 
parts, we have 


: sin^ 


Ll + ecoBt^j 


27 r ^2 


: COS^ 


1 + € COB (j) 


y » 27 r 

d4, = -f 

*^0 i 


• cos^ 


+ € cos 


Multiplying the second expression by +2 and the first by — 1 
adding, we obtain 


7 = 


___ 6^ sin^cf) + 26 cos^(l + € cos<^) 

J(\ 




0 (l+€ COS <5^)2 

1 + 26 cos(/> + 6^ cos^<^ j' 


d(j) 


. 27 r 




(1 + ^ OOB<f>Y 


(1 d- ^ COBcj))^ 


d<i>. 


The first of these integrals can be evaluated at once and gives — 27 r; 
the second, in virtue of the equation of the ellipse, may be written in 
the form 


1 - €2 

Jq (1H-€C0S^)2 



This form of expression shows that apart from the factor 


(1 - 
f 


the integral represents twice the area of the elliptical orbit, which, as 
we know, is nab, where a and b are the semi-axes of the ellipse. Sub- 
stituting the values previously found for the latter and collecting 
terms, we find that the first quantum condition gives 


n'h = - 

-277^*,,, + p,i, 

or 



1 - €‘ 

If we put 


we have 



2-77 


(1 - €2)^/2 


-Jilc -f- 


^TT^G^Zixa ~ Ji\%' -f- h)^. 


n' -)- Ic =■ n, 


V(1 ~ €2)^ 


hV 

4772 ^’ 
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so tEat the energy is 

2a ' 

Thus by an argument based on Bohr’s theory we have obtained the 
Balmer term with the correct coefiScient. 

In deducing this we began by introducing two quantum conditions 
and hence two quantum numbers, the radial quantum number n' 
and the azimuthal quantum number h. As the orbit has only one period, 
however, it is found unnecessary to use both quantum numbers in 
finding the energy levels, as the latter involve only the sum of the two 
quantum numbers. This we call the principal quantum number, as 
in the unperturbed motion it alone determines the positions of the 
terms. 

^ The significance of the two other quantum numbers only becomes 
evident if the degeneracy is removed by some perturbation (due to 
deviations from the Coulomb field, introduction of the relativistic 
variation of mass, presence of an external field, or some other cause). 
We can, however, gain an idea of the meaning of the quantum numbers 
from the purely geometrical point of view by considering the elliptic 
orbit. If, as in § 1 (p. 99), we denote the radius of the first circular 
Bohr orbit for Z = 1 by 

the major semi-axis of the ellipse is 


Using the formulse above, we similarly obtain the values 

for the minor semi-axis and the semi-latus-rectum. The ratio of the 
axes, 6/a, is accordingly equal to kin. \in= h, we obtain the circular 
orbits of the Bohr atom, for ^ = 0 the so-called pendulum orbits 
(straight lines through the nucleus); but, as was emphasized in the text 
(p. 108), the latter are to be excluded. 
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XV. The Oscillator according to Matrix Mechanics (p. 118). 

We proceed to illustrate the fundamental ideas of matrix mechanics 
by means of an example, namely, the linear harmonic oscillator. 
We start from the classical expression for the energy, 

which leads to the equations of motion 

or -lq= -coo^q, ( = // 

fi /X \ y fx 

The difference between classical mechanics and quantum mechanics, 
as was explained in the text, lies in the fact that the quantities p and 
q are no longer regarded as ordinary functions of the time, but stand 
for matrices, the element q.nm of which denotes the quantum amplitude 
associated with the transition from one energy-level to another, 
E^. Its square, just like q^, the square of the amplitude in classical 
mechanics, is a measure of the intensity of the line of the spectrum 
emitted in this transition. When we introduce the matrices into the 
classical equations of motion, we must also bring in the commutation 
law 

h 

n ~~ == o ” • 

Ztt'I 

as quantum condition. 

These equations are easily solved. If the matrix is to satisfy 
the equation of motion q co^^q === 0, this equation must be satisfied 
by each element of the nmtrix independently: 


Hence if we make the natural assumption 


we must have 


Hnm !/ 7im j 

(cOq*' ^7mL^y]nni d, 


that is, either q^m ^ ±<^()- Tlius all the cjuantities q^m 

vanish except those for which oJ.n.„^ -- H </>(> or -- — <^(y As W('! a.re 
still free to arrange'. th(‘. numliering of th<‘. matrix elements as we please, 
we make the following statcnmmt: the, frequency aj^m “ 
spends to the passage from the n-th state to tlie {n — l)-th (emission), 
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^nm= — passage from the ^-th state to the (^+ l)-th 
(absorption), so that 

?nm =0 if m 4= n + 1, 

9.nm 0 if = 'yi 4 1* 

This choice of order will be found convenient later, as individual rows 
(or columns) of the matrices with higher suffixes correspond to states 
of higher energy. We would, however, expressly emphasize the fact 
that this fixing of the order does not destroy the generality of the 
solution in any way. 

The co-ordinate matrix accordingly has the form 


ro 


(?nw) — 


?10 

0 


0 

?21 


0 0 . . : 
gi2 0 ... 

0 J23 • • * 


The momentum matrix has an analogous form; from p = fxqit follows 
that 

JPnm 

and hence that 


(Pnm) — V 


■ 0 

^io9.io 

0 


= % Iio)q 


0 

?io 

0 


^ 01?01 ^ 0 . . . 

^ ^12?12 ^ • • • 

^ 21?21 ^ ^ 23?23 • • * 


?01 ^ ^ 

^ “"?12 ^ 

?21 ^ ?23 


in virtue of the above statement about the quantities oj^m- 

What we are chiefly interested in is the question of the energy levels. 
We accordingly calculate the energy matrix, using the co-ordinate 
matrix and the momentum matrix just given, from the classical energy 
function 2 

^ = i - + = ~ + P^Wf)- 

H' 

To do this we have to form the squares and p'^. This is carried out 
according to the rule given in the text (p. 117) for the multiplication of 
matrices. If a and b are two matrices, the elements of their product 
c= ab are given by _ v i 

^nm ^ ^nkbjcm’ 
k 
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Using this rule, we readily obtain the two expressions 


f = 


JoiS'io ^ SoxSis • • • 

0 ?io2oi + M 21 0 

?21?10 0 g2ig-i2 + 2239-32 . . . 






?oiffio 0 -qoi^n 

0 ffMoi + 9 'i 2<?21 0 

"JaiS'lO ^ 9'21?12 + 9'23?32 • ■ • 


Substituting ttese matrices in the expression for tbe energy, we obtain 
the energy matrix 


W = fJiCOQ^ 


? 01?10 

0 

0 


0 

? 10?01 + 2 i 2?21 
0 


0 

0 

? 21?12 4 - 323?32 • • • 


The first thing which strikes us about this matrix is that all the 
elements vanish except those in the principal diagonal. This, however, 
is equivalent in meaning to the energy theorem, namely, the energy 
of a given state is constant as time goes on. Indeed, the time factors 
disappear from, all the diagonal terms; for example, the first term 
would have the time factor but this is equal to unity, 

as ^10' 

The individual terms of the j^rincipal diagonal represent the ener- 
gies of the individual states, and in fact the element Wnn gives the 
energy of the '/^-th state. The energy matrix involves in the first 
place the elements of the not ytt completely determined co-ordinate 
matrix. These may, liowevcu-, be obtained by means of the com- 
mutation law j)q — qj) "= hj^Tri, and the energy levels may then be 
found. 

If, following the above rules, wo substitute the co-ordinate matrix 
and the momentum matrix in the commutation law, wo readily obtain 
the matrix 


ipq - qp) = - 2 ip.ajo 


foi^io 

0 

0 


0 

? 122'21 ? 10?01 
0 


0 

0 

?23?32 fe?12 • • • 


(e908) 


20 
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THs imtriz must be equal to hj^rri, or, more accurately, equal to 
till-M times the umt matrix 


0 

1 

0 


0 

0 

1 


Tbe two matrices must accordingly have tbeir terms identical; tMs 
leads to the system of equations 


?oi2io = 

?12321 S'oiJio ~ 
“ ?21?12 = 


h 


iirficoQ 

h 

^TTfXCjOQ 

h 

4:7Tp.(jO^ 


These equations can be solved 

9.n,n + l 9[n+l,n~ ~i~ 1) 


in succession, giving 

h 

irr/jicoQ 






■E, 


hco. 


'n - ^ q J 


_ ^ (2w + 1) = hv^{n + 1 ) (n= 0, 1, 2, . . .). 


Scre.=for% ^ ^ equidistant 

resTtbe t r.W r ^ difference 

es m the fact that the whole term diagram of quantum mechanics 

enetS^ ^ quantum of 

difference does not manifest itself in the spec- 

to Ste tbT+^/T* “ Problems. In any case it is important 

T , nrmonic oscillator possesses energy in 

the lowest state, the so-caUed zero-point energy. 
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XVI. The Oscillator according to Wave Mechanics (p. 124). 

In this section we shall obtain the solution of the wave equation 
for the linear harmonic oscillator. The equation is 


If we put 

. STT^mJS 







</-= 0. 


2TnncoQ 477^ Vg 


(<UJo = 277^0 — VifM) 


the equation becomes 

{|+a-<,y)# = o. 

Here A is the proper-value parameter and we have to find the values of 
A for which the equation has a finite and unique solution throughout 
all space. 

We can write down one solution of the equation at once, namely, 
the so-called Gaussian error function 


where the proper-value parameter is Xq a, as we readily see by sub- 
stitution in the wave equation. The corresponding energy is then 
given by 




h^a 

Sn'^ni 


^Iivq. 


This, we may state in anticipation, is the term of lowest energy, corre- 
sponding to the ground stfite. H(>re, therc'.fore, we obtain the result 
given by the matrix m<4ho( I, na,mely, the ground state possesses a zero- 
point energy amounting to ha, If Planck’s qua,ntum of energy. 

In order to find tlu^ ri'inaining solutions of the wave equation, it is 
convenient to assintU' that ifj is of the form 

i/; 


(From the purely nia,th('rna,tica,l point of view oiu^ might b(‘. tempted 
to assume a similar (‘xpri^ssion but with th(‘ ])lus sign in the exponent; 
from the physica,! point of view, liow(‘.ver, such an a,ssumption is not 
permissil)le, as in that cast‘. the wave function would increase beyond 
all bounds as x i no revised.) 
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If we substitute tbe above expression in the differential equation, 
a brief calculation gives the following differential equation for v: 

dh o 1 \ A 

_-2c,5-+(A-«)„=0. 

As the equation is homogeneous, the factor disappears. This 

differential equation has the following advantage over the wave 
equation. If we assume that v may be expressed as a power series in 

v= ^ a^q\ 

substitute this series in the differential equation, and equate the co- 
efficients of powers of q to zero, we obtain the recurrence relation 

(v + 2){v + IK +2 + { a - a{2v + l)}a, = 0, 

involving two coefficients only; whereas if we attempt to satisfy the 
wave equation by a power series for ijj, we are led to a recurrence 
relation involving three coefficients. The recurrence relation just 
given enables us to calculate the coefficients of the power series. 

On detailed examination, however, we find that in general the power 
series obtained in this way diverges more rapidly than when 
g'->cOj so that in this case the wave functions would increase 
beyond all bounds at infinity. The wave functions do not converge, 
i.e. the power series does not increase more slowly than when 
00 , unless the power series terminates. This happens for certain 
special values of the parameter A; in fact, as we readily see from the 
recurrence relation, the series breaks off at the term v == n it the factor 
multiplying vanishes, i.e. if 

A = Ayi = a{2n + 1). 

Recalling the meaning of A, in this case we obtain the expression 

+ I) 

for the energy. It is possible to give a rigorous proof that these values 
for E are the only values for which the differential equation has a 
solution of the required type. The actual solutions take the form of 
a product of the exponential factor stated above and a finite polynomial 
in q of order in mathematical literature these polynomials are 
known as Hermite s polynomials. For our purposes it is important to 
note that wave mechanics and matrix mechanics both give the same 
energy levels for the harmonic oscillator, namely, a succession of equi- 
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distant terms, the cliaracteristic deviation from Bolir’s theory being 
the displacement of the terms by half the interval between them. 


XVII. The Vibrations of a Circular Membrane (p. 125). 


The solution of the differential equation for the vibrations of a 
circular membrane, 

A^+A^=0 = + 


is easily obtained if we use polar co-ordinates. In this case, as we 
know, the differential equation takes the form 


0^2 ^ 0 ^ 


id^ 


-j- Ai/r = 0. 


We see that the solution may be taken as the product of a function R 
depending on r only and a function 0 depending on ^ only; i.e. in 
polar co-ordinates the variables are separable. The differential equa- 
tion can then be split up into two equations with the single indepen- 
dent variables r, (j> respectively, by means of a separation parameter, 
which we shall call nfi\ 


dm , 


IdR 


r d/r 


- + A22- 




22 = 0 , 


d^ 

d<l^ 


m^<[> = 


0. 


The second equation gives 


It is essential that the wave ffmction shall be one-valued; but this is 
not the case unless m is an integer, for otherwise an increase of 27 t in 
the value of would give a different value for the wave function; 
hence the separation parameter m must be an integer (m ^ 0). 

The differential equation in r is the well-known equation defining 
the Bessel function J,,,(A/Ar) of the m-th order with argument VAr. 
Here, however, we must take the boundary conditions into account. 
As a particular ca,se, we assume that the membrane is fixed at the 
circumference, so that for all points on the boundary R{p) = 0, where 
p is the radius of the membrane. Now the Bessel function of any order 
has an infinite number of zeros (in fact if the value of the argument 
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is not too small its graph, is similar to a sine wave); tlie zeros of tlie 
Bessel function we stall call Zq, ... . In order ttat the 
boundary condition may be satisfied, tte argument of tte Bessel func- 
tions must coincide with one of these zeros when r = p. Hence not 
all values of the parameter are possible, but only those for which 

VXp = 2o, or or z^, . . . . 

In the first case the wave function has no zeros other than those for 
r=p and (where m > 0) for r = 0; in the second case it has one other 
zero, in the third case two other zeros; hence in general for the proper 
value 

there are n other zeros (circular nodal lines; see fig. 20, p. 126 ). 


XVIII. Solution of Schrodinger’s Equation for the Kepler Problem 

(p. 125 ). 

Schrodinger’s equation for the Kepler problem is 


A^ + 




V 


E + ■ 




Changing to three-dimensional polar co-ordinates r, 0 , </>, we obtain 
the equation 

1 32 


4. ^ ^ 4. ^ M ^ 4 - 

3^2 ^ 3^ ^2 3^2 ^2 3^ ^2 g 


+ 


STT^m / 


E + 




7 ^) 


i/r= 0. 


This equation is likewise separable; if we put 

^=:2J(r)©(6>)(D((/>), 

the equation may be split up into the three equations 


dr^ r dr 


i-“)~ 

|0,+ cot0A+A--.^)© = O, 


i2 = 0, 


d^^ 


-|- — 0 , 
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where m (as before) and A are the separation parameters. The solution 
of the third equation we know already: 



where m must be an integer, otherwise <I> is not one-valued. 

The second equation is the equation defining the spherical harmonic 
Pz”'(cos0), when A has the value 1) and | m> | ^ Z; for other 

values the equation has no finite one-valued solution. We shall prove 
this generally by combining the 6- and (/»-relationships in the general 
surface harmonic Yi{9, <!>). If for brevity we introduce the notation 

a - ^9, 

sin 6 dd dd sin^ 9 d(j>^^ 

so that 

0^2 ^ 0y. 


Yi{9, (j)) must satisfy the differential equation 

AY,+ Ar,-o. 

A general solution of this equation is obtained in the following way. 
We consider a homogeneous polynomial Ui of the Z-th degree in x, y, 
z, which satisfies Laplace’s equation 

= 0 . 

If we now define a function Yi of the ratios x/r, y/r, z/r, i.e. of the 
angles 9 and c/> only, by mea,ns of the equation 

substitute tliis in Laplace’s equation 0, and carry out the dif- 

ferentiation witli, respect to r, we obtain th(‘. (equation 

(fa + ^ v) -I- ^ ^ H- l{l + 1)Y,} == 0; 

\d'r T or/ r“ 

that is, the finietions dx'firuHl id)Ove are solutions of the differential 
equation AY i + AY^ 0 in the case where 

A.:^Z(Z+1). 


It is possible to prov(‘. tliat no other valu(\s ol; Agiv(‘. finite and continu- 
ous one-valued solutions of the difikuauitial equation. The pr*op(‘r values 


of the equation 


Ar,+ AY,= 0 
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are accordingly eq[Tial to l(l -f- 1). Moreover, it is easy to reckon up 
tke number of arbitrary parameters in any function of tbe Z-tb degree. 
Tbe most general bomogeneous polynomial of tbe Z~tb degree in x, y, z 
contains |(Z + 1)(Z + 2) arbitrary constants (it contains one term in x\ 
two in three in and so on, and finally (I + 1) terms not con- 
taining X at all). These constants, however, are connected by certain 
relations depending on tbe condition AUi= 0; tbis equation is equiva- 
lent to |Z(Z — 1) equations for determining the coeflS-cients, for AlJi 
is a bomogeneous function of the (Z — 2)-th degree, which must vanish 
identically. Hence Ui contains 


independent coefS.cients. Accordingly there are (2Z + 1) linearly 
independent spherical harmonics of the Z-th degree. If we write them 
in the usual form they correspond to tbe (2Z 1) 

possible values of tbe third (magnetic) quantum number m. 

We now pass on to the differential equation for the radial function R: 


2d e^Z 

dr^ r dr \ r 


j?=o. 

j 


Its solution must be finite and continuous for all values of r from zero 
to infinity. Here we are chiefly interested in the magnitude of tbe 
proper values E for which this equation has a solution satisfying tbe 
prescribed conditions. In particular, we shall only discuss the case 
where E < 0. Tbis corresponds to tbe elliptical orbits in Bohr’s theory; 
energy must be supplied in order to remove tbe electron to the boundary 
of tbe atom or, better expressed, to an infinite distance from the nucleus. 
Tbe case where > 0 would correspond to Bohr’s hyperbolic orbits. 
Eor the sake of simplicity we shall introduce rational units. We 

Jl2 

shall measure tbe radius in multiples of the Bohr radius — — -- 

4:7T^me^Z 

and the energy in multiples of tbe ground state of the Bohr atom, 
— , i.e. we put (p. 99) 

„ (~-27T^me^Z^\ 

r = o , ja = el I. 

^ inhne^Z’ \ / 

The -wave equation then takes the simpler form 


-I- ? i. _e + ? _ + 1) 

dp^ p dp p p^ 


J?= 0. 
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We begin by investigating tbe behaviour of the function R for very 
large values of p. We accordingly omit the terms in 1/p and l/p^ in 
the differential equation, so that the behaviour at infinity is given by 


the equation 




€ I = 0. Its solution is the upper 


sign, however, is impossible, as then the wave function would increase 
exponentially beyond all bounds as r and p increased and therefore 
could not be regarded as a proper function. 

The second special region is that of the origin. We obtain an 
approximation by omitting terms of the differential equation which 
tend to infinity more slowly than 1/p^ when p -> 0. The equation is 
then 


dp^ p dp 


— 0 . 


Here the solutions are R^ = p^ and Rq — p“^“^;' the second of these 
is impossible, for it becomes infinite at the origin. 

We now know how the desired function behaves at the two singu- 
larities p = 0 and p = 00 . It is natural to assume that the complete 
function R is of the form 

R = 


where / is a function of p which must of course behave regularly at 
these two points (i.e. must not increase more rapidly than at 

infinity) and which determines the nature of the complete function in 
the region intermediate between the regions of validity of the power, 
p\ and of the exponential function. Substituting this expression 
in the differential equation, we readily obtain the following differential 
equation for/: 


dj 

dp^ 


+ 1) df 

p dp 


_ 2Ve / + ? (1 - + 1))/= 0- 

dp p 


We attempt to solve it by means of a power series in p (or, better, in 
2 p^/€) and accordingly write 

/ = 2:a„(2pV €)■'. 

0 

Substituting this in the diferential equation and rearranging the terms 
somewhat, wc obtain 


S aX2pV^r 

i »--0 


21 ~\- 1 ) - 


,.==0 


-( 
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This series must vanish, identically, so that we obtain the recurrence 
relation / 1 \ 

-f + 2) = + Z + 1 — 

for the coefficients. At the origin the function / is of course finite and 
equal to the initial term ^q. At infinity, on the other hand, / becomes 
infinite, and in fact, as more detailed analysis shows, to a higher order 
than provided the series for / does not terminate. If, however, 

the series does terminate, R vanishes at infinity, despite the fact 
that / becomes infinite, in virtue of the exponential factor The 

condition that the series shall terminate is obtained from the recurrence 
relation; the series breaks off after the n^-th term if 

%+?+!== — . 

That is, l/V^ must be a positive integer, or 

1 



where n = + Z + 1; n is known as the principal quantum number, 

as the radial quantum number. 

We see, therefore, that solutions of the differential equation which 
satisfy the conditions of finiteness, continuity, and one-valuedness can 
be found only for certain discrete values of the parameter e, namely 
the values £ = 1 jn^. Hence certain definite energy levels are alone 
possible, namely 

E = — = 


hR^Z^ 


which are those introduced in Bohr’s theory to explain spectra. 

We may add that the polynomials / are known as Daguerre’s poly- 
nomials; these, however, we shall not discuss in more detail here, 
except to mention that their zeros determine the position of the nodal 
surfaces r = const.; in fact, R has % nodes, not counting the zeros for 
r = 0 (in the case where I > 0) and r == oo. 


XIX. The Resultant Angular Momentum (p. 129). 
In the text we gave the operators 

h / d d\ 
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corresponding to the components of the angular momentum. The 
square of the resultant angular momentum is 

M 2 = Mi + Mi + Mi, 


where the expression Mi implies the repetition of the operator 
that is, if we have operated with M^ on a function i/j, the application 
of Mi to the function if; means the formation of MiM^ip). 

For the first component, for example, we accordingly have 


Miifj^ 




or, carrying out the differentiations. 


9 


hence the operator Mi is identical with the operator 


\27t/ V 32" 3/ 


9 3 I ^ j- , ^ 

dydz'^^dy'^ dz 


> 


Adding the three components, we have 


P )2 02 ' 


+ 2 


dz dx 


■ 03 , 3 0 , 3 3 ' 

+ yz , H- 23 ? , 

ox oy oy oz 


■ 3 , 3 , 3 ' 

OX oy dz, 


or, rearranging the terms and noting that 


00 o 3 " ^ 

X X - -- i- ^ , 

dx dx dx‘^ dx' 


M 2 : 


HT 

A 1 X d . y d z d d , 

As we know, - - - + - ^ + - . ^ , so that 

rdx r dy r dz dr 
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M'^ 


/AV/ 2 . , 3 3, 3 

= W (-r2A + r^r- + r 


3r 9r 


3r 


If we now ckange to polar co-ordinates, we see (of. Appendix XVIII^ 
p. 298) tiat 


Af2 = 


\L-n) \ \3r2 ^ r 3r/ 


A I 9 3 , 9 

A + r-r- -h r- 
Of or or 



This simply means that for every state with azimuthal quantum 

jf.2 

number I, has the proper value — - l(l -f 1). The magnitude of the 

resultant angular momentum is accordingly quantised and has the 

A 

value ^ Vl(l + 1). 

Turther, in polar co-ordinates with polar axis z we have 




2771 \ dy dx/ 


A A 

2^7^ d(j> 


Applying this operator to the one-valued function e'^^*** (where m = 
+1, +2, &c.), we have 


0, 


277 


that is, the component M^oi the angular momentum is also quantised, 
Its proper values being integral multiples of A/ 27 r, Bohr’s unit of 
angular momentum. We cannot go into the behaviour of the other 
two components {M^, M^) here, but merely mention that the matrices 
correspondmg to them can be evaluated by the method explained in 
Appendix XXL 


XX. Deduction of Rutherford’s Scattering Formula by Wave Me- 
chanics (p. 131). 

We consider Schrodinger’s differential equation 
and with it the conjugate imaginary form 




A+ F- 


h 

2771 


idty 


0 . 
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If we multiply the first equation, by ijs^, the second by i/j, and subtract, 
we obtain 

- + 2 ^; (*• I + ^ f ) - »• 


) = «, 




_ hi id/,.di,_,dr 


iTrm [dx 




Thus, defining the stream vector 5 (number of particles per square 
centimetre per second) by the components 


= A_l./ 

277^ 2m \ 


^ dx ^ dx 


,*\ 

~ ‘ * * ' ’ 


we have 


?Ji.P = 

dt 


j f\^ = — y* div^d?; = — Jsn 


Since the last integral represents the total number of particles 
leaving the bounding surface per second, this relation is consistent 
with the assumption that 


J I i/j \^dv 


represents the number of particles 
within the volam.e v. li ijj, and there- 
fore vanishes at the boundary (for 
example, at infinity), then 

J I j/f \^dv = const., 

i.e. the total number of particles re- 
mains constant. 

For a stationary process («/f 

in which particles with 
large energy come from infinity, we 
have approximately, as in the text. 



Fig. s. — Diagram for Rutherford’s 
scattering formula 


EU==^ 


Aijj H- /r</f = F(x, y, 



3o6 

where 


APPENDIX XX 


27 r 27 T rr 

The general solution, which corresponds to superposition of the incident 
wave with an outgoing spherical wave, is 

^ _ _L /■ /■ r dx' dy’ dz', 

4:77'' II 

where R is the distance between P{x, y, z) and P'{x\ y' , z'). 

It is sufficient to have the solution for ver 7 great distances 
r = + 2/^ + from the nucleus K (fig. 5); we have then 

approximately 

R — r— r'n, 

where r' is the vector KP\ and n is the unit vector in the direction 
KP. We can also put 

z' = r'n^, 

where Wq vector in the a^-direction. Hence 

^%’kiT /•/*/* 

0 JJ e^^^'^^^'-^^F{T')dx'dy'dz\ 


On introducing polar co-ordinates a, p round the vector — n as 
axis, we fi.nd 


xjj=eikz_ — 


here 


with 


1 « 2Tr ^TT ^00 

f{d )= — / dp sin a da/ 
4:77 ^0 '^0 


K = k\nQ~ n\ = kV -f -f. (l — 


— k ^/^(l — = iV2(l — cosd) = %k sin^, 

2 

where 6 is the angle between n, i.e. KP, and the 2 :-axis. The integra- 
tions with respect to a and p can be carried out: 

.... STT^m r°° ,ot 7/ / siniTr' 

‘^o Kt 
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The intensity of the incident wave is 



that of the scattered wave (for r great) is found from the secondary 
wave: 


277^ 2m \ dr 



^ A. {/Ml ft) 

^iri \m/ 


Hence the scattering probability per unit solid angle is 


w ■ 




The potential can be represented approximately by 


V=^ZeE' 


p-rja 


where the exponential function represents the screening effect of the 
bound electrons; a is of the order of magnitude of atomic radii, 10”^ cm. 
The r-integration can then also be effected, and we get 

fm\ 


Now K = 2 h sin 


9 


477 . 6 

sin 


where A is the de Broglie wave-length; 


hence Ija^ is always small compared with K for paj'ticles with veloci- 
ties at all rapid, except for the imraedia,te neighbourhood of the direc- 
tion of the primary ])ejim {9 ^ 0). If 1 ja- is neglected, the effect of 
the screening disappears entir(‘ly, a-nd we find 


or, with 


/(0 = 


8772m ZeE 
1 C- 


^TrhnZeE 


, 277 277 

A; == .j:)=z niv 

h h 


{v velocity): 


m = 


ZcE 1 
2 mv^ sin^i9/2* 


On squaring, this gives exactly Rutherford’s scattering formula, 
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p. 63 (apart from tke notation: m instead of M, 9 instead of ^). 

Whatever the law for 7(r) may be, a closed formula can be obtained 
(Bethe) just as easily as in the case before us, this law being expressed 
by an integral taken over the appropriate screening charge density, 
the so-called atomic scattering factor. 

XXI. Deduction of the Selection Eules for the Kepler Problem (p. 133). 

As was shown in § 6 (p. 130), the radiation associated with a 
quantum jump is given essentially by the matrix element of the 
co-ordinate, which is related to the wave-mechanical mean value of the 
electrical dipole moment in the way indicated in the text: 

=/ x^l.,,^4„i^d,xdyAz, 

and so on. Here we shall prove that a large number of these 
integrals vanish, and that it is only for certain combinations of the 
quantum numbers (I, m) and (if, ml) satisf 3 dng the selection rules ’’ 
that non-zero values are obtained for these integrals. 

To do this we must investigate the proper functions for the various 
states. We deduced these in Appendix XVIII (p. 298), and showed 
that they may be written in the form 

l ~ -Kn, l(^)7t(0, (j>), 

where is a function of the radius only and Yi{9, (/>) denotes a 

general surface harmonic satisf 5 ring the differential equation 

AYi+l(l+ l)7i= 0 ^ Y 

\ sin 0 30 30 sim 9 op^/ 

We recall that the functions Yi are obtained by removing the factor 
from a homogeneous polynomial of the Z-th degree, Ui(x, y, z), which 
satisfies Laplace’s equation ATI i = 0. If we introduce this form of the 
wave functions into the matrix element above, the integral is split 
up into two parts, an integral over the elementary solid angle 
d(jo = Bmddddcf), which is of the form 

f- Y*Y^dco 

J f 

and therefore does not depend on r, and the radial integral 

jK-i'Kir^dr 

(for dxdydz = r^drdco). Here we shall consider the first integral only, 
as it gives the selection rules by itself, the second integral merely 
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determining tlie gradations in the intensity of the radiation for the 
various transitions. 

We now assert that is always zero unless the selection rule 
^ + 1 is satisfied. To prove this some preliminaries are required. 
In the first place, it is easy to see that the integral 

N,,==fY*Y,dco 

is zero except when I — I'. For the difierential equation 

r*Ar,-y,Ay?= - i { i + i )] y * y , 


when A is written out in full becomes 
1 d 


sm 




i^^/y*3r._y 9rrAl 1 d/ 
= [l'(l'+l)-^l+l)]Y*Y,■, 


d<j> " ) 


if we now multiply both sides by day == sm6ddd<^ and integrate over 
the whole range of d and cj), the left-hand side vanishes, the first term 
on account of the vanishing of sind at the limits, the second term on 
account of its periodicity in <j>. Hence the integral of the right-hand 
side must vanish also, and the fact that 

[v{v + 1) - i{i +1)]// y? y, dco = 0 

leads to the result stated above, since the factor V{V + 1-) ■“ 1) 

is not zero unless V I (I and I' are not less than zero); if V = 4 = I, there* 
fore, the integral must vanish. 

The proof of the selection rules is now completed as follows: as 

we shall show immediately, an expression of the form ^ Y i may always 

r 

be represented as the sum of two general surface harmonics of orders 
{I 1 ) and (I — 1 ), that is, 

"'■y, = y,^i -h-y,-,. 


If we substitute this in the intigral J it follows from the relation ] list 
proved that the integral vanislies itlentically except when ^ i 1 - 
The proof of tlie ridation just usimI follows from the theorem that 
every homogeneous ])olynomial F(;x, y, z) of the n-th degree can be 
reduced in one way only to an expression of the form 

J = Z7, + + . . . + + . . . , 

Ce908) 


21 
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where the functions Tin are the potential functions introduced above. 
If n = 0 or 1 the theorem is trivial, as every polynomial of zero or 
first degree is already a potential function. We shall prove by induc- 
tion that it is true in general. If we assume that the theorem is true 
for aU polynomials of degree less than n, it is certain that AF, which 
is a polynomial of the (n 2)-th degree, can be written in the form 

AJf = Ul_^ -f -f . . . + -f . . . , 

where the functions U* are potential functions different from the 
s. We assert that the general solution of this equation, subject 
to the condition that F is of degree n, is 


F=0 + 




: + 


2(2w— 1) 4(2w — 3) 


+ • • • + 




n~2h 


2h{2n— 2A + 1) 


where G is an arbitrary function of the n-th degree, which satisfies 
Laplace’s equation AG = 0; for if we pick out an arbitrary term of 
this series and make use of Euler’s theorem for homogeneous poly- 
nonodals, we have 


A(r2ftZ7*_2^) = + 2 gradr^^ grad -f- (Ar 2 '») 17 *_ 2 A 

= 0 + 2 . 2Ar2ft-2(^ _ + 2A(2A + 

== 2h{2n -2h+ l)r2'^-2?7*_2^, 

which gives the result stated. The polynomial F is therefore reduced 
to the required form if we put = 2h{2n ~ 2h + 1) and 

Gn — G". 

The proof of the relation stated follows at once: xUi is a polyno- 
mial of the (Z+ l)-th degree and may therefore be expressed in the 

form given above: as A{xTJi) ~ 2 is itself a potential function 

/ dUi 9 \ 

the first term of the 

series, namely appears in it, so that xUi involves only the first 
two terms of the series: hence 


xUi — -f- 

or, using the functions Y i and dividing the equation by 


X 

r 


— Y -f- 


Y 


i~v 


as we asserted above. 
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NowtEat we have given a general proof of the validity of the selec- 
tion rule ?' = ? i 1 for the azimuthal quantum number, we shall go 
on to consider the case where the levels with differing magnetic quantum 
numbers are split up, e.g. by an external magnetic field, and seek to find 
the selection rules which apply to transitions between these various 
levels. I 

For this purpose we change to the usual notation for the wave 
functions, in which the magnitude of the angular momentum about a 
particular axis may be recognized directly, viz. the general surface 
harmonic Yi(9, is replaced by the special function then 

the angular momentum about the polar axis is equal to mhl27r. The 
integral Jirmm' ‘then splits up into two integrals involving 6 alone and 
^ alone; here we are interested only in the integral in (j>, the integral 
in 6 merely giving the selection rule just obtained for L 
We accordingly have to consider the three integrals 







/.27r 

li 




i! 

^0 


which are readily evaluated if we introduce polar co-ordinates instead 
of X, y, and z. Since z = r cos 0, the third iTitegral is zero except when 
m' = m. We combine the two others in the following way: 

= / (x + ^ f Q I (f^ + i sin dcf), 

Jq 

= T sin 9 f ™ •' ^ . 

This gives the selection rule m' m. + 1. 

What, then, is tlie nu'aning of tlu'se two different seloe-tion rules 
in the case of the matrix elements rf, yy, z for the emitted radiation? 
We saw above that a]:)art from the fa,ctor e (the elementary chjxrge) 
this matrix element means the wave-mechanical average (proba,bility) 
of the electrical dipole monu'.nt for a transition from tlie state nhn to 
the state n'Vm'. According to the correspondence princi])l(‘, however, 
the existence of a dipole moment variable in time implies the emission 
of electromagnetic radiation; also, the radiation field of an oscil- 
lating dipole exhibits the j)eculiarity that there is no emission in 
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tEe direction of its vibration. If, therefore, the selection rule m' = m . 
holds only for the ^-component of the dipole moment, this means that 
the radiation corresponding to the transition m -> m only appears 
when the electrical charge-cloud vibrates in the special direction (the 
2-direction). Hence this radiation can only be observed obliquely 
(at right angles) to the special direction. It is otherwise in the case 
of the two transitions m m + 1, which can be observed in all direc- 
tions. By making observations in the ir-direction, for example, we see 
the radiation due to the vibration of the dipole in the y-direction, 
which in fact is the direction of vibration of the electric vector of the 
radiation. If we make observations in the 2-direction, we still observe 
the X- and ^/-components of the radiation, but they are circularly 
polarized; as we see at once from the discussion above, the transition 
m m + 1 corresponds to a vibration of the charge-cloud with 
dipole moment x + iy, i.e. a circular vibration in the positive direction 
about the 2-axis; similarly for the transition m-^m — 1. 

These theoretical statements can be tested directly in the case of 
the normal Zeeman effect. As is well Imown, on transverse observation 
(at right angles to the magnetic field) we see the normal Lorentz triplet, 
i.e. a splitting-up into three components. Of these the central one, 
which corresponds to the transition m~^m and is therefore not dis- 
placed, is polarized in the direction of the magnetic field, while the 
two other components, corresponding to the transitions m m + 1 
are transversally polarized. In longitudinal observations the undis- 
placed component disappears and we see only the two displaced 
components, which, as theory requires, are circularly polarized. 

XXII. The Formalism of Quantum Mechanics, and the Uncertainty 
Eelation (pp. 84, 135). 

The deduction of the uncertainty relation, with the help of diffrac- 
tion phenomena and other processes capable of being visualized, gives 
only a result specifying an order of magnitude. To obtain an exact 
inequality, we must call upon the formalism of quantum mechanics. 
Of this a short exposition will now be given, and the various theorems 
will be illustrated by examples in the preceding Appendices. 

In wave mechanics, there corresponds to every physical magni- 
tude a (linear) operator A, which acts upon a wave function ijj of the 
co-ordinates q {q for brevity representing q^, q^, . . .), and transforms 
it into another function (f)[q): 
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To the co-ordinate q itself, considered as an operator, corresponds the 
operation “ multiplication by q’\<f>== q>p; to the momentum p corre- 
sponds the operator so that <f> = ^ Generally, we may 

■ hhinh of A as any function of q and f, e.g. p® -p which changes if/ 
into the function 

Two operations A, B are in general not commutative, AB 4 = BA; 
e.g. pq — qp= hl^iri. If an operator A reproduces a function ijj except 
for a factor, Aifi = aifi, then ijj is called a proper function of A, and a 
a proper value of An example is given by the equation p>p — aifi, 

ox — ^ — aJi, with the solution ib = which shows that 

^Tri dq 

the proper functions in general are complex numbers. The proper 
value a is here any number. The operator p itself is usually called real, 
if the proper values a are taken as real numbers; the operator q is of 
course also real. Generally, the following definition is found useful: 
to every operator A there corresponds an adjoint defined by the 
condition that for any two functions i/> we are to have 

Jcj,* . {Ailj)clq^J(A+<^f .ifjdq. 

If 4 = A+, A is said to be real. That is the case, for example, for 
q and p. With q, this is trivial; with p, we have, by integration by 
parts, 

I*' ■ ~J*’ (as It) ■'* ■■ ^ 

where we assume that the integrated terms vanish. Generally, the 
proper values of real operators are real; for it follows from A = A'^,. 
for (^= i/j, that the magnitude 

J xl,*{Ai,)dq -= /(.I./;)* . xfsilil (/ {Axjj) . xjj* dq)* , 

and is therefore real. If further Aijj — ai/i, then, except tor the real 
factor the preceding magnitiuh', is equal to a. 
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' Let -4 be a real operator, and a^, two of its proper values, i/f^, i/fg 
tbe corresponding proper functions, so that we have 

= ^1^15 -^^2 ~ ^2^2* 

Multiply the first equation by 02*3 conjugate of the second by 0^; 
then integrate over the g^-space and subtract: thus 

/ ['A2*(^>/'i) - K - H) f 

The left side vanishes, since A = -4+. Hence, for any two unequal 
proper values (% 4= a^), 

Jil/j^^*dq= 0; 

the proper functions are said to be orthogonal. ^ 

Any proper function can be multiplied by an arbitrary factor; this 
we determine by the normalizing condition 

fM*dq =J\ \^dq == 1 ; 

thus, for any two proper values a^, (assumed to be unequal) 

where is equal to 1 or 0, according slb m — n, ox m =\= n. Examples 
have already been given (oscillator, p. 295; hydrogen atom, p. 298). 

A real operator has in general an infinite number of proper values 
a^, ^ 2 , . . . , and proper functions 0^, 02 . . . . The former we here 
assume for simplicity to be discrete and all different. We can develop 
any function 0 in a series of such proper functions (generalized Fourier 
series): 

0 = Sc^0^. 

n 

On multiplication by 0^* this gives, in virtue of the orthogonal and 
normalizing relations: 

Further, we have 

f I ^ \^dq 

= Sc„c„* = S I c„ |2 

« n 

We can take for 0 the function where 0^ is one of the proper 
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functions of the operator A, and B another operator; the coefficients 
(Cri) depend now on both indices m and n: 

Blp^ 

n 

^nm = f>Pn*(B^m)dq. 

These can be considered as the elements of a matrix, representing 
the operator B in the system of the proper functions i/j^, . . . of the 
operator A; for it can easily be shown that the B^^ have the properties 
of matrix coefficients. From the definition of the adjoint operator 
it follows that 

Snm = f = j {B+ipX . ipmdq-, 

interchanging n and m and taking the conjugate we get 

= f (B+iAm) . >ljn*(lq = 

This shows that to find the matrix element of the adjoint B^ one has 
to interchange lines and columns {m it) and to replace each element 
by the conjugate value. 

We consider now the matrix element of the composite operator 

BC: 

{BCUn = / ilq - f dq-, 

using the definition of the adjoint operator J5+ we get 

{BO),,,,, = f (BU/jXiCi^Jdq. 

Here we substitute tlie (UwelopoKMits 

k I 

and find 

^ k I 

kl 

„ v/^ n 



k 

This formula shows tha,t th<A nuitrix (dement of the operator product 
BC is equal to the (dx'nient of tin? matrix product of the matrices be- 
longing to B {Uid C. In oth(‘r words: The', operator calculus (or wave 
HKichanios) and the matrix cakailus are (^qidvalent representations of 
quantum theory. 
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The statistical interpretation of quantum mechanics consists in the 
following assumptions: To each physical quantity or '' observable 
belongs a real operator A, The proper functions ^23 • • • correspond 
to the quantised states, for which the operator takes the value % or 
^2 or ag . . . ; any function ^ is a state, which is composed of these 
states, or it may be a distribution of several systems over the states 

Ug, .... 

The coefficients of the expansion determine the strength with 
which the quantum state n occurs in the general state (J!>. The proba- 
bility of then finding the proper value in a measurement is given by 


= I On 1^. 

If we assume that Jj cj)\^dq:= 1 , we have 

S| Cn|2== 1. 

n n 


The mean value of the quantity represented by A in the state (f> is: 
A—Jcf>*. {A<f>)dq = J cl>*'ScnAipn ■ dq 


= S|c« 


^a„ — liw^an- 


The mean value of the product AA+ is never negative; for, by the 
definition of A+, 


AA+ {AA+<j>)dq =fi>* ■ A{A+<f>)dq 

= y {A+<f>)* . {A+(j))dq = j I A+<1> \^dq ^ 0. 


We can now deduce inequalities referring to the mean values of two 
real operators A, B — inequalities which lead to Heisenberg’s uncertainty 
relation. 

Erom the definition of it follows on multiplication by i that 
. {iA\f})dq = —J{iA’^^)'^ . ipdq, 

that is to say, {iA)^ = — Somewhat more generally, we have also 

{A -|- iB)-^ — A+ — iB^, 


11 A, B are real, and A is a real number, then 

i^A -}- iXB^[A -j- iXB)"^ ^ 0, 


or 


{A + i:sB){A - i^) = ^2 B^X^ - i{AB ^ BA)X^ 0. 
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From this it follows that AB — BA is purely imaginary. The 
minimum of the last expression occurs when 

s i AB — BA 

and is equal to 

^ H 4 

Hence 

\{AB - BAf. 

Now replace A and B hy SA = A — A and 8B = B — E; then 
MSB - SBSA = AB - AS- AB + AS 

- BA + SA + BA - SA 
^AB- BA, 

and the preceding equation gives 

. {SEf ^ -i{AB - BAf. 

If jp and q are conjugate operators (momentum and co-ordinate), we 
have 

therefore 

(Sp)^ (8# ^ 

For the root-mean-square deviations 

Ap = ^((Sp)^), == V((S?jO 

we therefore have 

4-77 

The sign of equality holds only for one definite distribution (proper 
function), viz. the Gaussian error function, which occurs in the case of 
the linear oscillator (see Appendix XII, p. 282; Appendix XVI, p. 295; 
and Appendix XXXII, p. 343). 
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XXIII. Anomalous Zeeman Effect in the D Lines of Sodium (p. 146). 

We shall now deduce the splitting pattern of the D lines of sodium 
in the anomalous Zeeman effect. As we stated at p. 139, the 
line corresponds to the transition from a p term with inner quantum 
number i.e. from (1 = l,i = |), to an s term, i.e. to {I — 0, j == |); 
the Da line represents a transition from {1= l,j = |) to (I -- 0, j — |). 

We begin by determining Lande’s splitting factors for the three 
terms in question. We have 5=5; the formula 


9=1 + 


s(s “{~ 1) — l{l “j“ 1) 


then gives the following results: 


2i(i+i) 


?=0, y=|: 5'=! + 


I X i 
2x^x1 


Z = 1 , y = |: ^ = I -j- 2 


2 

X I 


1 X 2 


2x4x1 


2 . 
3 ’ 


1=1, j=l: 


9 = 


i + 


4 X I - 1 X 2 
2 x I X I 


4 

J- 


In the two following diagrams we collect the values of the separations 
of the terms, taking the separation for the normal Zeeman efiect as 
unit. That is, we write down the values mg for the upper and lower 
terms of the two lines. The values of m, likey, must be halves of odd 
numbers, as they are equal to —j, —J -j- ^ 


\ m = 

Dg j m = 

-i? -i i 3 

^,= 1 ; = i 

1 

i=o 

-f J l~ 1 j =:| 

-2 -f +1. 2 

\ V" / 

-1 +1 

V X \ I 

-1 +1 i = o 7 ^ 


of the possible transitions, i.e. give the positions 

of ^e hnes m the Zeeman effect. Here the selection rules for the 
ma^etic quantum number m must be taken into account. These can 

i ft t n n r iix exactly the same way 

as at p. no (see also Appendix XXI, (p. 308)). As m denotes the 

p^c^ssional motion about the direction of the field, the transition 
±1 corresponds to the classical vibrations at right angles to H; 
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these components of the radiation are called a components. When 
observed in the longitudinal direction (in the direction of the field), 
they appear circularly polarized (as predicted by the classical theory); 
when observed in the transverse direction, they appear linearly polarized 
at right angles to the field. Eurther, the transitions Am = 0 are also 
permissible; they correspond to the classical vibrations in the direc- 
tion of the field. These, known as tt components, are visible as vibra- 
tions parallel to the field, on transverse observation only (in the 
direction of vibration of a dipole, i.e. in the direction of the magnetic 
field in the present case, the radiation is zero). 

These selection rules at once determine the positions of the com- 


ponents in the Zeeman splitting of the D 
lines. We measure their displacements 
on either side from a central zero posi- 
tion, as before taking the separation in 
the normal Zeeman effect, i.e. in the 
frequency scale, as unit. The tt com- 
ponents arc shown above the horizontal 
axis and the o- components below. We 
thus obtain the splitting diagram of fig. 6, 

Fig. 6. — Splitting of the sodium D lines in the anomalous 
Zeeman effect. 'I’he splitting ('/,) in the normal efi'ect is 
shown as unity. The (tt-) components polarized parallel 
to the field are shown above; the (cr-) components polarized 
perpendicular to the field, below. 



which is foiin<l to he in eoinph^te agreement with that obtained ex- 
perimentally (see fig. 26, Plate VII). 

XXIV. Enumeration of the Terms in the case of two ^-Electrons 

(p. 160). 

Here we consider an example of the enumeration of the terms of 
an atom in tlie case of two valency electrons (Himd); a knowledge 
of the number of terins is of great importance in connexion with the 
analysis of the corresponding spectrum and is also required in problems 
of a statistical nature. 

For examj)le, we suppose that the values of the terms are de- 
temiincd by two p-el(‘.ctrons and inquire what the number of terms 
is. Here we must consider whether these two electrons are equivalent 
or not, i.e. wlictlier their principal quantum numbers are the same or 
not; we have of course assfimed that their azimuthal quantum numbers 
are both equal to 1. 
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We shall take the second case first as it is the simpler; here we 
do not need to trouble about the exclusion principle, seeing that the 
principal quantum numbers are different. According to the rules for 
combining angular momenta in the quantum theory, the resultant 
orbital momentum I may have the three values 0, 1, 2 and Zg ^ay be 
parallel {I = 2) or anti-parallel {I = 0) or may be inclined to one 
another at an angle such that their vector sum is 1). Combination of 
the two spin moments gives resultant spin 1 for the parallel position, 
resultant spin 0 for the anti-parallel position. Hence both a triplet 
system and a singlet system occur. Moreover, owing to the three 
possibilities for I there are S, P, and D terms. The following terms 
accordingly appear: 

i/S, iP, iP; ^S, ^P, m 

As the term is single (see the discussion in the text (pp. 139 and 
158)), in this case there are ten different terms in all. 

If an external field is applied, however, this number is considerably 
increased owing to the various settings of the resultant angular 
momentum relative to the special direction; a term with resultant 
angular momentum j has 2j + 1 possible settings in the field. We 
thus obtain the following scheme: 


Term 

1 

s 

J 

2y+ 1 


0 

0 

0 

1 


1 

0 

1 

3 


2 

0 

2 

5 


0 

1 

1 

3 

^p. 

1 

1 

0 

1 

^Px 

1 

1 

1 

3 


1 

1 

2 

5 

^Dx 

2 

1 

1 

3 


2 

1 

2 

5 


2 

1 

3 

Total 

7 

.. 36 


In an external field there are accordingly 36 different energy levels 
in all, for the case of two non-equivalent ^-electrons. 

The enumeration becomes more complicated in the case where the 
electrons are equivalent, as here the exclusion principle must be taken 
into account. Hence it is necessary to write down the complete system 
of eight quantum numbers and strike out all the cases where all the 
quantum numbers of the two electrons are the same. In the first 
instance, therefore, we imagine the directional degeneracy removed 
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Tby an external field, so tliat there is a meaning in stating the com- 
ponents of the angular momenta in the special direction. As quantum 
numbers we shall in addition to n-^ = and = Zg =: 1 use 1 x 2 , 
the projections of the orbital momenta, and o-^, Ug, the projections of 
the spin momenta, along the special direction. 

In the following table we have collected all the possible combina- 
tions for these four quantum numbers, omitting all those combinations 
which would contradict the exclusion principle. Further, we have not 
written down those combinations which arise from a given set merely 
by interchanging the quantum numbers of the two electrons; for 
•since we cannot distinguish one electron from the other these of course 
.are identical and are associated with the same energy term. Hence 
we have the following table: 



IJ-i 

O-J 

0-a 


cr 

1 

1 

i 

-4 

2 

0 

1 

0 

±i 


1 

1, 0, 0, ^1 

1 



±i 

0 

1, 0,0,-l 

0 

0 

i 

-4 

0 

0 

0 

-1 


±4 

-1 

1, 0, 0,-1 

-1 

-1 


-4 

-2 

0 


In the fifth and sixth columns we have inserted the sums /x == + /X 2 

,and CT = + o-g. We sec, therefore, that in the magnetic field there 

are only 15 terms in all (magnetic splitting), while, as we saw above, 
in the case of non-equivalent electrons there are 36 terms in all in the 
magnetic field. 

We are, however, not so much int(irested in the splitting of the terms 
in the magnetic field as in values for the undisturbed atom. We must 
therefore combine into one term of the tmdisturbed atom those terms 
in the magnetic ficdd which, have tlie same inner quantum number 
j and the same orbital angular momentum 1; for we know from the 
above that one term with inner quantum number j is split up in a 
magnetic field into 2j -|- 1 terms. Now from the above table we see 
that there must be at h^ast one term with orbital angular momentum 
•Z = 2 (a D term), as ther(i are components of this momentum with 
values 2 and —2 in the s])eoi,iicd direction. We see at the same time 
that the corresponding spin quantum number s must vanish, as in 
these terms the spin component a — 0 alone appears; we accordingly 

have a W term with inner quantum number ^ = Z -|- 5 “ 2, which 
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must split up into five terms in tlie magnetic field, terms for wliicK 
cr = 0 and ft = —2, — 1, . . . , +2, Of tlie remaining ten terms, we 
may likewise readily convince ourselves that nine correspond tO' 
P terms (1=1) with spin quantum numbers o* = — 1, 0, 1, while the last 
term is an term. We accordingly have the following arrangement: 


Multiplet Term Notation 

(|X = —2, — 1, 0, 1, 2 corresponds to Z = 21 

0 s=0 ^ 


(s: 

| p = - 1 , 0,1 

- 1 , 0,1 

|p= 0 

\(J= 0 


:!) 

a 


3p 


^jS 


Here (in the case of equivalent p-electrons), therefore, there are only 
five terms in the absence of a magnetic field, as compared with ten 
terms in the case of non-equivalent electrons. The terms ^P, and 
found above fall out here (owing to the exclusion principle). 

An analogous enumeration for the case of a greater number of 
equivalent p-electrons is given in the following table. As regards the- 


Number of p Electrons 

Terms 



1 or 5 

2 p 

2 or 4 

W 

3 

2 p, ap 


energies of the terms, a quantum-mechanical estimation agrees with 
experiment in giving the result that the term with the greatest multi- 
plicity, i.e. with the greatest value of s, is always the lowest; that is,, 
if there are two or four p-electrons the ground state is a ^P term, while- 
if there are three p-electrons it is a term. If there are several terms- 
of the same multiplicity, that with the greatest value of I is the lowest.. 

XXV. Temperature Variation of Paramagnetism (p. 166). 

In order to understand the variation of paramagnetism with tem- 
perature we shall consider a simplified model of a paramagnetic sub- 
stance. We thinlr of the substance as consisting of a large number of 
particles, all of which have the same magnetic moment M. We shall 
also in the first instance ignore azimuthal quantisation, i.e. we assume 
that this moment can be inclined at any angle d to the direction of the- 
field, and not merely at certain specified angles. 
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So long as a particle is moving undisturbed in the magnetic field, 
the magnetic moment, which is always associated with an angular 
momentum about the same axis (cf, the top), will execute a preces- 
sional motion about the direction of the field, the angle at which it is 
inclined to the field remaining constant. The magnetic energy for this 
orientation is given by 


As a result of interaction with the other particles (collisions), however, 
this state of equilibrium is disturbed, the angle of inclination after 
collision being different from that before collision. Prom the kinetic 
theory we already know that the collisions due to thermal motions 
have the effect that in course of time the particles become uniformly 
distributed among all possible states (here possible angles of inclination 
to the field). The magnetic field, however, acts against this equaliza- 
tion; accordingly, settings of the moment in its direction are favoured 
as regards energy compared with those in the opposite direction. A 
state of equilibrium will be established, which can be determined by 
statistical methods. 

In our discussion of the kinetic theory of gases we have already 
shown that a statistical argument gives Boltzmann’s distribution law 
for the probability of a definite energy state, according to which a 
definite state with energy E luis the probability 

The form in which the temperature T appears in this expression is 
deduced from thonnodynamical considerations; k is Boltzmann’s 
constant. In our case, therevrore, tlie probability that the magnetic 
moment will set itself at a definite angle 6 to the direction of the 
field is given by 

w g/3 cobO ^ MHIJcT). 

We now investigate tlie mean, raagiuddc moment in the direction of the 
field. If the field wciK,'. equal to z(U’o or if the thermal motion (in the case 
of very high temperatun^s) greatly ])re])on(l{U’ated over the directional 
effect of the magnetic field, so that tlie distribution of directions be- 
came almost uniform, the inea-n magiuddc moment in a specified 
direction, in the direction of the field in ])artieiilar, would be approxi- 
mately or accurately (iqual to zero. At low temperatures, or with 
magnetic fields so strong tlait the magnedic energy 3IH is of the same 
order as the thermal energy kl\ there will be a marked preference for 
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the direction of the field, giving rise to a finite mean magnetic moment 
in this direction. If we adopt the classical ideas, according to which, 
all directions of the moment are equally possible, the calculation ia 
easily carried out. By definition 

I" cosde®“®®sind(^d 
M COS0 — M ° ■ . 

f e®“®®sinddd 

•^0 


Evaluating the integrals, we obtain 

d 


M coa9 = M 


dp 




d 




Sind de:==M log 


T 



In the limiting case ^ <1, i.e. for weak fields or high temporuturos, 
we obtain the expression 




Mm 

3/cT 


hj expanding in powers of 

In this limiting case, however, we could have obtaiiiccl the rnmilt 
more easily by introducing a power series in into the formula (.hdiuing 
M cos 9. We then have 

f cos 6(1 + ^ cos6 + • • ■) sin dd9 
f (1 + ^3 cos 6 + , . sin 9d0 

The first term in the numerator vanishes on integration, wliilo the 
second gives 2^8/3. Even the first term in the denominator differs 
from zero, its value being 2. The quotient gives the expression stated 
above. 

Now it is important to know that the same formula results from 
calculations on the basis of the quantum theory, i.e. if wo ta.kc into 
account only a finite number of positions of the moment. We asaiimc 
that p has small values and the resultant angular momentum large 
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values. The fact that in this case we obtain the classical result for 
M cos d is understandable if we consider the correspondence principle 
(the limiting case of large quantum numbers). It is perhaps advisable, 
however, for the reader to convince himself that this statement is 
correct by direct evaluation of the sums. If the resultant angular 
momentum is j, there are 2j + 1 possible settings of the moment 
relative to the direction of the field; in fact, the projection of j on 
this can have the values —j, — j + 1, , . . , In the previous 
calculation we therefore have merely to replace cosd by mjj and 
replace the integrals by sums: 

M cose = 


Expanding in powers of p and making use of the formula 


V , 2 _ + 

o*' ■ 6 


we have 


M 00 s 9 = 





i (i+i)(2i+i) 

3 3 

2i+l 


M/Si-l-l 

- - . , 


MB 

or, for large values of j, M cosO , as we previously obtained by 

classical methods. 

The susceptibility y is defined us the magnetic moment of the 
substance in question per unit field intensity H; per mole 

_ LM^ ^ {LMf 
^ ■ McT MT ‘ 


This is known as Curie’s law; tlio magnetic susceptibility is inversely 
proportional to the tem])(‘,ratiire, i.e. decreases with increasing tem- 
perature. 

We conclude witli a h'.w brief remarks on tlie simplifications made 
above. The account wliicli we have just given certainly suffices for a 
rough survey of the variation of paramagnetism with temperature; 

Ce908) 22 
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but if, in particular, we wish to draw conclusions about the magnitude 
of the atomic magnetic moments from the measured values of the 
susceptibilitj, more detailed arguments become necessary. In the 
first place, as we have already indicated, the existence of azimuthal 
quantisation must be taken into account; this has the effect of intro^, 
ducing the factor [j + l)jj into the expression given above for the 
meain magnetic moment in the direction of the field. Further, we must 
take account of the fact that in general all the atoms of a substance do 
not hiave the same magnetic moment. When discussing the anomalous 
Zeeman effect we saw that the resultant magnetic moment of an atom 
is equal to the Bohr magneton multiplied by the resultant angular 
momentum j and the so-called Lande factor g, which depends on the 
three quantum numbers s, and 1. One would therefore have to take 
the average for all possible combinations of the quantum numbers. 

In this connexion we add the following remark. Weiss imagined 
that his measurements of the susceptibilities of various substances 
necessitated the conclusion that an elementary magnetic moment or 
magneton ” does exist, of which the magnetic moments of the 
various substances are integral multiples; the Weiss magneton is 

about one-fifth of the Bohr magneton - whose existence follows 

47r/xc 

from the theory. This was due to his application to the experimental 
results of a formula which had been deduced without reference to the 
quantum theory. Discussion of more recent results in the light of the 
quantum theory has established the Bohr magneton as an elementary 
unit. 


XXVI. Theory of Nuclear Disintegration (p. 182). 


Let the potential for an a-particle, which has been emitted from a 
nucleus of atomic number Z and is therefore in the field of the residual 
nucleus Z— 2, be F(r). For great distances this is the Coulomb 
potential, i.e. 


y(r): 


2(Z - 2)e2 


for r > Tf. 


for r <,Tq the form F(r) is unknown, but special assumptions about it 
are unnecessary, apart from this, that it must have the crater-like 
character represented in fig. 18, p. 182. 

According to Laue, the frequency A of the emission can be split 
up into two factors. We think of the a-particle as oscillating to and 
fro in the crater, so that it strikes the wall n times per second. At 
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each collision there is a certain probability that it passes the wall. 
Hence 

A= nf. 

The order of magnitude of n we can take to be v/2rQ, where v is the 
velocity of the a-particle; the latter in its turn can be determined by 
putting the wave-length h/niv of the associated de Broglie wave equal 
to 2r^J. We thus find 




To calculate p, we have to find a suitable solution of Schrodinger’s 
equation 


877‘^m 




Eor r < the function i/j will oscillat(', in some way or other; for 
large values of r it will be a ])rogressiv(i wave. If the energy of the 
a-particle is E, the latter static will attained at about the distance 
where 





2(Z -- 2)e^ 
E 


In the intermediate zone from to ijs will fall off exponentially. 
Thus, clearly we hav('. a])proxima,tely 




>A(n)) 


But Coulomb’s law still liolds in this internuHliate zone; we have 
therefore to solv(i tlu^ (‘quation 






T 



0 . 


Since Z is a larg(‘ munl)er, following a])))roximate method 
gives what is want(‘d. Put ?/; ^ ^ ol>ta,in the equation 


where 



n- 
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Neglecting the term multiplied by h, we get 

y'^VW), y=fVI{r)dr, 


and therefore 


h: 

^0 


eW)J'roVF^)rfy 


If we substitirte the expression for F{r), the integration can be carried 
out, and we find 

f = e-(2«o-'sin2«o)(87rfi3//z)(Z-2)/t> 

where >1.0 is given by the equation 

COS^^o 


rJE 


2 (Z - 2)e2' 

If we expand the exponent in powers of the quantity on the right, 
we obtam finally the approximation 

p = e-8’^*e’(2-2)/CAj)) + (16TC\/m/A)(V2~2);; 

The dismtegration constant A is therefore given by 

877V(2 - 2) 16,76 


imr^ 


, JUUV/C; 

+ -J- Vm(Z-2)ro, 


log A = log 
or, numerically, 

logio A = 2046 - 1491 x 10® q_ 4.984 x lO® ^(2 — 2)ro; 

T = = 0‘6931 

A A ■ 

empirical formula of Geiger 
and NuttaU m this respect, that it is not linear in v, but in 1 jv, however 

fr“m f- 14 v W V comparatively narrow limits,’ 

• T tr ^ cm./sec. to 1; = 2-0 X 10 ® cm./sec., the diference 
'wvT ence of the large factor in the second term-in 

is^temely Sr disintegration constant 
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XXVII. The Stefan-Boltzmann Law and Wien’s Displacement Law 
(p. 187). 

The thermodynamical proof of the Stefan-Boltzmann law rests 
on the existence of radiation pressure. We imagine an enclosure shut 
ofi by a movable piston with a reflecting surface. The radiation field 
exerts a pressure on the piston; its magnitude is a function of u, the 
energy density of the radiation in the enclosure. In fact^ both Maxwell’s 
theory and the quantum (corpuscular) theory of light give the formula 

35 = 


This radiation pressure is due to the momentum which the radiation 
carries with it. In the case of the quantum theory this is clear, for 
according to this theory each light quantum of energy hv possesses 
momentum hvjo. Maxwell’s theory also ascribes to every radiation 


field, with energy-density rt, the ‘‘momentum density” |^| == 


u 

c 



where *S' is the Poynting vector; this is proved, e.g,, by imagining a 
plane light wave to fall on a metal, where it is absorbed, and calcu- 
lating the resulting force on the metal from Maxwell’s equations. On 
both theories, then, the momentum contained in a definite volume 
of the radiation field is equal to the radiation energy contained in this 
volume divided by c. The rest of the calculation of the radiation 
pressure is now just like that of tlic mechanical pressure in the kinetic 

uc 

theory of gases. In the interval of time dt radiation energy — dtdeo cos 9 

47T 


falls on one square centimetre of the boundary from the solid angle 
dco; on reflection at the boundary it transfers to the latter a momen- 
tum equal to twice the compoiumt of the radiation momentum normal 

to the wall, i.e. the momentum 2 ^ dw cos^0. If we integrate this 

C 4-77 


expression with respect to 6 and cj), where dcu = sinB dddef)^ and 6 
goes from 0 to ^tt, <!> from 0 to 27 t, wo obtain the pressure p ~ 
as the momontiini transferrcul to the boundary per unit time as a 
result of the reflection of the radiation. 

We now regard the ra<liation as a thermodynamic engine, and 
apply the fundiimental equation (fi’ thermodynamics, which includes 
both the first law and the second. If W is the total energy, S the 
entropy, T the absolute'. temp(n‘a.tiire, and F the volume, then, as 
we know, 


TdS - dW + pdV. 
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Now W ~ Vu, wtere tlxe energy-density u k a function of T alone; 
Eence 


TdS = udr+V dT + ^udV 

ii/r 


r dU 


From tHs we may conclude that 

dS __V du 

and hence 

9 /Vdu\_ 92/S _^d[ulT) 
dV\TdT) dTdV 3 dT' 


or 


Accordingly 



which is the Stefan-Boltzmann radiation law. It is also easy to verify 
that the entropy S is given by /S = |aFr^, 

Wien’s displacement law depends on the existence of the Doppler 
effect. As is well known, to an observer at rest a wave motion whose 
source is moving appears to have its frequency altered. In actual fact, 
it is only the component of the velocity in the line of observation that 

is effective, and we have the formula ^ ~ cos 6, where v is the fre- 

V . c 

quency, Av the change of frequency, v the velocity of the source, and 
6 the angle between the direction in which the source is moving and 
the line of observation. 

Now if a mirror at which a wave of frequency v is reflected moves 
with velocity v in the direction in which the light is propagated, we 
may think of the incident wave as coming from a source of light at 
rest. Then the reflected wave must behave as if it came from the mirror 
image of this imaginary source of light. Owing to the motion of the 
mirror, however, this mirror image moves in the direction of the 
normal to the mirror with velocity 2v, Hence the change of frequency 

due to reflection at the moving mirror is — 2 - v, and for oblique inci- 
dence at the angle 6 we have ^ 



V 
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Further, we can easily see that the inteiiKsity of radiatioa due to a 
train of waves falling on the moving mirror is altered by reflection in 
the same ratio. For the energy of radiation falling on the whole mirror 
of area A in time cU is I A cU, and that reflected is I' A dt. The difference 
must be equal to the work done by radiation pressure P in moving the 

21 

mirror, i.e. PA.vdt\ but, as shown above, P = — cos 0. We thus obtain 

0 

1 A 

1 — COS0 ). 

/ 

We shall now apply thermodynamics not to the total radiation 
but to a definite narrow range of wave-length. Here we must take 
note of the fact that whenever work is done in connexion with a 
motion of the reflecting piston the radiation will be displaced into 
another region of frequency according to the Doppler formula. This 
displacement do(iS not by any m(.Mins vanisli when, we make the mirror 
move infinitely slowly. To c-onvimu^ ours<dvt^s of this, we imagine 
the enclosure entirely surrounded l)y r(di(‘cting walls, so that a par- 
ticular beam of light will go on moving in a zigzag path in tlu', (Ui- 
closure, meeting the mirrors again and a, gain. II: the velocity of the 
piston is now reduc('d to half, the immber of r(^fl(‘.(‘-tioi.m at it ])er 
unit time will be just twie.e as gr(‘at, so that the total Doppler 
displacement as 0 tends to a (initio limit. 

We shall now (^ale.ulat(‘. V\t^,dv, the. total change of energy of the 
radiation in an emdosun^ cornnsponding to a (((‘finite, range of freqiuincy 
(v, V ~|~ dv) during time dl, a-iisiiig from r(‘fl(‘(*tio!i at the mirror moving 
with velocity v. In th(‘. first phuu*., {ill e.onijxjiumts of the ra(li{ition of 
tjiis region of the speetrum wJiich fall on th(‘. mirror iin^ nunoved from 
the region in qiU'.stion owing to th(‘. Dopphu* (‘llhe.t. On tlui oilier hand, 
all components of th(^ r{i(li{iti()n which l)(‘f()r(‘ r(*fl(M*.ti()n hiy in the 
interval betw(s‘.n v' {ind v |- dv will now l)(‘. hronglit into tlu'. rc'gion 

if v' = v(l + 2 eos fj). 1^ht‘. qiuintity of (‘lun^gy from the range of 
c 

frequency (v, r dv) :[alling from solid aiigh^ dco on /I, the {in^a of 
the mirror, per H(‘(a)n(l is 

AP - a,. ^ A v,mOdlda)dv, 

Att 

From this we obkiin th(‘. (nu'Pgy thrown into th(‘. fnspieiie.y r{ing(i 

(v^dv) on reih'ction by ( I ) multiplying by t-la^ (‘n(n'gy lae.tor ( I — cos fi), 

c 
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( 2 ) replacing dv by dv dv{l + —cobO), and ( 3 ) introducing the 
expansion ^ 

= ^v(i+2t;/c cose)= ^ ^• 

The product of the first two factors, however, differs from dv merely 
by a term of the second order in vfc, which can be omitted. For the 
energy diverted into the range {v,dv) by reflection we accordingly have 

(u,+ v^-^2-coad)^AGOsedtdcodv, 

\ dv c / i^T 

the increase in the energy of the beam as a result of reflection is there- 
fore 

v^-hldVdvGOBHdw, 

dv 277 


since Avdt==dV. Integrating over the hemisphere (for which 
Jcos^S^Zco = 277/3), we obtain the total increase of energy due to 
reflection, d{u^V)dv, Hence, for constant v^ 

dv 


This is a differential equation for as a function of v and V: 


dV ^ dv 


V or 


dV' 


a; 




We easily see that this equation is satisfied by the relation 
where ^ is an arbitrary function. 

We now take a step further. We imagine that the change of volume 
is adiabatic, i.e. takes place without heat being supplied. Tliis means 
that the entropy of the radiation in the enclosure remains constant 
during the compression. Now we saw above in deducing the Stefan- 
Boltzmann law that this entropy is proportional to the product of the 
volume V and the cube of the temperature, so that the constancy of 
the entropy implies that 

VT^ = const. 


If in order to make the law of radiation 


independent of the size and 
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shape of the enclosure we introduce the temperature instead of V 
by means of this relation, we have 



which is Wien’s displacement law, given in the text. 


XXVIII. Absorption by an Oscillator (p. 189). 

We shall now add the proof of the formula 

CS TTT 1 TTC^ 

sw = ^ 

3 m 

given in the text for the work done per second by a radiation field on 
an oscillator. We define the radiation field by stating the relationship 
between the electric vector E and the time. For reasons of conver- 
gence we shall assume that the radiation field exists only between 
the instants t = 0 and t = T\ it is easy to pass to the limiting case 
T 00 subsequently. We now express one component, e.g. by 
its spectrum (Fourier integral), 

‘'—00 


where the amplitudes /( v) are determined by 

‘M) 

Eyf{t) being zero outside th(‘. interval if = 0 to ^ T; as is real, 
the conjugate complex quantity satislU'.s tlie equation 


Analogous relationships Iiold for the two other components. According 
to the laws of electrodynamie-s, the total eiu'.rgy-density of the radiation 
field is then given by 


1 

877 






2. 

oa 7 


the last of these rf‘lationB follows from symmetry. The bars denote 
time-averages . Fii rth or, 




y I fEJt 

1 ‘'0 i ’'() — w 
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if we replace one factor by tbe above Fourier expression. If we now 
change the order of integration, we immediately obtain, as tbe value 
of the new integral with respect to t has been shown to be/*(v), 

as 

|/W|^=/W/(-v)=:|/(-v)|2. 

Hence for the total density of radiation we obtain the expression 

and for the distribution over the spectrum we therefore have 


After these preliminary remarks on the radiation field we now pass 
on to the equation giving the vibrations of the linear harmonic oscil- 
lator. If the osciUator is capable of vibrating only in the a;-direction, 
this equation is 

mx + ax = eBJf), 

and the proper frequency is accordingly given by 


m{2TTVQf 



Now, as we know, the most general solution of a non-homogeneous 
^erential equation is obtained by adding one solution of the non- 
homopneous equation to the general solution of the homogeneous 
equation. This last may be written in the form 


sin -f 0), 

where *0 and ^ are two arbitrary constants. The expression 

sin27rv,(f - t')dt' 


is a solution of the non-homogeneous equation and satisfies the initial 
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conditions x{0) = 0 and !i:(0) == 0. a:(0) = 0 is evident; to prove the 
other statements we carry out the differentiation: 

#) = sin27rvo(i — 

ZrrvQm 

+ r Eai{t')~Gos2TTVQ{t — t')dt'; 

iere tlie first term vanishes, and we see that x{0) == 0. Then 

x(t) = ™ [Eai{t') cos27rvo(^ — 
m 

_ _ fEJ}.') sin27rvo(« - «')*' = - 

mJo m 

that is, the expression given above is actually a solution of the non- 
homogeneous differential equation. 

We now proceed to investigate the work done by the fi.eld on the 
'Oscillator. From the differential equation of the vibrations we readily 
>see (multiplication by x and integration with respect to the time leads 
to the energy theorem) that the work done per unit time is given by 

§F= - fx{t)EJ^t)dt. 

T -'o 

Now it is obvious that the part of the work done which arises from 
the free vibration (the solution of the homogeneous equation) vanishes. 
Hence the work done per second is obtained by evaluating the integral 
of the remaining part only: 

8W - ~ f E^{t)dt fESl cos27rvo(i - d)dt'. 

T -'o 

'The integrand is obviously symmetrical in t and l!\ hence the ex- 
pression for 8W may be transformed in the following way. We see 
immediately that 

8W = fEJd) cos27n'o(« - t')dt. 

For in tlie first instance we have to integrate witt respect to t' be- 
tween the limits 0 and t and subsequently with respect to t between 
tbe limits 0 and t; but of course we obtain tbe same result by m- 
tegrating first with respect to t from t' to t and then with respect to 
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t' from 0 to T. If we now merely intercliange tlie letters t and 
STF may also be written in tbe form 

m=\-- f ( /' + f 1 ES') oo^^ttvS - 

mr *'0 1*^0 ) 


or, if we replace cos27rj^o(^ ^ ^') 1^7 


^|g27nVo(i— O g— 27nVo(t-'Oj.^ 

8Tf = I rE^(t')e-^‘''‘‘'dt' 

mr 1*^0 


2mr 


l/(Vo) 


Tins the work done hj the field per second on the linear oscillator ia 


SF = 


27rT rre^ 

2mr 3 3m 


if we use the formula deduced above for the density of radiation; we 
thus obtain the expression given in the text. 


XXIX. Temperature and Entropy in Quantum Statistics (p. 211). 

The proof of the fact that the quantity ^ occurring in statistics- 
is inversely proportional to the absolute temperature can be pre- 
sented in the same form for all three t 3 q)es of statistics, the Boltz- 
mann (B.), the Bose-Einstein (B.E.), and the Eermi-Dirac (E.D.). The 
fundamental formulae for the probability of a state for all three statistics, 
can be unified by introducing the symbol 

f 0 for B. 

forB.E. 

[+1 for E.D. 

We then have 

logF = S{K — yg,) logig^ — yn,) + yg, logg, — % logmj. 

Tbe maximum of this, subject to tbe subsidiary conditions 
Sws = N, = E, 
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is attained for 

dn^ 

= log(S's — y^s) + — — logw, — 1. 

9$~yns 

The second term of the last expression is equal to zero for y == 0, and 
equal to 1 for y = +1; we can therefore replace it simply by yh 

a+ lQg{g, — y%) — logn^ + y^ - 1. 

Hence 

n 9s 

Here a and j3 are to be determined by the two subsidiary condition, 
(involving N, E), 

Using this value of in log W, we find 
logTF = S{to,( 1 — y2 ^ a H- ^e,) -|- y 5 ' 8 log(l + 

S 

We now assume that the system (a gas) is enclosed in a vessel of vari- 
able volume; this volume may be defined, say, by the position co- 
ordinate a of a piston. Thus the energy values are functions of a. 
If changes in a are made extremely slowly, no quantum jumps are 
excited by these changes; the numbers % for the quantum states are 
therefore not changed. Such processes are called ‘‘ adiabatic ’’ (a better 
word would be '' quasistatic The work done in a small change is 

= 2%Se, = Sn, 8a = -K8a, 

s 

where 

s Od 

denotes the force (pressure) which opposes the alteration of a. 

If, however, the change of a takes place rapidly, uncontrollable 
quantum jumps occur, and therefore alterations in the values 
The corresponding change in the energy is called heat supplied 

SQ = 

The total change of energy is the sum 

S£ = + SQ = S?^3 8£3 + Se3 8^^3. 



APPENDIX XXX 


338 

The change in log IF ig 

8 logTF = 2^88(1 — a /Sfs) -(- (1 — y® + ci-)71Sng 

+ ^Se8Sw8+ ySg8Slog(l + ye-^-^’). 

• ^ S 

Here it is to be noted that not only but also a and ^ are to be 
regarded as functions of a. Now we have 

2 S?^s = O5 
s 

also 

yg8S log (1 + y6-“-^*^) = S(-a - ^e,). 

i "-p ye ^ 

For B.E. and F.D., y^ = 1; hence this last expression is equal to 

— «.3S(a+ 

For B., y = 0, and, on account of 

2^8 8(1 4 - a + = 2 ^ 86 -^“““^'* 8(1 + a 4- ^ e ,) 

S ■ S 

= -28n8=0. 

S 

In hoth cases we are left TOth 

8 log If = ^2e8 8w8= ^BQ. 

S 

It follows that j8 is an integrating factor of the differential of the heat; 
^ must therefore be proportional to 1 /T. Putting 



we have 

8Q=kTSlogW; 

and since this, according to the second law of thermodynamics, has to 
be equal to TdS, we obtain for the entropy 

S=]clogW, 

which is Boltzmann’s celebrated formula. 

XXX. Thermionic Emission of Electrons (p. 221). 

Here we shall prove the two formulae which we gave in the text 
for the thernoionic emission of electrons (the Richardson effect) firstly 
on the basis of classical statistics and secondly on the basis of the 
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Eermi-Dirac statistics. Eor this we require to calculate the number 
of electrons striking one square centimetre of the boundary in the 
metal per second, such that the kinetic energy of their motion normal to 
the boundary is sufficient to carry the electron over the energy barrier 
of height which represents the boundary. We have therefore to 
determine, on the basis of the distribution law, the number of electrons 
for which, e.g., - . 

We begin with classical statistics. On this basis the number of 
electrons whose velocity lies between v and -u + is given by 

dN = 47twF 

\2'7tJcT/ 

(p. 15); similarly (replacing by dv^^dv^dv^ and integrating) 

the number of electrons with a velocity component between Vr^ and 
+ dv^ is 

dN^ == nV dva> f f 

\27t1cT / "^--oo *^—00 

= nV e- 

V 2777cr 


To find the numbet’ of electrons falling on unit area of the boundary 
per second we have first to divide the above number by F, to get the 
density of the electrons, and then multiply by as in unit time 
there impinge on the boundary all the molecules with the component 
wffiich were contained in the layer of breadth in front of the boun- 
dary (§ 3, p. 5). We thus obtain the emission current by evaluating 
the integral 


, = en 


m 

2^T 


i 


V'(2eoM 




This integral may be evaluated exactly, giving 


i 



Q--€alkT^ 


.which is the expression stated in the text. 

The calculation takes a similar course in the case of the Fermi 
distribution. Here we start from the distribution function (p. 216) 

SnV VSm^V ede 

"p" ga+./Ar _|: I 


{€ = 
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where a, the degeneracy parameter, is determined from the subsidiary 
condition J dN = N. If, however, we confine our attention to relatively 
low temperatures (room temperatures), we can use the approximate 
formula given on p. 219, 

^ SttF ^de SrrVnfi v^dv 

where 

c = Y 

° 2m\8'n-/ 


represents the zero-point energy. Here, just as before, we obtain the 
Richardson current by evaluating the integral 


. , r 

'’’-wL. L 




dv.^,. 


Now in a metal at room temperature — €q) is always very large 
compared with kT, (e^ — e^) amounting to several electron-volts 
(p. 222), while kT at 300° K. corresponds to an energy of about 
0*03 electron-volt. Hence in the integrand we always have gO’— fo)//«3r ^ 
so that we may neglect the 1 in the denominator, thus obtaining the 
integral 


2m^e 

"P' 


Q^cIkT r r dVydV^f ^^e-ini{Vx^+Vy^ + V,^)(kT^y 

*'—00 •'—00 


V {2ejm) 


The integrations with respect to Vy and are equivalent to evaluations 
of Gaussian error integrals (see Appendix I, p. 259); the integration 
with respect to Va. can, as before, be carried out by elementary means, 
giving 


. ATrem 




the law stated in. the text. 


XXXI. Theory of Valency Binding (p. 253). 

The fundamental idea of the Heitler-London theory of valency 
binding is as follows. As a model of the hydrogen molecule we imagine 
two nuclei a and b on the a;-axis at a distance R apart, and two elec- 
trons 1 and 2 revolving about the nuclei. To the state of two widely- 
separated neutral atoms there corresponds a large value of R and a 
motion of^the electrons such that each one revolves round one of the 
two nuclei. Let the two atoms be in the ground state and have the 
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same energy == Eq^ = Eq, The motion of the electrons is described' 
by proper functions u, which, relative to the corresponding nuclei, are 
identical; that is, one is obtained from the other by substituting 
+ -K for a;; we shall briefly write them in the form 

= u(x^, yi, Zj), 

= U(X 2 + iJ, 2/2; %)• 

The fm\ctions u are the same as the proper functions of atomic hydrogen 
(Appendix XVIII (p. 298)). Hence the two Schrodinger equations 

where JEf^ denotes the energy operator of the hydrogen atom, are satisfied 
identically and the suffixes a and h indicate that in the one case the 
co-ordinates of the electron are relative to the nucleus a, in the other 
to the nucleus b (see above). 

The energy operator of the molecule which arises when the atoms 
approach one another (when R diminishes) differs from the sum 
by the interaction energy of the two atoms, 



where denotes the distance between the two nuclei (R), 
tance between the two electrons, and hi 'tb.e distances between 
either electron and the nucleus of the other atom. Eor the molecule 
we accordingly have the Schrodinger equation 

We now seek to find an approximate solution for this equation by 
assuming that (to a first approximation) the function of the co- 
ordinates of the two electrons is a product of some proper function 
of one electron and some proper function of the other electron. 
Here, however, we have to bear in mind that the state of the system 
is a degenerate one. The total energy of the two separated atoms, 

E=E,^ + E,^==2E,, 

corresponds not only to the product but also to 

every possible combination of the two expressions. These two vibra- 
tional forms will interact much more strongly with each other than 
with the vibrations corresponding to any other energy levels, owing 

fE 908) 23 
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to the coupling as the two atoms approach one another. They 
accordingly suffice as a basis for a rough approximation^ i.e. we 
attempt to represent the function xjP^' approximately by a linear 
combination of the two functions Instead 

of these we may also start from the symmetric and antisymmetric 
combinations 

a course which has two advantages: (1) closer investigation shows that 
to a first approximation the symmetric function and the antisymmetric 
function are not coupled with one another by the Schrodinger equation, 
i.e. that each function by itself represents a separate state of the mole- 
cule; (2) they may readily be distinguished by means of the spin. 
For according to the exclusion principle the proper functions of a 
system must be antisymmetric in all the co-ordinates of the two 
electrons (of course taking the spin into account; cf. p. 209). If 
we were to give the electrons spin variables, as we did in the case of 
atomic spectra (§ 8, p. 169), the corresponding spin function would 
have to be antisymmetric for i/fgym. ^I'ld symmetric for ^/fantis. order 
to satisfy the exclusion principle. This means that in the case of 
the spins are antiparallel and balance one another, whereas in 
the case of */^antis. parallel and additive. 

Now the perturbation calculation shows that when the two atoms 
are brought closer together (when the coupling is increased) the proper 
value of the uncoupled system {2Eq) is split up into two values 

where the functions Tf(JB) have the following meanings: 


=y J dr^dr2, 

dr-^dr^, 


the integrations being taken over the co-ordinates of the two elec- 
trons. As apart from a factor, represents the density of the 
charge-cloud of the electron, the first integral represents the Coulomb 
force due to the mutual actions of the charges distributed over each 
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atom. The second integral is cliaracteristic of the quantum theory, 
as here the proper functions are not related quadratically, so that an 
interpretation based on charge-densities is not possible. This integral 
is known as the exchange integral 

The evaluation of the integral as a function of R, which is very 
troublesome, gives the curves shown in fig. 7, p. 243 fox the energy 
as a function of the distance between the two atoms. The function 
*Asym,5 which is symmetrical in the co-ordinates of the electrons, gives the 
lower curve, according to which the energy for a given intramolecular 
distance has a minimum, while the antisymmetric function j/^antis, 
gives the monotonically ascending branch of the curve, which corre- 
sponds to a permanent repulsion between the two atoms. It turns 
out, therefore, that the state that leads to binding is that for which 
the electronic spins balance one another. Thus it comes about that 
we may regard the spin as a physical substitute for the chemical 
valency. But, as was mentioned in the text, in the case of polyatomic 
molecules this idea leads to difficulties which have only partly been 
overcome (Heitler, Rumer, Weyl). 


XXXII. Theory of the van der Waals Forces (p. 291). 

According to London, the theory of the van der Waals forces rests on 
a fact which is a distinctive feature of the quantum theory, namely, the 
existence of a finite zero-point energy (of. the case of the harmonic oscil- 
lator (Appendixes XV, p. 291, XVI, p. 295)). According to the classical 
theory, the state of least energy of an oscillator is that of zero energy; 
this is the state of rest in the position of equilibrium. According 
to wave mechanics, however, the ground state has a finite energy 
Eq — ^hvQ, and the corresponding proper function is the Gaussian 

error function i/jq == where a = and Vq is the proper 

frequency of the oscillator. This zero-point energy can be explained 
by Heisenberg’s uncertainty principle, according to which if the energy 
of a particle is prescribed accurately its position cannot be accurately 
determined. The proper function, which is a Gaussian error function, 
expresses the uncertainty directly. For the error curve immediately 
gives the mean square deviation of the co-ordinate (as q = 0): 



2a 8rr^mvQ 
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On the other hand, from the energy equation we have 
E = + |m(27n/o) Y; 

if the energy is accurately determined, the mean square deviation of 
the momentum is 

8^2 ^ m^(27rvo)^S2^ = 

Hence 

o o o o 


or, with (Ag')^ = (A^p)^ == Sj)^: 

hf 8g = — . 

^ ^ 47r 

This is the exact form of Heisenberg’s uncertainty principle SjpSg^ 
(see Appendix XII, p. 282, and Appendix XXII, p. 312). 

After this digression on the zero-point energy and the theoretical 
uncertainties of the position and the momentum when the energy is 
determined accurately, we now return to London’s explanation of the 
occurrence of the van der Waals forces. As a simple model we consider 
two linear oscillators at a distance R apart, vibrating in the direction 
of the line joining them (the cr-axis). We think of these oscillators as 
vibrating electrical dipoles in which the positive charges e are held 
fast in the position of equilibrium while the negative charges — e 
vibrate about these equihbrium positions, their displacements being 
x-i and We express the restoring forces on the oscillators in the 


and 


■ X 2 ,; their potential energies are then | — Y 


and I — x<^. In addition there is the coupling force acting between 

the two oscillators, for which we assume Coulomb’s law of force. The 
potential energy of this interaction is 


R ^ -f- “h ^2 R x-^ jR -j- ccg 

or, if we assume that R is very large compared with and x^y and 

expand, we have 


Hence the energy equation for the two oscillators is of the form 



APPENDIX XXXII 


345 


== “ (^’l® + Pi-) + Ya + 


2e^x^X2 

"W~‘ 


In the absence of the coupling term the resonators would themselves 
vibrate with the frequency 

_ 1 fe^ 

277 V am 

If the coupling is taken into account the frequency, as we have re- 
peatedly stated before, is split up. Here we shall carry out the actual 
calculation of the splitting. For this purpose it is most convenient to 
refer the quadratic expression for the potential energy to principal 
axes this does not affect the form of the kinetic energy. This is 
done by means of the transformation 

(a:i + 3:2), — *2); 

as ^ = mcc, we also have 

Ps= ^^{Pl + P2)> Pa=_^bl — Pa)- 

If we substitute these new co-ordinates and momenta in the expression 
for the energy, we have 

w + 3>.«) + ^ W + ».“) + W - - A 


or, in another form, 



This, however, is the energy equation for two non-coupled oscillators 
vibrating with the two frequencies 



Hence the quantised energy of the system is 

= hvs{n, + I) + + h)> 

wHch depends on R, as the new frequencies are functions of the 
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distance between the oscillators. Eor the ground state we obtain 
the zero-point energy of the two vibrations of the oscillator, 

•®00 ~ 

that is, if we again expand, 



The additional energy is therefore negative and inversely proportional 
to the sixth power of the distance between the oscillators; the oscih 
lators will accordingly attract one another with a force varying as the 
inverse seventh power of the distance between them. The magnitude 
of the attraction also depends on vq and on the square of the constant a, 
which is obviously a measure of the deformability of the oscillators. 

Exactly similar considerations apply to any atomic system in which 
there is interaction between the constituents, and invariably lead to 
the result that between two systems in the ground state there will be 
a force of attraction whose potential energy is inversely proportional 
to the sixth power of the distance and whose magnitude is proportional 
to the product of the deformabilities of the two atoms. 
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Crookes, Sir W., 32. 

Crowther, 37. 

Crystal, diffraction at, 68. 
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negative (< — wzoc^), 174-6. 
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Inert gases, 166. 

Inertia of energy, 274. 

Inner quantum number, 139, 149. 
Integrals, evaluation of, 259. 
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— structure, 57. , , , . 

— transformations (table), 03. 
Nucleus, 38, 40, 44, 54* 

— and alpha rays, 276. 
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— in matrix mechanics, 291. 
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Quasi-ergodic hypothesis, ii. 

R, the gas constant, 7. 

Rabi, 169. 

Radiation, 308, 309, 31 1, 
and direction, 312. 

— field, 333. 

— heat, 185-94. 
in wave mechanics, 132-4. 
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— and two-body problem, 173. 
energy and momentum in, 77. 

— theory of, 269. 

Resonator, virtual, 134. 

Rest mass, 27, 271, 272. 

Richardson, 220. 
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— X-ray, 112-5. 

Spectral distribution of radiation, 186, 192. 
193 - 

Spectrum band, loo. 

Spherical harmonics, 299, 308-10. 

Spin, 137. 

— and relativity, 17 1. 

— and valency, 343, 

— antiparallel, 342. 
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tion thus occurs before the convergence limit of the bands, i.e., by longer 
wave light than corresponds to the dissociation continuum. 

As in the case of the phenomenon of preionization discussed on page 
186, predissociation is caused by nonradiative transitions from quan- 
tized energy states into a region of continuous energy, which in the 
case of predissociation corresponds to that of the dissociated molecule. 
To explain predissociation, Fig. 182 shows the potential curves and 
vibration level diagrams of two excited molecular states. We tissume 
that a transition from a lower state, not shown, to the state a' is possible. 



Fig. 182. Potential curves and corresponding vibration term sccitionces loading to pre- 
dissociation of a diatomic molecule. 


Then in the absence of state 6' we would observe a sotiucnce of absorp- 
tion bands which corresponds to transitions from a lower state to all a' 
states beyond which, after the dissociation limit of a' is reac^liod, the 
dissociation continuum of a' follows. Now we consider the infliuuu^e of 
the disturbing molecular state whose dissociation energy lies bdow 
that of a'. If certain conditions (selection rules) between the electron 
quantum numbers of a' and 6' are fulfilled, there exists for the disc^rctc 
a' levels lying above the dissociation limit of b' the possibility of non- 
radiative transitions (without gain or loss of energy) into the continuous 
energy region of b\ and thus of dissociation before the disscxdation limit 
of a' itself is reached. Since the Franck-Condon principle is valid also 
for transition without emission or absorption of radiation, thes(^ transi- 
tions from a' into the continuum of &' occur with high i)r()hal)ility only 
in the region of the intersection of a' and 6', while for higher states the 
probability of predissociation again decreases. 

As in the case of preionization (page 186), the possil)ility of transitions 
into the continuum implies a considerable reduction of the life-time of 
the discrete states of a' and thus, according to the uncertainty I'cla- 
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tion, an increase in the width of these energy states and the lines result- 
ing from their combination. In the region of predissociation this line 
width usually becomes so large that the different rotation lines of a band 
merge into one another, thus accounting for the diffuse appearance of 
the dissociation bands. Predissociation is observed only in absorption, 
because, as a result of the nonradiative transitions into the continuous 
energy region, the radiation probability of predissociating states is ex- 
tremely small. 

For the photochemist this section contains some veiy important 
results: Irradiation by those wavelengths which correspond to sharp absorp- 
tion bands of the irradiated molecuU produce excited, and thus reactive, 
molecules. Irradiation by those wavelengths, on the othet' hand, which 
correspond to continuous absorption spectra or diffuse absorption bands 
{which appear diffuse only because of the small dispersion of the spec- 
troscope), produces dissociation of the irra/lialed molecules. Thus tlu^ 
relation l)etween the cmitiiuious absorption spectra of molecules and 
their decomposition into atoms is explained. 

c. The I Processes of Formation of Molecules from Atoms 

What do we know about the rev(^rs(‘ pro(*(^ss, tlw^ ronnation of (di- 
atomic) molecules from their atoms? In this ease the sitiiai.ion is similar 
to the combination of an ion and an (^hud ron l.o form a muitral atom as 
discussed on page 106. If two atoms whicdi can form a molecuik^ do col- 
lide, they form a molecmle only if the binding cMu^rgy reh^ased in th(' 
collision (whicli of courses is numerically (Hpial to tluMlissociation energy) 
is somehow carried away. This can Ix^ done by a third atom. In that 
(^asc we have th(^ formation of a molecule in a triple c.ollision of atoms 
and can write the pl•oc(^ss as an eciuation, 

.1 T /^ + (I — ^ AH T (Umi (6-24) 

We now consider wlud.her this mokxndar r(MX)inbination can also 
occur if two atoms collide* and the binding (*n(*rgy is emitt(*d as a i)hot()n. 
In order to undeu’siand this ])roblem correctly, w<^ must- tirst know the* 
differences Ixd-ween at-omic (hoinopolar) a,nd ionies (heUsropolar) mol(‘- 
cules. By atomic molecules we m<*an theses which desc,e)m poses into normal 
atoms whesn elissex*iatesel in the grounel stat.es (e.g., II 2 , Oa, (U), estes). 
Ionic e)r heleropolar tnolecules, exi tbes ot.hesr hand, ares t.he)ses me)Iese‘uless 
wliiedi (like Na(M) dissexdates fre)m tbes grexinel state inte) iexis (Na"* 
anel (d" ). 

In the usual e*ase e)f at-exnie*. me)lesculess tbes esollieling at.exns A anel B 
‘‘run alewig” thes pe)l-e*ntial curves e)f tbes ne)rmal me)lescules (seses Kig. ISO). 
The formation of a molecule, under emis.Kion of the binding energy and the 
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relative kinetic energies of A and B, is in this case just as impossible as 
the reverse process, the optical dissociation without electron excitation. 
The reason is that transitions from the continuous energy region to the 
vibrational ground state of the same electron state do not occur, because 
their transition probability, according to the Franck-Condon principle^ 
is practically zero (Fig. 180). TLVo noimal atoms which can form a 
molecule thus cannot recombine in a two-particde collision, but only in 
a triple collision in which the third partnei’, which cm be the wall of 
a glass tube, for example, takes over the excess energy. 

The situation is different in the case of an ionic molecule (e.g., NaCl). 

Here the colliding atoms are in a 
different cle(‘.tron state (curve F' 
of Fig. 183) than the ground state 
y" which is formed by two ions. 
Consecpiently, a recombination in 
a two-particle collision is possible. 
In this case, the radiation proba- 
bility (and with it the recombina- 
tion probability) is determined by 
the probability of the electron 
transition A B — ^ and by the 

Fran(*k-C^()ii(lon priiKuple. In the 
case of th(‘ alkali halidc^s, for e.x- 
ample, transiticjiis to the normal ground state (^aii occur, acx^ording to 
the Franck-Condon print^iplc, from the reversal points between F' and 
G' of the colliding normal atoms A and B, In this case tlie energy is 
radiated away as an emission continuum whose wavelength limits are 
given by the transition arrows F'F" and G'G", so that we have the 
two-particle collision recombination process 

A + B-^A+B- -f fic^a (6-25) 

Ck)nse(niently, just as photodissociation under cofUinuoiis absorption is 
possible only if there is a simuttancons change of the etectron conjigura- 
tion, the formation of molecules in a two-particle collision under continnous 
c7nission of the binding and kinetic energies occurs only if there is a simul- 
taneous change in the electron conjiguration. Su(‘h an electi-on t ransition 
is also connected with the radiative recombination of normal and 
excited atoms in two-particle collisions, according to the e(iiiation 

A + B* AB + hcv, (6-26) 

In a highly dissociated and excited gas, for example in a dischaige 
plasma, collisions between normal and exented atoms are sufficiently 
frequent. These take place “along” the curve of the excited molecular 



Fig. 183. Set of potential curves for ex- 
plaining the foriiiaUon of an ionic molocule 
in a collision of two atoms upon emission of 
the recombinution continuinn. 
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state, Fig. 181. As in the ease mentioned above, in collision*^ t kiiiH i« 
energy ot the colliding atoms is converted into potential 
a point above the dissociation limit on the left side of tl»<- 
curve is reached. By transitions from this branch of p<»tt*nlinl 

curv^e of the excited molecule to the ground state, the collitii^ nloms .1 
and recombine under emission of continuous radiation. 

Thus, the observation of such emission contiima of ^'****" 

nishes evidence for the process of radiative recombination, Iroiu it. 

the probability can be determined as a function of the v('l< ><* *^ .'* 
colliding atoms. Emission continua, which correspond tf> rcroin- 

bination process (6-25), are found especially in the (^ase of a.l Icdi-hnlidc* 
vapors, whereas continua corresponding to radiative nl>inai ion 

(6-26) have been obsc'rvcvl for the halogens and t,elhiriiim. 

6-7. Limitations of the Molecule Concept. Van der "Wfials 
Molecules and Collision Pairs 

We have so far used tlu^ term ‘bnolecule” as if it wer(>^ m. j-;< d f-<‘ video t 
concept, but now w(^ must rc'fiiu^ our knowl(Mlge and pro<‘(H'< I 1 < > n liiglier 
point of view. By a moUMMilc we usually nu'san, without. it t(»o 

much consideration, a system of two or inor(‘ atoms or groiii <>1 
whoso potential energy for a dcliniU^ nuclear (‘onliguration ni a mini- 
mum, and \vhi(*h is, t.oa <HM*l.ain (‘xU^nt., ind('])(uid(uit. of its on irnnment. 
The latter means that (a.t h^ast at the instant of obscsrvat.ion ) t Ih‘ irilrr- 
action within th(‘ system is great compared to that I)et.W(‘<'ii i li<* svNlfin 
and its (‘ii vironnu'iit.. lMiysi(%‘illy siu^h a m()l(‘cule is, its \\<' Kimw, 
chara<*t(‘riz(Ml by th(‘ lorci's ai^ting t)(^tw(‘(Mi tlu' al.oms, i.(\, \)y t lie eluiiu'.e 
()1 p<)t(Mil.ial with lh(‘ inl(‘rnu(*l(V‘ir dist.anc(' (poliuit.ial (uirv'cO :mhI !»>■ llie 
valuer ol it.s total (‘iKU'gy, Tlu^ ciuM’gy is in<*a.sur(‘(l upwiti'< I « j i\ r i 
from l.li(‘ ground st.at<‘ of the normal molc'cuh^ or (as w(^ <l<> Ikmoi frnm 
tlu‘ zei'o point, ol t.la^ ircu^ atoms. In t.his(%‘is(‘ t.lu^ hiiuling ('iicm*l*;n' of the 
st able nioleeular st at.c's is ii(*gativ(\ wh(‘r(‘as th(^ kim^t ii^ (Muu'g;jv' < >1 t lie l i oo, 
dissocia.t(‘(l st.a.((*s of (h<* inolcM'uh^ is posit iv<\ 

W<» now ea.n (list inguisli l)(‘t.w(M*n tlinn^ types of moh'euhs, < Ic j >< Muliiig oii 
the shap(' ol th(*ir pol(‘iilia.l curv<*s, i.(\, th(‘ir binding fore<\s < I< >\\rr pari 
of Fig. 1<S1J. W(M'onsi(l(‘r first the normal, strongly bound hiohm uIo ; 
whi(di w<Me almost <‘\clusiv(‘ly liea-ted in the la.st S(‘ctions. 'ITnnr rliaiac 
teristi(t fea.(.ur(\s aw a jiionouncc'd potential minimum iit n. rolalivrlv 
small inlerimchvir disla,nc(‘ lA), a.nd a lehitivt'ly larg-c^ < 1 ,rial kui 
eiKM'gy of 1 to 5 ev (Kig. ISI, curve u). The scM'ond ty|)<> of niol.M*ulr 
is eall(‘d a 'S'an <l(‘r Waals niol(‘cul<*” for n^asons whi(‘h will boenmo 
clear b(‘low. It, is cha.i’aeteriz(‘(l by the potential <*urve />, \vi t ! i ;i .diallnw 
minimum at- larg(‘ inl(u*nu(*l(^ar distance^ (/‘o .‘i to r)A), ami I >\' ;i ir uallv 
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very small dissociation energy (order of magnitude of 0.01 to 0.1 ev in 
the ground state). These molecules consist of atoms which are not able 
to form a noimal, strongly bound molecule by rearranging their electron 
shells. However, there exists between them some attraction due to 
mutual polarization and related interaction forces of the second order. 
These second-order forces imply a possibility of formation of loosely 
bound molecules. The same types of interatomic and intermolecular 
attractive forces which produce these weak bonds are also responsible 



Fio. 184. Potential-curve diagram for the electron ground state and an excited oloetron 
state of a diatomic molecule with transitions indicating all imssihle discrete and continuous 
molecular spectra. 

for the deviations in the behavior of a real from an ideal gas. Since 
these deviations are described by the van der Waals ecpiation of state, 
we call those molecules which are bound by these forces van dei- Waals 
molecules. Now if we consider as the third type of molecule an atomic 
system which is characterized by the potential curve c, we sec that this 
differs from a van der Waals molecule only in that it cannot have 
negative energy values at all. The repulsive forc-cs always exceed the 
attractive forces; in every other respect such a system of atoms behaves 
just as an arbitrary real molecule in a free state of positive energy. 
1 1 is represented by two atoms in the instant of the collision, if only repul- 
sive forces act between them. Such a system is called a collision pair. We 
introduce it here as the limiting case of the molecule, although it lacks 
a potential minimum and thus docs not fit the customary definition of 
a molecule given above. Evidently a sharp line cannot 1)C drawn be- 
tween the van der Waals molecule and the collision pair. Furthermore, 
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a collision pair can emit and absorb spectra just as other molecules. 
Finally, a pure repulsive potential curve characterizing a collision pair 
occasionally also occurs in the case of excited states of regular mole- 
cules, as we know, for instance, from Fig. 119. 

The best known example of a van der Waals type molecule is the 



Fill. 1S5. diiiKnun of (ho viiit (1(M' Wniils inolociilo, (loloriniiic<l from 

tho Hlmly of (ho <li(TuHO bands and (‘onlinua. (lij/ Mroznirnki anti thv author.) 

Ilg 2 ni()l(M*.iil(^ coiisiHi.ing of two llg atoms. All typos of binding whi(^h 
wo luivo iiK^iil-ionod ahovo occur a.niong its ox(^it(Ml energy states. 
Figure 185 shows ii.s potcMitial curve diagram which is the produ(*t of 
many y(^ars of ])atieiit r(\s(»arc.h of a large number of inv(\stigators. The 
1102 mole(*ule consist.ing of two helium atoms, whose existen(*e was 
established si)ect.rosc<)pi(^ally, is another examples of a van der Waals 
molecule, hut only in the ground state. PronounccMl pot(Mitial minima 
are charactcM’ist.ic for th(^ (b\<*ited states of and giv(^ rise to l.h(^ emis- 
sion of miinerous 11(V2 bands, which were analy/(Ml, (^s|)<Mnally by Weizel. 
J^y transii.ions from theses stabler excited sl.ates to thc'i unstable ground 
state, an emission continuum lying in tlu^ far ultraviolet is emitted. 
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A noticeable van der Waals attraction also exists between two O 2 
molecules and, according to an investigation of the author, is responsible 
for the existence of the double molecule O 2 — O 2 = ( 02 ) 2 . It consists of 
two normal oxygen molecules and, besides other spectra, absorbs the 
continuous bands which are responsible for the blue color of compressed 
as well as liquid oxygen. 

Van der Waals forces, whose potential corresponds to curve h in Fig. 
184, play an impoi-tant role in other phenomena also. Wc mention here 
only the large number of cohesion and adhesion phenomena which are 
produced by them, as well as the secondary forces by which smaller 
and larger molecules are bound together in certain crystals and colloidal 
micelles which play an impoitant role in biology. They also arc, at least 
partly, responsible for the process of polymerization of gigantic molecular 
complexes from single molecules (e.g., the (^aout(diouc! molecaile from 
about 2,000 isoprene molecules). We point out, finally, that the loose 
binding of two molecules effected by such van der Waals forces seems 
to be important for the initial stage of many chemi(^al reactions, because 
it is often a prerequisite for a sufficiently intense int(n*action of the 
molecules. The often veiy casual treatment of the van der Waals forces 
and the spectra resulting from them (also tlu^ variation of an atomic 
spectrum by the van der Waals binding of the atom to a lai*ge complex, 
such ius a crystal or a wall) does not seem to be jiistiii(Hl, siiu^c^ a careful 
investigation of these phenomena may produ(*.e many inl-(n’(^sting results. 

Aftci- this extension of our knowledge alxnit the concc^pt of molecules 
and the potential curves of tlie ditTerent types of molecxih^s, we rcd.um 
to the discrete as well as continuous spectra whicdi ix^sult from th(^ shape 
and mutual positions of the potential curves of the (X)mbining inohundar 
states and, conversely, can be used to determine i.hem. For this purpose 
we consider the s(diemati(^ diagram Fig. 184 in whic^li are shown as asymp- 
totes to the right the two families of curves of the ground state and an 
e.xcited state of an atom. The potential curves originate from bringing 
an additional normal atom into interaction with the first one, this be- 
ing in its di(fer(‘nt states. The ditTerent possible types of transitions 
tire represented by arrows. However, we luive to (X)nsi(ler thtit the 
t.raiisitions natunilly occur tilso from all neighboring points of the poten- 
tial curve under consideration. 

Whereas the transition number 1 hetweem the undisturbed titomic 
states produces a sharp spectral line, a hrotuh^Hxl titomi(^ line rc^siilts 
from transition number 2. It is evident thtit the timounl- tind (*htii‘ti(d,er 
of the hrotideniiig depends upon the avenige inkM-atoinic disitiinx^ 
(function of the density of the gas), on the tempc'rature, and the shtipe 
of the two potential (airves. With these few I’emarks, wc. have <*oiisid- 
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ered the process of collision broadening, already discussed on page 187, 
from an entirely new point of view. We considered the emitting or 
absorbing and the colliding atom together as a molecule (or collision 
pair) and thus (conceived of collision broadening as a limiting case of a 
molccnilar spectmm. It is now evident that it is only a small step from 
the simple broadened atomic? line to the specd-ra of the weakly bound 
van der Waals molecule represented by transitions 3 and 4. They 
consist of naiTow continuous or apparently continuous bands which are 
closely related to the (Mn‘i*espoiiding atomic^ line (ti'ansition number 1). 
The emission and absoi’ption of mercury \"apor at pressui*es which are 
not too low provide numerous examples of this type of band associated 
with atomic; lines. We have already refoi-rcul to the identification of 
these bands as spectra of a Tlgo van cIct Waals molecnilc;. The transitions 
5 to 8 oc;cur in the rc^gion of nuc;lear separat ion in which the elec^tron 
cdouds of the two atoms pc^iu^.rate c^ach other (considerably and thus 
cause major (‘lianges of the energy compai’c^d to the unperturbed atomic 
states. They repre^sent, thcu-cifoi'e, molec'ular sp('(‘tra in the more re- 
stri(;ted and customary semse. When^as ihe^ normal chu'iron band 
spe(;tra correspond to transitions 8 bet.wc'C'u the discrete states of both 
potential curves, there exists an extciudcMl emission continiuim due to 
transition 5 from the minimum of an (‘xcit.c'd molecuhir state t,() the 
rc'pulsion (*urve of a lowca* state'. l'‘he l)(;st> known <'xa.mpl(^s of this arc 
the continuum of the hedium mok'cule in tiie cxt n'UK' ult raviolcd., which 
was mc'ntioncMl on page 77, and the' hydrogcMi inolcM'ular continuum 
('xtending from tiic* gr(»en to th(‘ far ultra-viohd. Tlu' lat.h'r is (‘initti^d 
i)y a.ny glow discharge' in dry hydrog(‘n at S(‘V(‘ra.l millimc'tc'rs prc'ssure. 
In conclusion, t ninsilion 7 from tluMliscnd.c* states of tin' low('r |)ot.ent ial 
(*urve to tlic^ cont inuous enc'igy n'gion of a.n up|)(‘r (*urv(‘ a.c(‘ounts for an 
c'xtendc'd absorpt ion cont inuuni. '’riw' Ix'st. known c'xa.mpl('s for this an^ 
the absorption continua of the halogen inol(‘(*ul(;s la, Hr^, IHr, etc., 
whi(di lie; in tin' visibles or n('a.r uItra.viol('t. 

This discussion n'vc'als how many iinporta.nl, conclusions wit.h respect 
to emission a.nd a.bsorption sjx'ctra. ca.n b(‘ di‘a.wn from thx' potx'nl.ial 
curve diagram. It is worth while', 1 hc'n'fon', to b(‘(*om(' thoroughly 
familiar with tbc' conc(*pl of Uh' potc'iitial ciirv(‘ and its cons(X|U('n(‘(‘s. 

6-8. Molecular Rotation and the Determination of Moments of 
Inertia and Internuclear Distances from the Rotation 
Structure of the Spectra of Diatomic Molecules 

After w(' have' Ix'conu' accpia-intc'd with t.lu' nuuuM’ous phcuionn'iia 
which a,r(' r(‘la((‘d to moh'cular vibra.tion and diss<xda.l.ion, \V(' shall 
discMiss now ni<)l(‘cula,r rotation and llu' <x)n(;lusions which may lx* 
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drawn from investigations of the rotational phenomena in molecular 
spectra. 


a. Rotation Term Diagrams and Infrared Rotation Spectra 


The simplest model of the rigid molecule rotating about the axis 
of greatest moment of inertia, the rotator with free axis, was discussed 
wave-mechanically on page 218. We found there that only the following 
sequence of discrete energy values is possible for the 
rotator : 

Erot = hcBJ(J + 1) / - 0, 1, 2, . . . (6-27) 


20 

t2 


6 



Fig. 186. Possible 
transitions in the 
rotation-level dia- 
gram of the elec- 
tron and vibration 
ground state of a 
diatomic molecule 
(rotation band). 


where 

n __ 

Wcl 

is the rotation constant and 


(6-28) 


I = 


m\ t rh 5 
mi + nh 


( 6 - 20 ) 


again is the moment of inertia of the molecule about 
the axis of rotation. J is the rotation (luantum number 
belonging to the total angular momentum J of the rotat- 
ing molecule. 

The rotation term diagram shown in Fig. 186 fol- 
lows from (6-27). For optical t.ransitions between 
these rotation states the selection rule 


AJ = d=l (6-30) 


which follows from the correspondence principle (page I()4) or from 
wave mechanics, applies. Thus each rotation st.al.e (^an ciombine undtu’ 
emission or absorption of radiation only with its two neighboring stat<es. 
From this selection rule and Fig. 186 it follows that the relation si)e(^- 
trum of a diatomic molecule lying in the far infrared! consists of a 
sequence of equidistant spectral lines (rotation lines) with l.lu^ \vfi\^e 
numbers 25, 45, 65, .... The (listan(K^ lf^twe(m two (*onse(uitive 
lines thus should be 25. Pure rotation spectra in good agi’c^ement with 
this theory were first found by Czerny in the (uiso of tho I KM inoloculo. 
Just as in the- case of the vibration spectrum {patje m)), the rotation spectrum 
can be observed o-nly if a change of the electric moment is associated with 
the rotation (dipole radiation). Thus the centers of the electric chartjes 
must not coincide with the center of mass. This condition is fidjilled only 
for the unsymmetrical molecules such as HI, but not for II 2 , (M 2 , (> 2 , cl-c. 

Vonsequentln, the latter do not have easily observable rotation or rotation 
vibration bands. 
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If the rotation spectrum is observable, then the rotation constant B 
(^an be taken from it immediately. The moment of inertia of the 
molecule, and thus one of the most important molecular constants, 
can be computed from B according to Eq. (6-28). Moreover, if the 
masses mi and m 2 of the constituent atoms of a molecule are Icnown 
(and this will always be the case if we know the molecule responsible 
for the spectmm), then the intemuclear distancie of the molecule 
follows immediately from the moment of ineitia by means of Eq. (6-29). 
The intemuclear distances determined in this way are within the order 
of magnitude of 1 A, which is in agreement with our knowledge of the 
dimensions of atoms and molecules. Table 14 presents the most impor- 
tant data for a number of diatomic molecules, as determined from their 
spectra. If the rotation and vibration are optically inactive, as in the 
(*ase of molecules consisting of identical atoms, then B, and with it 
/ and ro, can be deteimincd, though not (luite as easily, from the rota- 
tional stnicture of the elcxdronic. l)ands, or from the rotational Raman 
effect, page 352. 


Tabic 14, Intemuclear Diataficeay Monienlit of Inertuiy Fundamental Vibrational 
Quantay and Ditmociation Fnergiva of Some Imporlanl Molecules in the Ground State 



InU^rnucUs'ir 

Monu^iit of 

Fundaiiuaital 

I )isao(nati()n (energy 

M()lmil<^ 
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vibrational 
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N 2 

1. 00 
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s, 

1.00 
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cu 
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1 13,5 
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57 

Un 
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1 .OO) 

•15 


2.00 

7*11 
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1.53 

35 

(K) 

1.13 

15.0 

2100 

0.0? 

220? 

NO 

1.15 

ir).3 

1007 

5.3 

122 

UC\ 

1.27 

2.()0 

20S0 

1.10 

102 


h. The Holalion Vibraliou Spvrfnim 

From i.h(^ discnission of the pun^ rotation spec^t.nim we pnx^eed to 
the rotation vil)rat.ion sp<M*t.nim which is produccxl by (changes in the 
rotational and vibrat ioniiJ states of the moU'cuIe (without, a (*.hange in 
the contigurat.ion of l-h<‘ (‘l<‘cl.rons). Two scMpK^nc.es of rotational terms, 
belonging to th<^ vibrat ion Uwels v = 0 and /> = 1, are shown in Fig. 187. 
C 'orresponding to t.h(‘ s(4(M*t.ion rule (6-30), the nvsulting rotat.ion vibration 
ban<l consists of two ^‘branclK’is” whi(^h b(‘long to th<^ transitions 
A*/ = -f 1 and AJ = — 1. They are shown to the left and right in 
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Fig. 187. The line sequence belonging to AJ = + 1 extends from the 
zero line (not shown) toward shorter wavelengths and is called the 
positive or R branch. The sequence belonging to A./ = — I extends 
toward the longer wavelengths and is called the negative or P l)ranch. 

If we assume as a rough approximation that the 
moment of inertia of the molecule is the same for 
the upper as for the lower vibrational state in spite 
of the difference in vibration, then the separations 
of the rotation levels are ecpial in both vibration 
states. This case is presented in Fig. 187. Tlien 
once more we have equidistant lines sc^parai-ed by 
the constant distance 2B (Fig. 188). Tho zero 
line, which cannot appear be(‘.aiise the transition 
A/ = 0 is forbidden, can be easily (letennin(^<l. 
Its frequency gives the energy of the pure vibrji- 
tional transition. For every vibrational transil.ion 
which is possible according to Figs. 177 and 178, 
we expect a band of the kind (k'sc^’ilxMl. This 
corresponds roughly to the spec^troscopic^ r(‘isult.s. 
A small deviation from t.lu^ assumed constancy of 
the distances between consecutiv('! lines, how<'\'(U’, 
is evidence that, first, the inonKuit of iiUM’tia is 
not constant and independent of the vibrational st-ate and that, s(x*on(l, 
the rotation and vibration of the molecnile aix^ not. in<l(‘p(‘n(l(‘nl.. Th.(‘ 
energy values of the pure rotation and vibration thus cannot. siini)iy 
be added, but the interaction of vibration and rotat ion must. Ix^ takcui 
into account by introducing a mixed t.erm cont.aining v and ./ in t.lie 


Y»l- 


v*0- 


J 


— 2 
— / 
—0 

Fig. 187. Energy-level 
diagram for explaining 
a rotation vibration 
band of a diatomic 
molecule. 
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Fig. 188. Schematic reproeentation of a rotation vibniUon b;ui<l. 


expression for the molecular energy. If this is done, <*()inpl('t.(^ agi'oo- 
ment between theory and spectroscopic results is at^hicvxxl. 


c. The Rotation Sinicture of Normal Electron HaniLn 

We now take up the most complicated case, that of bau<l sjxxd.i’a 
resulting from simultaneous changes in the electron conliguration, 
vibration, and rotation of a molecule. These bands octxir in ( he visil)l<> 
and ultraviolet spectral regions. As a result of the part.icipat.ion of an 
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electron transition in the absorption and emission, there is always a 
change in the electric moment of the molecule. Electron band spectra 
thus are emitted and absorbed also by symmetrical molecules such 
as H 2 , O 2 , etc. These electron transitions also make it possible for transi- 
tions (except for the S — > S transitions, see below) to occur without a 
(*hange in the rotational quantum number. Thus, instead of (6-30), 
the rotational selection mle for electron band spectra is 

A J = 0 or ifcl (6-31) 


j' 

5- 

4- 

j- 

2- 

o~ 


T 




5 — 




with the limitation that transitions between states with zero rotation 
(0 ^ 0) are forbidden sin(*.e there is no (change of the electric moment 
connected with them. Conseciuently, a 
zero or Q l)ran(^}i for AJ = 0 is to be 
added to the brandies of a band cor- 
responding to A./ = zfc 1 (positive or li 
bran(*li and iK^gative or P branch). The 
zero bratudi can now appear, because 
the electron transition clauses a change 
of the ele<*tric moment, ev''en without a 
(*hange of the rotational state of the 
inole(udo. ( )n the otlun- liand, no change 
in th(^ electron configuration is connectcid 
with a 23 —> w transition (jiage 3()I ) ; con- 
seciuently no z(‘ro brain^h (*an appc^ar in 
this cas(^, l)<^(*aus(^ now tlu^ (hM’tricr mo- 
ment of iJiC! mol(M*uI<' cannot changi^ 
without a change of the rol.at ional stat.(». 

W<‘ know froin;th<^ discussion of th(‘ 

])otential (nirv<‘S that lh(‘ inhn-nuclear 
dist.ance, thcj momciiit of iiun-tia, and 
tlie binding fon^c's of a. mol<‘c.ule may l)e (jrvatln (diang(«l by an electron 
transition. In g(ni(M*al, th(‘r(‘for(», tlu^ s(Miu(Mic(M)f tlu^ vibration states iis 
W(*ll a.s tha.t of the roi,ational staUss arc^ dilT(‘r(nit in the uppcn* and lower 
ele(‘-tron st-at.es. Acc^ordingly, t.wo diHercMit rolal.ional t.erni se(iu(^ncc‘sare 
shown in hig. ISi), whi(*h ma.y thought of as Ixhaiging t.o any two vi- 
bration levels of any t wo dillerent ele(*tron stat(‘S. ^Phe (‘nergy dilTerencc^ 
of th(^ two z(n*o-rotation l(*v<‘ls is th(» wave numlxa* of tlu^ Z(n-o line (for- 
bidd(ni), for which th(‘ vibration formula (()-2()) a.ppli(vs. It is (Ujual to 
th(^ sum of th(‘ (*l(‘ct.i’on and vibration transitions/*' — />" a.nd is writ-ten 
i^ii{ />',/»"). ''rh(‘ individual rotiit ional limss of a band anMh^signat.ed, as in 
Fig. 1S9, by th(^ J numb(‘r of tlx* low(‘r state (./"). Thus tlx^ /*!(»‘l) line 
of a hand is the transition = 4 3. From Fcp (0-27) wo 


I 

2 — ; 

/ — i 

0-^ 

Kkj. iso. TninsitioiiH IxMwoon t.lio 
rotiilioii Ummm h(*(Humh'(‘h of two <lif- 
fcwcMit ('I(‘(‘ti’on Ht'iilt's of ii (liutoinio 
niolocuU*. "I’liiH (‘XpljiitiH Muf /^ Q, 
an<l R )>r.*iM(0i nontuilly proHciit. in 
a haiul (‘oniuM't.cxl wit.ii an ohn^ron 
tnumilion. 
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have the formula for the wave numbers of the rotational lines of a band 
p = + 1) - + 1) (6-32) 

in which, from the selection rule (6-31), J" must be equal to J' or J' d= 1. 
These three possible changes in the rotational quantum numbers cor- 
respond to the three branches of a band, 

(J" - 1 P branch 

r = J" Q branch (6-33) 

( J" + 1 R branch 

which are shown in Fig. 189. 

The best representation of the structure of an electron band as deter- 



Fia. 190. Fortrat diagram of a band with three branohos. Below is the wliolc spectral 
band originating from the superposition of the lines of the three braiK^hes. (Aflrr Fermi.) 

mined by (6-32) and (6-33) is its so-called Fortrat. diagram. If, as in 
Fig. 190, the wave numbers of the band lines in nu^iprocal (H'lii.imetcrs or 
wavelengths are plotted on the abscissa, and the i-ol,at.ional (luantum 
numbers J" are plotted on the ordinate, the result- is a parabola for oa<^h 
of the three branches of the band. This can be easily ascertaiiu'd by 
measuring the transition arrows in Fig. 189. The Fortrat diagram thus 
provides a means of separating the lines of the dilTerent branches and 
rotational quantum numbers which, in the observcjd spectrum, appear 
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mixed 5n a confusing way. Conversely, we can get from the Fortrat 
diagram a picture of the spectrum (in wave numbers) by projecting on 
the V axis (abscissa) the points in the diagram corresponding to the differ- 
ent lines. This has been done in Fig. 190, where the picture of the whole 
band is shown underneath the diagram. It is especially clear from the 
diagram that the band edge is actually not due to a convergence of the 
band lines, as is the scries limit in an atomic spectnim (page 80), but 
is a more or less accidental phenomenon. It depends, just as the interval 
between it and the pliysically significant zero line (for the pure electron 



Kid. 101. Kortrat. diaKniin of a l>ati(l without duo to idontioal iiitoniuoloiir diHtanoos 
in tiio uppor and lowor (*l<*c.tr()u Hlato. (After Wcizvl,) 

and vibration transition), on thct intervals Ix'tween the rotation levels 
of the upper and 1 o\v(m- state's. If the P brancli forms an edge, as in 
our Fig. 192, we say that, t he band is akaxlcd toward the violvt; in t.he case 
of an (‘(Ig(' foruK'd iiy th<' li branch (Fig. 190) it. is fthtulrd toward the red. 
It follows from the rc'lat.ion b(d.w(XMi the Fort. rat- diagram and the t.ransi- 
tions in the t.ei*in diagram that the shading (h'pe^nds on whet.lKM* the 
int(M*nu(*l(\‘ir distance (jind with it the moment, of iiuM-t-ia) is greater or 
smallcM- in the uppe^r st-at-e than it is in the low(‘r. We thus have the 
following reflations: 

R(‘d-shad<‘d band (P eelge'): n/ > n/'; /' > /"; IP < IP' ) 

Vi()l(‘t.-shad<‘d band {P <‘dg(f): n/ < n/'; /' < /"; IP > IP' } 

For c(\ui\\ va.lii(fs of int.ernuclear distanew and moment.s of iiufrtia in 
the t wo combining staXc's, we have* no edge st.ru(d.ur<'i and the Q branch 
shrinks l.og<‘lh(‘r to form a. singl(f lin(f a.s shown approxiniat.ely in Fig. 191 
which is \\.\\ (fxa.mpl(‘ of an actually nufasunxl band. 

Thus a i<li.orl (jlufirr at a band sprclratn jntit to tier the tilmding of the 
bandit allowi< ns to draw intporlanl court nsions aboni the combininti molccu- 
lar stales^ whereas an e,vaet anah/sis prorides ns with the absoitde rat ties of 
the rotation eonstants^ moments of inertia, and internnclear distances. 
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d. The Influence of Electron Transitions on the Rotation Structure 

In our treatment of the rotation structure of the electron bands we 
have not, so far, considered the fact that the total momentum J of 
the molecule which controls the spacing of the rotation terms results 
from the vectorial addition of the angular momentum of the rotating 
nuclei and an angular momentum which itself is composed, according 
to page 361, of the angular momentum of the electron shells about the 
internuclear axis A, and the resultant spin S. These relationships 
become especially complicated by the fact that the rotation of the whole 
molecule produces a new magnetic field which competes, with respect 
to the orientation of the spin of the electron shell, with the field in the 
direction of the internuclear axis. Therefore, the coupling between the 
angular momenta of the molecular rotation K, of the resulting orbital 
momentum in the direction of the internuclear axis A, and of the result- 
ant spin of the electron shells, S, changes with increasing rotation, 
depending on the strength of the intemuclear field. The different 
possible cases of coupling for this interaction of electronic motion and 
rotation have been analyzed, especially by Hund. These dilTerent cases 
of coupling cause differences in the rotation struc‘.turc of the electron 
bands, such as the failure of the appearance of the zero line and of 
certain neighboring lines, as well as deviations from the parabolic branch 
curves in the Fortrat diagram. We must pass over all these details of 
the band structure and (^an only mention that, as a result of the higher 
multiplicity of many-electron molecules, multiple branches of bands 
can also appear. An investigation of all these details, however, is of 
interest because it permits us to determine empirically the (piantum 
numbers A or of the electron configuration in the upper and lower 
states. The complete band analysis thus provides all possible state- 
ments about a molecule. The consistent agreement of even th(^ finest 
details of the often very complicated spec.tra with the theory is the 
best proof for the correctness of our theoretical con(^ej)t of the molec.ules 
and their behavior. 

e. The Injlucnce of Nuclear Spin on the Rotation Structure 
of Symmetrical Molecules. Ortho- and Parahydroyen 

In conclusion we shall briefly consider the influences of the nue^lear 
spin on the rotation structure of diatomic mole(‘.ules with identical 
nuclei (homonuclear molecules), upon which an interesting ellec^t, es- 
pecially in the case of molecular hydrogen, depends. We saw (pages 134 
and 233) in discussing the He atom and the II 2 molecule that, Ix'icause 
of the exchange possibility of the two identical electrons, considering 
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also their electron spin, the term diagrams of these two-electron systems 
split up into two terai systems, a singlet system and triplet system, which 
do not intercombine. In the case of H 2 and the other molecules consisting 
of identical atoms we now have, in addition to the possibility of exchange 
of (icetrons, the exchange possibility of the identical nuclei. This again 
causes, according to the formalism described on page 2S3, the existence of 
two term systems which do not combine with each other. The wave-mechan- 
i(*.al treatment showed that the rotation terms (in the electron singlet 
system as in the electron triplet system of H 2 ) i>elong altematingly to 
one and to the other of the two tenn systems which in this case are called 
even and odd. In the case of H 2 , page 2()8, we have two nuclear spin 
moments ea(^h of ^(h/2'ir), which can have the same direction (analogous 
to the ti’iplot system) or opposite directions (analogous to the singlet 
system). Bec^aiise of the small interacd.ioii between the nuclear spin and 
the motion of the molecule, the rotation terms which belong to the three 
possibles orientations of the parallel spin moments do not split up. The 
even and odd tcu'ms thus (^an be distinguished only by their statistical 
weight, i.e., the rotation band lines corresponding to them arc dis- 
tinguished by their dilTerent intensities (in this c,ase 1 :3). A(^tually, as 
was first found t)y Mecke, the baud spe(d»ra of all molecules formed from 
i(leiiti(^al atoms (but, for e.xample, not that of tlui slightly unsymmetrical 
mol(M*.ules) sliow these alternating intensities of conseeMive band 
lines which depemd on the nuclear si)in. In agreumumt with the l.heory, 
the ini.ensity rat.io in th(^ cuvse of II 2 is 1:3. This agrcicment of tlu^ory 
and exp(M*im(Mil., and (h<^ rc^sulting possibility of deUu'inining the spin 
liiomciutiim of tlu^ nuchal of moleculcNS from measurements in band 
spe(d.ra, which suppleiiKUit in a weh^ome way tlu^ nuclear spin deter- 
minat.ions by magiu'th^ nuUhods (page 2()<S) and by hyperfine-structure 
studies in atomi(^ sp(MM.ra, is an excellent examph^ of the interrelationship 
of th(^ various fi(^lds of atomics physics. 

In th<‘ case of lh<^ hydrogen molecule, whos(^ rotation staters are widely 
s(‘parat<‘d becaus(^ of it.s small moment of imu-l.ia, th(^ exisU^nce of the 
t wo rotat ion t.<‘rm systxuns which do not combiiu^ with one another leads 
to an inicM’esting effect. H<‘cause this (‘IT(‘ct is in (‘.ontradiction to the 
classical lh(M)ry, it can b(^ regarded as another proof for the correc^tness 
of <|ua.ntuni physics. Hy (continuously decu’c^jusing the temperature, 
not all II 2 inol(‘cul(‘S can gradually ent.er thc^ roiationless state *7 = 0, 
as is (‘xpc!ct(Ml chissically. Only (he molecules with paralh'l nuclear spin 
can <^nt(M‘ (his slab* whil(‘ thos<^ with ant.i])arall('l spin, because of the 
Pauli principh*, must nunain in lh(‘ m^xt higher, 7 = 1, state, which 
cannot combiiK^ with tin* 7 = 0 s(.at<», n'gardlc'ss of how much, we try 
to cool down th(‘ hy(lrog(Ui. This fact I)(M*oni('s <‘vid(^n(. in a w(^ll-known 
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anomaly of the specific heat of hydrogen at low temperatures. Thus 
molecular hydrogen behaves as if it consisted of two different modifica- 
tions which Bonhoeffer and Harteck called ortho- and parahydrogen. 
It must be realized, however, that in contrast to the phenomenon of 
helium, which depends on the effect of the electron spin, the difference 
between ortho- and parahydrogen depends on the nuclear spin of the 
atoms which form the molecule, or, more accurately, on the exchange 
possibility of the two identical nuclei. A transformation of ortho- 
hydrogen (antiparallel nuclear spin momenta, J = 1, 3, 5, ... ) into 
parahydrogen (parallel nuclear spin momenta, J ~ 0, 2, 4, . . . ) 
would require a change of the direction of one of the nuclear spin 
moments, which normally is as forbidden for nuclei as it is for electrons 
(page 147). By special treatment of H 2 under high pressure and by 
adsorption to cooled charcoal, Bonhoeffer and Harte(*k and, independ- 
ently, Eucken and Hiller were able to prcxhute pure parahydrogen. 
They found, as was expected, that the rotation lines corresponding to 
J = 1, 3, 5, . . . were then missing. 

6-9, Band Intensities and Temperature Determination by 
Band Spectroscopy 

Now that we have learned about the structure of the spectra of dia- 
tomic molecules and its relation to molecular constitution, vve shall 
briefly consider the problem of the intensity of band spocti'a. This is 
important, first, because line stmcture and intensity distribution are 
necessary to give a complete description of a spc(*truni and, second, 
because the measurement of the intensity distribution in band spectra 
has led to the development of an important method for determining 
high temperatures. 

According to page IGC, the intensity of a spectrum is determined by 
the transition probability between the two combining states, and by 
the number of molecules occupying the initial state of the triinsition in 
question, its so-called occupation number. The transition probal)ility, 
and with it the intensity of the entire band system, is determined by 
the probability of the electron transitions, computed acc,oi‘diiig to page 
216. The transition probability for the individual bands, on the other 
hand, follows from the Franck-Condon principle (page 370). Within 
each branch of a band, finally, the transition probability is (M)nstant, 
whereas the relative intensity of the different bi’anches can be (H)mputcd 
from J and the electron quantum numbers a(‘.c()rding to formulas of 
Honl and London. A definite statement al)out the occ.uj)ation number 
of the initial state can be made from MaxwelFs distribution law, but 
only for the case of thermal equilibrium, i.e., in general for the absorption 
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of molecules. For the case of emission, on the other hand, a statement 
(^an be made only if the excitation is due exclusively to the thermal 
velocity. For the intensity of a spectral line resulting from a transition 
between states of energies Ei and we have 

where ( 7 i ,2 is a constant containing the transition probability between 
states 1 and 2 , <71 is the statistical weight of state Ei (see page 166), 
and T is the absolute temperature of the absorbing or emitting molecules, 
i.e., of the initial state. 



192. Intensity clisl.rihution in the three branches of a normal haml. {After Jemns.) 


From the general formula (6-35) wc obtain the intensity (list-ribution 
in a rotation band if we substitute for Ei the rotation energy 

= hcBJ(J + 1 ) (6416) 

and for r/i the stat istical weight, of a rotation state 

i/i = 2./ + 1 (6-37) 

M<luM,tion (()-37) follows from the fact that (^acti i-otational st.ate in a 
diatomic, molecuh^ is 2,/-fold degenerate lus a result, of the ecjual influence 
of th(^ t.wo rotat ion axes which are p<n*})endicular t.o the nuclear axis. 
With this we have 

hv/iJiJW) 

Ij = U(2J + l)c A-r (0-38) 

M(Hiat.ion ((>-38) des(*ribes the* intensities of t.lie rot.at.ion lines of a band 
as a function of the J values of the initial state. Figure lt)2 shows the 
int.ensit.y distribution of the rotation lines of a band computed ac(*.()r(ling 
t.o (6-38). Tlu^ int(Misity of a line is here r('!pr(\s(ait.(Hl by its length. 

According t.o ((>-38) the; intensity distribution in a band is tcanpera- 
t.ure-d(‘p<Mident.. ’'riius by measuring tlu^ maximum of the int.cuisity 
in a l)ranch of the band, i.(\, the J value of the line of highest int.ensit.y, 
t.h(‘ t(‘mp(M*a,tur(» of t.h(> <'mit.ting or absorbing gas can b(^ d(M.(U‘mined. 
''riiis nuM.hod has Ixmui a.ppli<‘d successfully in m(‘a.suring tlu' t.<'mp(M*at.ures 
in electric arcs, (*s|)(M*ia,lly in th(' outer zoik's. However, in discharges 
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resulting from nonthermal exciting collisions, Eq. (6-38) is not ap- 
plicable, and attempts to apply it lead to gross errors. Furthermore, 
by collisions of the second kind with energy exchange (page 104), the 
occupation of rotation states ctm be greatly cdianged, so that all con- 
ditions must be carefully checked before band-si)C(4,roseopi(! tempcu-ature 
measurements can be considered reliable. 

If the condition of thermal equilibrium is fullilled, then the same 
method described above can be used to eominite how, at a giv('n tem- 
perature, molecules are distributed among tlu' vihralion st-aten of the 
initial electronic state. By applying the Fi'anck-( London ijrinciple, 
page 370, the intensity distribution of the bands within a band sysleni 
then can be determined. In this case we ha\’(' to substit ute in (()-3r)) 

El = hco>(.v + 4) (6-3<)) 


Since the vibration states of diatomic, molecndes are not (h'generate, 
the statistical weight of all vibration staters is unity, 'riius we have 


/,. = Ce kT 


((>-40) 


Because of the difficulty of numerically (computing \ho trjinsiiion 
probability contained in C according to the Knin(‘k-( -ondon principh', 
Eq. (6-40) is less suited for the abaolutv (lel.crnunat ion of teinpcnii-uro 
from the relative intensities of the different bands of a sys(.(‘ni. I lowevor, 
the determination of changefi of the tempcuiiture from conx'sponding; 
changes of the relative intensities of the various bands is (Easily possible, 
since in this case remains constant, "fins vibration nu^ihod has 
already been used with success in investigating t-emp(‘ratur('s, (\sp(»ciiilly 
of electric arcs, and we may be certain that both nuM hods of iiK'asuring; 
temperatures by band spectrosc^opy will Ix^ furtluM* (i('\'(dop(‘d arid will 
play an important role in the dovelopinont of the physics of high 
temperatures. 


6-10. Isotope Measurement by Means of Molecular Spectra 

We have already mentioned in the discussion of tJi(‘ pln'iionnuion of 
isotopes that the detection of isotopes as well as lh(^ d(‘t(M-inina.liou of 
their masses and relative abundances is possible by optical sp(M*tro- 
scopic methods just as by mass-spcctroscopi(* nuMhods. W(‘ Inivc? 
treated on page 181 the influence of isotopes on Iho. hypertiiu^ struct un* 
of line spectra; now we shall discuss briefly th(^ isol.opt' etTcM'X on band 
spectra. 

Since the different isotopes of an atom differ only in tlunr nuussc^s, 
the incorporation of different isotopes in t.lu^ same molecule 
Li®H and Li^H) affects the band spectra through the corrc'sponding 
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change in the moment of inertia (6-29) of the molecule. According 
to Eqs. (6-27) and (6-28), the separation of the rotational levels is 
invers(^ly proportional to the moment of inertia / of the molecule, while 
acu'ording to Flqs. (6-li) and (6-12) the spacing of the vibration levels 
is invei’scly proportional to tlio square root of the moment of inertia I. 
Tho !-(\sults of these two mass influences on the spe(d.ra are the rotational 
and the vibrational uotopc vifvvi. 

We now consider two diatomic molecniUvs, one of which may have 
the atomic massc^s m\ and in tlu^ sec'ond mole(*ule the mass m\ 



U)«S. Uotiitioiial isoioiM' <>(T(‘(*i in uti hand. I'lio hi'!iii(‘lu»H j.o tlio 

two iHotopic mol<‘cul<‘.s an Holid ainl d<»tl(‘d curve^H, r(‘Hia‘cliv<‘lv. [After 

Mrrkr.) 


is r(‘plji(*<‘<l by th(* muss of tin isoiojx', ni\ |- Am. In coinpulhig, by 
inenns of (1 h‘ fonnuljis on page* 3SiS for Mi<‘ rotation, (JiC! w.‘i\'(Miuml)(‘r 
<lirf(*r<*nc<» of two (‘<nnil rolaiion liiu'S of lh(‘S(‘ ( wo moI(x*ul(‘S, wv lind 


Acr 


///•j Atn 

{nil I- ///•.*)(/// 1 I Am) 


(6-41) 


wIi(M'(‘ 7,. is th(^ wji\’<*-miinl)(M’ disljincc* of (Ji(‘ rot-M-tion liiK' from the 
Z('ro lin(‘ of the IkmkI. h’roin lh(‘ vibrntion formuliis on pag(^ 365 we 
find, for lh(‘ wa,v<‘-niiinl)<*r dirf(‘r(‘ne<‘ of (wo hand (xlg(‘S of ihn two 
isotopic mol(‘<Md<‘S, th(‘ formula, 


Ar„ " 


///y Am 

2(///i I nhi){mi I A///)^" 


(6-42) 


in which T»„ is lh(‘ disliinc(* of IIk* ha.nd (xlgc* unden* (X)nsi(l(‘rai.i()n from 
th(‘ {(),()) hand of lh<* bjind systcMu. l^'iguiH' 163 shows l.h(‘ rotational 
isotopes (‘IT(‘cl. r<*pr(‘S(‘nt(‘d iit a. h’ort rat <lia,gra,m. 

M(Hin, lions (6-11) a, ml (6-12) show that. lh(‘ isot.opic splitting of the 
lin(‘s incr(‘a,s(‘s lin(‘a.rly with tlu^ distaiic<‘ from th(^ /xm-o lin(‘ or t,h(‘ ((),()) 
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band, respectively. By measuring the spacings Avr or Ava and the dis- 
tances Vr or Va, respectively, the mass ratio mi/(mi + Arn) of the iso- 
topic atoms in the molecule can thus be deteimined. Because of the 
high accuracy of spectroscopic wavelength measurements this method 
of determining isotope masses is very acicurate. By measuring the in- 
tensity ratios of the lines belonging to the isotopic molecules, the ratio 
of the two kinds of molecules, and thus the relative al:>iindance of the 
isotopic atoms in the molecule, can be determined very accurately. 

By means of this isotope effect in band spe(*.tra, new isotopes of the 
elements C, N, and 0 were discovered for the first time. A large number 
of isotopes were confiimed after they had been detected by mass- 
spectroscopic experiments. Mass ratios and relative abundances have 
been measured for many new isotopes. Mass-spectroscopic, line- 
spectroscopic, and band-spectroscopic isotope methods thus supplement 
each other very nicely. 

6-11. Survey of the Spectra and Structure of Polyatomic Molecules 

The results of molecular research deduced from diatomici molccnles 
as they have been presented in this chapter (^an be applied, at least 
in their fundamentals, to polyatomic molecules. However, hociause 
of the large number of possibilities for excitation and ionization, for 
vibration and dissociation, as well as for the rotation [ibout the three 
axes associated with the different principal moments of inei'tia, the 
spectra of these molecules are very complicated. A c*.omplote analysis 
of the electronic, viln-ational, and rcjtational struci.ure, and the vor~ 
i*esponding complete knowledge of all molecnilar data, thcu-ofore, is 
available only for some simpler polyatomic molec-ulc^s (sucii as IlaO 
and CO 2 ) ; in most cases we have to be contcuit, with incu)mplel.e infor- 
mation. Therefore, we shall not discuss in all clet.ail l.hc> cic^ironic, 
vibrational, and rotational structures of polyatomic molec'ulc^s, but shall 
limit ourselves to a survey of the more important phenomena which are 
typical of such molecules. 

a. Electron Excitation and Tanization of Polyatomic Molvculvs 

The systematics of the electron states of polyatomic*, rnolecnilos is 
closely related to that of diatomic molecules (page 35i)). It has been 
advanced especially by Mulliken in the last 10 years. The clilTc^ronce 
c^oinpared to diatomic molecules consists, in the first pla(*.c, in the larger 
number of external electrons which can be excited and ionized. In the 
second place, these electrons, depending on their location in the mole(*ule, 
play different roles in holding the molecule together. We may distin- 
guish three extreme cases of this behavior. 
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In many molecules the near ultraviolet absorption is due to electrons 
which are responsible also for holding; the molecule together. For this 
reason they are called binding electrons. Their excitation often reduces 
the binding to siu^h an extent (analogous to the case of the diatomic 
molecule, Fig. 169, page 3()4) that immediate dissociation into two 
atom groups results. Acccjrdiiig to page 377, the corresponding absorp- 
tion spectiiim must then be continuous. This photodissociation, 
caused by the absorption of radiation by binding electrons, explains why 
the ultraviolet absorption spetdrum of so many polyatomic molecules 
is continuous. An interjection is necessary at t.his point. One must be 
careful to distinguish, in the case of polyat-omic molecMiles, between 
genuinely continuous and nongenuine {iuasi-(u)ntinuous spectra. The 
latter are atd.ually discjretc^ band speedra. The reason for this is the 
following: Since the distance between die band linos a(u^ording to 
page 388 is inversely proportional to the moment of inertia of the mole- 
cule, in polyatomic^ molecules with large moments of inertia the distance 
between the band lines is often so small that t.he rot.ation stnicture 
cannot be resolved with the usual spectrosc^opc^s, even with large 
gratings. The dis<u'(d.e band spe(d.ra then appear to be ciontinuous. We 
cannot discniss here tlie methods used to distinguish b(d-we(m tlu^ ([uasi- 
continuous and th(^ genuine (continuous spe(*tra. 

In coni.rast to the first case of th(^ excitation of binding (doctrons 
whicdi often producH^s disscxdation, is the case inv(^st igatc^d especially 
by Pric(', of absorption of light by nonbinding eh^cdj’ons. As in 
the corn^sponding case, Fig. 168, page 3()3 of diatomic mobciiles, 
this leads to tli<^ second (*xt renie (^ase where the excitation (\‘in go over 
into ionization. In this (*a.s(^ the inolecuh^ remains stabler during the 
excitation or s(^para.t.ion of tlu‘ nonbinding el(M*t.ron ; the niudear arrangc^- 
ment. and vibration ar<‘ ind<»p(‘ndent of the motion of Ihia (dectron. 
Sp(M‘t.roscopically, ItydlxMg sc»ries of bands are observed in the va<aium 
ultraviolet ont.o which is joincMl in many (^as(‘s an ionizat-ion (continuum, 
from whose* long wavel(*ngtb limit th<* ionization energy can be deter- 
mined. IIowev<*r, it must be reni(*mb(‘r(‘d that., with polyatomic 
mol(M*.iiles, ones ca.n no longCM* sp<*ak strictly of one ionizat-ion (nergy, 
because the ionizat-ion (*n(u-gy varms greatly d(*p(^nding on th(^ binding 
st at-(* of t-h(^ part-i(ada.r s(*para.t<*d (d(*ct.ron. ( )nly beerauscs for some reason 
not y(‘t known t-o us, one <*l(u*tron is pn^lVrably (*x(rit-(^d and ionized, 
can its ionizat-ion <ai<*rgy be calk'd tha.t of th(^ mok'cuk^ Our molecular 
theory h(*rc;, as so ofl-(*n in atomic physi(^s, has not- yol arrived at- its 
final st-at-(\ W(^ can d(*t(*rmin(* what (*l(M*t-ron is (^xe^it-ed and in what 
maniK'r, if tin* mok'cuk* absorbs a (k*finit-(^ sp(*cl-rum. lIow(‘V(*r, wc^i 
cannot yet answer t-h(^ (|U(*sl.ion why, in a gi\'<*n eleedron configuration 
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of a large molecule, one particular electron and only that one electron 
absorbs the incident light and becomes excited. 

A systematic investigation of the third group of excitable electrons, 
the study of chromophoric groups, can perhaps contribute to the 
solution of this question. In a polyatomic molecule, radiation can also 
be absorbed by an electron which does not belong to the shell of the 
whole molecule but which is strongly localized in a definite group of 
atoms. This may be a benzene ring or any similar atom group belonging 
to a large molecular complex. In this case the resulting spectrum is, in 
a first approximation, independent of the large complex to which the 
atom group (e.g., NO 2 or N=N) is attac^hed, and only finer detail 
differences (wavelength displacements) permit one to draw conclusions 
about the state of binding of the particular gi‘oup to the whole molecule. 
Since the absoiption spectra of this type of group electi'ons lie mostly 
in the visible spectral region and thus deteimino the c^olor of the material 
which consists of these molecules, these absorbing gi-oups are called 
color producers or chromophoric groups. 

Our knowledge of the possibility of exciting pai‘ti(*ular (electrons, 
which depended exclusively on the investigation of absorption, was 
extended in certain cases by the investigation of fliioi*(^s(‘cnc(^ (page 
354). The investigation of the emission spe(‘tra of i)olyatoini(i mole- 
cules for a long time failed to produce reliable result.s l)e(*ause 
these complicated structures almost always dissociaUul in gas dis- 
charges as a consequence of exciting ole(d.ron collisions. What could 
be observed, therefore, was a confusing su])ei-p<)si(.ion of lh(^ cont.iniious 
spectra of the molecule and its (*omponents. Ihx^ent wo!*k of Schiller 
and Woeldike seems to have opened a new approach for the inv('stiga- 
tion of the possibility of exciting j)articular (4ecirons in polyatomic 
molecules. By using a low-current glow discharge with sp(M*ial pre- 
cautions, they were able to excite discrete as w(41 as cont inuous (anission 
spectra of very complicated and easily dissociabh' polyatomic*. mol(M*ules. 
By investigating a whole series of such molecules in whic4i eilhc'r difierent 
groups were attached to the same molecule or, conversely, l.he same* 
groups were attached to different molecular coinplexi's, and also by 
comparing the emission spectra with the absorpt.ion a.nd fliioi*(\sceni*e 
spe(*tra of the same molecule, they were al)le to est.ablish a large' nuinlx'r 
of cmpiri(*al rules and relations whie*h seeun to l)e of high importane'C* for 
understanding the intorae^tion in polyatomic*, molecules. lnt.e‘i*e\st.ing 
dilTerences have been iiscertained concerning me)lee*.ular exc'it-at.ion by 
light (absorption) and by electron impact (exc'itat.ion in a elisc*harge). 
These differences will aid us in the attempt to answer the above- 
mentioned question why and how a particular c^lectron is i)referentially 
exc'.ited in a certain process. In the case of formaldehyde, acetone, and 



MOLECULAR PHYSICS 


403 


diacetyle, for example, fluorescent light is emitted from a lower energy 
state of the moleciile than that which is excited by the absorption of 
light. This initial state of fluorescence is normally reached by collisions 
of the second kind (page 104) from the state excited by absorption. 
This same initial upper state of fluorescence which thus cannot be 
reached directly by absorption, can be excited directly from the ground 
state ])y electron In other cases, as in the case of benzene and 

its derivatives, light absorption always leads to an excitation of the 
noiilocalized Tr-eku^trons of the benzene ring. Ihu'ent investigations have 
proved, however, that in the glow discharge (i.e., by electron impact) 
this emission of the Ca ring, which (corresponds to a spectrum between 
2000 and 3000 A, is excited only if the mass number of the individual 
substituents, or that of two substituents c.oupled by a double bond, is 
smaller tlian 27. Since ihis value is of t.lu^ order of magnitude of the 
mass of two ( - atoms in tlu^ ring (mass numlxM* 24), we secern to have 
here a t.h(X)reti(^ally inteixsst.ing relation: the elertron excitation can appar- 
ently be blocked by externally atUwhed aloni (ironps tvhose mass is yreafer 
than that of the absorbiny yroup. Similaiiy, though not (iuii,(^ so pro- 
nounced, th(‘ mass inllucuice s<xuns to Ix^ ellect-ive in tlx^ case of (excitation 
of the in()l(X‘ul(w t.o fluoimx'nce (decivasing inUMisity of fluor(^scenc.(’! in 
the seri('s K-, (-1-, Br-b('nz(^ne). What happ(ms l.o the eiuvrgy which 
has IxxMi tak(Mi up, if th(^ (^mission is bl(x*k(xl, s(Huns not y(^t (^h^ar. It 
doc^s not S(HMn to be transformcxl to vibra.tion (‘nergy. If tlx're (exists 
sonu^ unknown storag(^ m(M‘banisin, it would b(‘ of fundamental int(M‘(\sl,. 
With n^lenuKx^ i.o a.ll l.h(S(^ (|U(»stions as w(*ll as n^garding Iho (hMaihxl 
Ix^iavior of l-lx^ dillen'iit <)ut(M- (‘l(‘ctrons of larg(U’ inol(x*ules, many 
int(‘r(^sting r(\sult,s may b('!(‘xpe(d.(Ml from thismnv (\\p(M*im(udral a.i)i)roa.(^h. 
In (‘oiK'luding, we nuMition tlu^ inU^resting obs(M-vu.tion of Schiller and 
W()(^ldik(' that, for (\\a.mpl(% the sharp (‘mission bands of (juinone b(‘- 
(X)nie dilTuse wIkmi ph(‘nol is mix(‘(l with i.h(‘ (‘initting va-por. Appaix^ntly 
the normal, imdisturlxxl vibraiion a-nd rotaiion of tin* (|uinon(‘ molecule 
are hinder(‘d by the formation of int(‘rmol(x*iilar “bydrog(xi bri(lg(\s,” 
again a v(*ry pictorial result.. 

At th(‘ (‘ud of t his S(‘ct.ion (pa.g(^ 107) w(^ sha.ll ret urn t.o t lu' (luestion, 
which diss(X‘ia.t.ion pr<x*(‘ss is ass(x*iat.(‘d with the diffenuit obsiM’v(xl 
a.bsorpt.iou (*onthiiia. of |)olya.t.omic molecul(‘s. First., how(‘V(M’, w(‘ shall 
bih^lly discuss mol(‘cula.r rotat-ion, 

b. Hotatiotnd Street are and Moments of Inertia of 
Holyatomie M oleeides 

Ivotational struclur(‘, which proviikxl so simpl(‘ a. nx'thod for (let.(^r- 
miniiig monu'iits of in(‘rl.ia. a.nd int.(‘rmicl(‘a.r distan(*(‘S of diatomic 
niolecates, is ((‘X(*(‘pt. for th(‘ sp(X‘ial cas(^ of rm(‘a.r mol(‘cul(*s which we 
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shall discuss soon) of little value in the study of polyatomic molecules. 
First, the moments of inertia of even the relatively simple polyatomic 
molecules soon become so large that the rotation bands can no longer 
be resolved even with highly resolving spectrographs, because, according 
to page 388, the distance of consecutive band lines is inversely propor- 
tional to the corresponding moment of inertia of the molecule. Further- 
more, in the most general case, a polyatomic molecule has three principal 
moments of inertia corresponding to the model of the uns 3 nnmetrical 
gyroscope, and the rotation structure rapidly becomes extremely com- 
plicated for this model. Only in the case of the H 2 O molecule was 

Mecke able to explain almost com- 

• • • pletely the details of the rotation 

structure and to determine corre- 
spondingly complete molecular data. 
Even in the apparently simple ceases 
in which two or even three of the 
moments of inertia are equal, the 
rotation structure is so complicated 
because of the interaction between 
rotation and vibration that only a 
few molecules (such as the methyl halides CH3I, etc., by llerzberg) 
have been accurately investigated. Actually only the linc^ar inolecailes 
such as CO 2 , N 2 O, C 2 H 2 , etc. (Fig 194) have a simple and cleai‘ly ar- 
ranged rotational structure. In these molecniles, tis in the diatomic 
molecules, the moment of inei-tia about the inolecuilai* axis is zei'o in the 
first approximation (if one neglects the deformation vibration and the 
resulting orbital momentum of the molecular electrons), and the other 
two moments of inertia are equal. In this case (Fig. 194) the rotation 
bands are exactly equal to those of the diatomic- molecules so that the 
formulas of page 388 can be applied. Thus the moment of inertia can 
easily be deduced from the spectra. However, even if the masses of 
the atoms forming the molecule are known, in this case the in1<ornuc.lcar 
distances cannot be computed without additional information because 
different nuclear configurations can have the same moment of iiu^dhi. 
Nonspectroscopic methods, e.g., electron or X-ray dilTraction, thus must 
be used to determine the intemuclear distances. 


H c c 

Fig. 194. Schematic representation of 
some linear polyatomic molecules, CO2, 
N2O, C2H2. 


c. Vibration and Dissociation of Polijatomic Molecules 

The problem of the vibration of an arbitrary polyatomic: molecule 
formed of N atoms also implies many theoretical complications. In 
order to determine the number of possible vibrat.ions we havc^ to sub- 
tract from the ZN degrees of freedom of the N atoms the three degrees 
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of freedom of translation and in general three degrees of freedom for 
the rotation of the whole molecule, so that there are 3N — 6 degrees 
of freedom of vibration. Consequently, 3N — 6 fundamental vibration 
frequencies also have to be taken from the spectrum (infrared and 
Raman). From these, the actual vibrations of the molecule originate 
(just as Lissajous figures of mechanical vibrations) by superposition 
with amplitudes corresponding to the different excitation states. These 
3N — 6 simple (in the first approximation, harmonic) vibrations from 
which all actual vibrations of the molecuile arc formed, are called the 
normal vibrations. The six normal vibrations of a plane four-atomic 



Fiu. 196. Tho normal vibratioiiH of the forinaldehydo molenulo H2C’0. {After Mecke.) 

molecule such as rormaldehydc IhCO arc sliown, as an example, in 
Fig. 195. The sixth normal vibration is perpendicailar to tho piano of 
the molecule in which the other five vibrations lie. 

The fundamental (lifFiculty in investigating the vibral.ion of polyatomic 
molecules lies in the fac.t that, in contrast to tho diatomic^ molecules, 
the spectroscopic det.erminat.ion of the fundamental freciuenc.ies of the 
normal vibrations is not sufficient to draw conclusions about l.he forces 
between the dilTerent atoms and atom groups. One can easily see, for 
example, from Fig. 195, that, the number of spiral and leaf si)rings one 
must think ol in order to meet. th<^ reciuirements of the normal vibrations 
shown in Fig. 195, is greater than the six normal vibrat.ions whose 
freciuenc.ies can b(^ determin(Hl from the spe(‘trum. Tho number of 
force constants is, for / normal vibrations, (Hpial to /(/ + l)/2. Con- 
S(Hiu(^nt.ly, the dclcrmination of the normal vibrations from the spectrum 
is not sufficient to establish a molecular model. In addition, the geometry 
of the vibrations must be established, and the correct spectroscopically 
determined fundamental vibration frequencies must he attributed to the 
different normal vibration forms. The d(*t.(M-minat.ion of the vibration 
forms can mad(^ by g<x)m(^tric.al considerations in th(i case of simple 
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molecules as soon as the nuclear configuration has been established. 
The vibration isotope effect, page 399, can be used to aid in establishing 
the form of vibration of complicated molecules. If an isotope of a 
different mass is substituted for any atom of a molecule, the change in 
the vibration spectrum produced by this substitution is the greater, the 
more the substituted atom participates in the vil’)rati()n. By systemati- 
cal substitutions the different forms of vibrations and their associated 
frequencies can thus be determined. Another aid is the facit established 
by Mecke, that the vibrations along the line joining two nuclei, the 
valence vibrations” (e.g., the first noimal vibration of Fig. 195), always 
have a higher frequency than those associated with the angular changes, 
the ''deformation vibrations,” such as the fourth and sixth normal 
vibration shown in Fig. 195. Thus the difficnllij in the vibrational analijsis 
of polyatomic molecules lies not in determining the f undamental vibration 
frequencies j which are furnished to a large extent by Itarnan spectroscopy^ 
hut in attributing these frequencies to the normal vibrations of the vibration 
forms. 


It is self-evident that the vibrations of polyatomic^ molcnilos ai-o an- 
harmonic, and thus our treatment of page^ 3()7/. is valid also for liht^ 
individual normal vibrations. In particnilar, ea(*h valence vibrat.ion can 
be repiesented by a potential curv^e such as Fig. 172, and this ix'tpi’csenta- 
tion is of value in explaining the dissociation ])ro(nss(^s \vhi(*h wc^ shall 
discuss below. From the anharmonicity of ihe vibration it follows, us 
m the case of diatomic molecules, that, in addition to the t.ransitions 
between neighboring states, larger vibrational t.ransit.ions also oc^eur in 
the spectium. However, these appear with smallcM- intensity. Morci- 
o\^r, it follows from the vibration anharmoniedty that. thcMO is a mutual 
influence of the different vibrations which is manilestod in thes appear- 
ance of combination vibrations, i.e., the supcriiosit.ion of dillerc'ni iioi-inal 
vibrations. Obviously, this leads to an incrtuisc^d c^omplicat.ion of the 
vibration spectrum. This situation has an analogue in acousti(^s whcu'c^ 
the analysis of a composite sound phenomenon, as from an organ pipe' 
offers many difficulties. Just as in the spectra of diatomic^ molecules, 
the frequencies of all those vibrations which cause a change of the elecirie 
moment of the molecule occur in the emission and al)sorption spectra of 
po yatomic molecules. The frequencies of those vibrations which changt^ 
the polaiizabihty of the molecule can be taken from the Raman sp(r Irum. 
thp ^ Raman spectra supplement (^ach other in supplying 

dptPiin- ) ™ almost all molocular vihrutioiis cnii ho 

aetemmed experimentally. 

above, in discussing the motion of (>locl.roiis in 
polj atomic molecules, between localized electrons associal.o(l wi(,li a 
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definite atom or atom group, and nonlocalized electrons associated with 
the shell of the whole molecule. In an analogous way, we can dis- 
tinguish between localized and nonlocalized vibrations according to 
whetlier the energy of the vibration quantum is dependent upon the 
natui'e and the state of motion of its environment in the molecule or not. 
For example, according to Mecke, the vibration of two doubly bound 
C" atoms in all hydrocarbons has the same fundamental vibration quan- 
tum 0)0 of about 1,600 cm“^ and so it can be termed strongly localized, 
whereas the C — H vibration varies from 2,760 to about 3,150 cm“^ 
with increasing binding value of the atom and consecjiiently is some- 
what dopendc^nt upon the environment, thus it is not hx^alized. Such 
empirical rules, determined from investigations of a series of homologous 
molecules, are of great value for the understanding of polyatomic 
molecules. 

Of muc.li greater importance for polyatomic than for diatomic mole- 
cules is the interaedion between vibral.ion and rotation. It is evident 
from the vibration forms such jus those in Fig. 195 that this vibration 
will be more or less dist.orted by molecular roi.ation, depcuiding on the 
particular type of excuted vibration. This is analogous i.o thci pertur- 
bation of the vibration of a Foucaull, pc^ndulum by the C\)ri()lis force 
due t.o the eari.h’s rol-ation. Finally there ar(^ (xu’tain (^as(^s when a 
molecMdar vibration can go directly over into a rotation. This is possible 
if, for example, a mol(x*ular grouj) such as ()I1« is (^ithcu* fre^e to rotate 
with n^spect, l.o <.h<^ rest, of tli(‘ mol<Muile or is h(4d in its si.abl<‘ j)()sii.ion 
bysiK^h \v(‘ak force's that it. can (h^scribe slow rotatory vibrations about its 
rest position. ( )c<^a.sionally th(‘S(' (^aii go ovc'i* into a rc’ial rotation. Thus the 
clear dist.inct ion Ix't.wcx'n vibration and rotat.ion, whic^h is (^haract(U‘ist.ic. 
for tb<' case of diatomic mol(M*ules, cn.n g(^t compleU^ly lost in the (\‘ise 
of SOUK* polyatomic mol(H*ul<^s. We cannot. dis(Uiss hen^ t.lie corre- 
spondingly com|)licate(l spc'ct.ral ])henoinena. 

After t.his survey of lh(^ vibrations in polyatomic^ molecules we finish 
our discussion l>y bric'fly considc'ring th(' (iu(\st.ion of dissociation 
procc'ssc's. As in t.hc^ case of clia-t-omic molc'culc'S, dissocifit.ion by ab- 
sorption of continuous i-a-diation chic^ to exc'c'ssivc^ vibrat.ion is possible 
(page' 377), but. it is limited 1 naturally to tlic^ overexcitat.ion of valciic*.e 
vibrat ions (brc'aking of bonds). This clc'arly cinpha-sizevs t.he significrance 
of valc'iic'c' vibra-t ions a,s compared to dedonnative^ vibrations. Bcrwisr. 
of flic fanje number of possible vibraUons, there is a /ar<;e number of possibi li- 
lies for Ike molecule lo dissociate. For this samc^ rcii-son, t.hc'ix^ appciirs 
much morc^ frc'ciuc'ut ly than in thc^ c-ase of clia-tomic^ inolcMiilc's a super- 
position of clisci’c'tc' a.ncl continuous vibrat.ion tc'rm systcMUS whic'.h, 
ac*.(i)rding to f)agc' 3(S(S, can lead to prcxlissociation. In both cases, 
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consequently, the large number of possibilities makes it often very 
difficult to attribute a particular absorption continuum or a wave- 
length of predissociation in the spectrum of a polyatomic mole(*.ule to a 
definite dissociation process. 

In favorable cases, photochemical data can be used to compute 
approximate dissociation energies for the different possibilities of dis- 
sociation, and then to attribute them to the observed (‘.ontinua (or 
their maxima). This was first done by Schumacher, Stieger, and the 
author when they associated the longwave maxima of the pure con- 
tinuous CI2O absorption spectrum with its decomposition into CIO +■ Cl 
with and without excitation of the dissociation prodiudrS, whereas 
they attributed the shortwave maximum to a photodisscxiation of the 
molecule into the three atoms Cl + Cl + O. This interpretation was 
confirmed by the simultaneous investigation of the phot-ochemical 
decomposition. Upon irradiation by light of the different wavelengths, 
a different quantum yield was found which agreed with that expe(^ted 
for the different processes. Similar investigations also seem pi’omising 
for other molecules. In certain cases, furthermore^, a dirocl. chemical 
detection of dissociation products may be possible and (XHild be an aid 
in checking the correctness of an assumed dectomposifion pro(‘ess. 
Occasionally one can go farther, as was first done by Wiedand in inter- 
preting the continuous absorption spectrum of the m(d.allic. halides of 
the type Hgl2. He was able to identify the excited disso(dal»ion i)roduc-t 
by its emission and thus confirm the particuilar dissoc^iat-ion pro<^ess. 
Finally, by investigating the absorption spcxd.ra of an (entire’! s(M’i(\s of 
homologous molecules and by substituting other atoms iit various 
places in the molecule, the decomposition process(^s (lan be (darifi(xl 
and associated with their continuous spectra or regions of prcxlissociation. 

In general we have to understand that, with polyatomic mohuniles, 
the value of the dissociation energy determined fi'om the long wa\'el<mgt h 
limit of an absolution continuum (or the wavoUnigl.h wlu'ire predis- 
sociation begins) indicates only an upper limit.. Because^ of t he (x)upling 
between the molecular vibrations, frequently, in i.he pro(*(^ss of dissocia- 
tion by the absorption of light, some of the energy is used to <^x<‘it(^ ot.luu* 
vibrations. 

To summarize: The investigation of the s])ectra of polyat.()ini(^ mole- 
cules will give us answers about the excitation, ionization, and disso- 
ciation processes and the amounts of energy rcxpiired for l.lu^se proex'sses. 
In the simpler cases it also permits us to det.ermine th(^ possibilities of 
vibration and the force constants as well as the moinenl.s of im^rtia. 
For all complicated molecules, however, the determination of t lic* niudear 
configuration and the binding forces is possible only if the sp(x*,l.roscopic 
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methods are supplemented by the other methods of molecular physics 
mentioned on page 348, especially by electron and X-ray diffraction. 

6-12. The Physical Explanation of Chemical Binding 

In this chapter we have discussed the most important facts about the 
structure and propeities of molecules. In doing this, we did not con- 
sider the difficult problem, which atomic forces account for the binding 
of a number of atoms, either like or unlike, in a molecule. This is 
really the fundamental problem of chemistiy, bec^ause othemise chem- 
istry has to accept simply as a sort of miracle the fact that there is an 
H 2 , but no H 3 , molecule, a CX) and a CXI 2 , but no COs, tm H 2 SO 4 , but no 
HSO, etc. The tlieoretical explanation of the periodic table (page 168) 
was the first major achievement of atomic physics in basic chemistry. 
The physi(^al explanation of chemical binding, achieved by the methods 
of quantum mec^hiuiics in 1927, (completed the suc^cossful attempt to 
understand the basic features of (dicmistry from the properties of the 
atoms. 

Partial success had been obtained, as early as 1916, by Kossel, who 
succeeded in explaining the binding in heteropolar or ionic molecules 
(page 381), siudi as NaCX, as an efl'e<^t of elet^trosi.atic forces. The 
Bohr theory, just devc^loped at that time, explained the unicpie behavior 
of the chemi<*.ally inac^l.ive noble gases from their (*.oinplet.(^d (saturated) 
(electron shells. Atoms with on<^ or a tew (‘xtcu-nal eh'K^trons outside of 
closed shells (mch as alkali or alkaline-earth atoms) are ele(^tropositive, 
b(M*.ause they can attain noble-gjis (^ontiguration by r(4eas<^ of these 
external elcM^t rons. Th(» halogen atoms, on th(‘ otlnu* hand, are electro- 
negat.ive, Ix'cause they (^an comph'U' their nobh'-gas slu'll l)y receiving an 
additional elec-t.ron. ^riie binding of an alka.li-hali<l<' molecxile, acM'ording 
to Kossel, is based on the following: A Na. atom, for instance, gives up 
its external (electron to a Cl atom, thus producing a Na' and a C-h ion. 
These ions, which an^ v(‘ry st.able beca.usi’! of their id(^a,l noble-gas e.on- 
tiguration, att.ra(*t eac^h othcu* (^ectrostatically and thus form a polar 
molecule. 

Also polyatomic^ mohxules ca.n be explaiiKxl by this effect of ionic 
binding. Of th(' (ombining atoms, thos(^ from th(^ left side of the 
periodic*, table always app(*ar i)ositiv<*ly cha.rg(Ml, t hose from the right side 
negatively charges 1. Atoms from th<‘ central groups of the table can 
app(*ar as posit ive* or n<*ga.t.iv(^ ions <l('j>ending on wheth<*r they combine 
with atoms which are* fa.rth(*r t.o the* right, or fa-rtluM’ t.o the left in the 
pcM’iodic. tables The mol(*cul(*s IMI 3 and Pdi, are* e>xample*s of this. 
In PIIs the* e*le*ctre)n she*ll of the* P atemi is e*e)mple*texl, by ine^lusiem of the 
three hydre)gen ele^ctrons, t.e) form the argeai ne)ble-gas shell. It then 
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becomes a threefold negatively charged P ion which binds the three 

singly positive H+ ions. In the PCI5 molecule, on the other hand, each 
of the five Cl atoms tears away an electron from the P atom, so that its 
electron shell is reduced to the noble-gas shell of neon and we get a 
fivefold positive P®"*" ion which binds electrostatically the five Cl" ions. 
In an analogous way, we may regard the C atom in CH4 as a fourfold 
negatively charged, and in CCU as a fourfold positively charged ion. 
Abegg's rule (1906), according to which the sum of the highest positive 
and negative valency of an atom is always 8, thus follows automatically 
from the possibility of completing or reducing the electron shell to that 
of a noble gas with eight outer electrons. 

Kossers explanation of polar binding is clearly limited to the binding 
of atoms whose external electron shells supplement each other to form 
noble-gas shells. The binding of the simplest existing molecules, such 
as H 2 , N 2 , 02 , and many others, i.e., of the so-called homopolar molecules, 
cannot be explained on this basis. 

An attempt at an explanation was made somewhat later by G. N. 
Lewis with his octet theory which is still very populai* with many 
chemists. Lewis’s theory is also based on the fact that all olec^tron shells 
tend to complete the noble-gas shell of eight ele(*-trons, so-(uil!ed octets. 
By indicating each external electron (i.e., electrons outsider of closed 
shells) by a dot, Lewis writes the ethane moh^cule iu the following 
way: 

H H 

H:C:C:H 
H H 

By making use of the H electrons, the C atoms thus succeed in sur- 
rounding themselves by complete octets. Eac^h ek^M-i-on pair, however, 
belongs to two atoms and thus is supposed to causes the binding between 
them. For many well-known molecules the oed-ets cannot be complete. 
NO2, for instance, must be written as 


However, Lewis was able to show that siudi molecules are tlie less 
saturated, i.e., the more active chemically, the less (complete their 
octet shells are. It is an important feature of Lewis’s <*oii(^ept that he 
recognized homopolar chemical binding as an elTec^i. of (’ileciron pairs 
common to the two bound atoms. He could not. yet. give, howevcM-, an 
explanation for this binding effect of the elect.i’oii pairs. 

This explanation was given, on a quantum-me<^hanical basis, in 1927 
by Heitler and London for the H 2 molecule. According to them, 
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homopolar binding is caused by the exchange forces between the two 
H atoms; the nature of these forces has been treated on page 228 for 
this very example. If the distance between two H atoms, assumed to 
be far away from each other in the beginning, is gradually diminished, 
and the interaction of the electron clouds with the two nuclei is taken 
into account, a shallow minimum of the potential energy of the system, 
i.e., some binding of the atoms, results from purely (‘lassical electrostatic 
forces. However, the binding energy accounts for only a small fraction 
of the actually known binding energy of the H 2 molecule. We learned 
on page 234 that the ciuantum-me(dumi(;al binding is a consequence of an 
exchange resonance. In the unperturbed state (large distance between 
the two H atoms) the system is described by two eigenfunctions which 
belong to the same energy eigenvalue, because the two electrons are 
completely identical. This system is perturbed if the distance between 
the atoms is reduced until the electron eigenfunc^tions begin to overlap. 
The perturbation theory for this case shows that the two eneigy states 
of the same energy split up just as do the levels of the He atom in 
singlet and triplet terms. As a conse(|uenc.e of this interac^tion, a 
repulsive state of the system of two atoms is foiTned whose energy in- 
(^•eases steadily with decTcasing intemuclear distance, and a “bound 
state” whose energy decreases t.o a minimum and then inc^reases again 
with decreasing internu<^l('«‘ir distance (Fig. 119). This potential mini- 
mum of the singlet, state corresponds to the bo\ind II 2 molecule. The 
numerical calculation of the binding energy and thci int emuclear distance 
of II 2 by lleitler and London did not agrees too well with the data derived 
from the band spe^dra. Further ndineinents of the (Munputations, 
liowevcu', have r<\sult<Ml in (M)inplet(^ agr(Munent. with the empiri(vil data. 
We hav(^ S(uni on page 232 that, the eigc^nfunction of the bound state in a 
first. ap])r<)ximat.ion is obt-alncid by addifion of t.he eigcmfuind.ions of the 
unp(u*turl)ed system of the two atoms, wIum’cvis (.hat. of the repulsive 
state is obtained by subtraction [F(|s. (‘1-123) and (4-124)]. Fxplained 
pict.oria.lly, this nssult means l.ha.t. bindiiig (x^curs betwcxui two atoms if 
the electron density Indwcxui th(‘ nuclei (given by t.he norm of the 
eigenfunction) is la.rg(\ Moreovea*, the bond is the st.ronger, the more 
the (‘hadron (^igenfumd.ions oveadap, h(M*ause (.he value' of th(^ exchange 
integral (4-121) depends on this oveTla.i)i)ing. We' shall make use of 
this important ivsiilt. in the very pictorial e'xplana.(.ie)n of the angular 
vah'iice's of ste're'oche'inisl ry. 

W<' ha.ve' sea'ii on page' 233 t.hat., as a (‘onse'eiuenea' of t.he Pauli ex- 
edusion principle, the' sj)in elire'ctions of the' t wo ('h'ed.rons in the stable 
ground st.a.t.e^ of t.he' llo moh'cule^ must be^ a.ntipa.ralle'l, where'as t.hey are^ 
para.llel for t.he r(q)ulsive^ st.ate'. For this reason, the ma.gned.ic sa-turation 
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of the antiparallel spins is occasionally described as the essential feature 
of homopolar binding. The name spin valence is used in this connection. 
However, not the spin saturation, but the sign and value of the exchange 
integral [(4-121) of page 231] are decisive for the binding. In general, we 
have antiparallel spin directions in the binding case, because that leads 
to an electron eigenfunction which is symmetrical in the electrons, so 
that for antiparallel spin directions we find a maximum of the electron 
density between the nuclei. That spin compensation is not a decisive 
effect may be seen from the case of the O 2 molecule. Its ground state 
is evidence that the spin directions of the two outermost electrons are 
parallel. In this case the orbital momenta L = 1 of the oxygen atoms 
(ground state ®P), instead of the spin momenta, compensate to form the 
*2 ground state of the O 2 molecule. This is called orbital valence by 
Heitler. 

Exchange forces, which here are considered responsible for homopolar 
binding, are known to us from the binding of protons and neutrons in 
the nucleus (page 337). Just as nuclear binding could be regarded as a 
consequence either of an exchange of protons and neutrons, or as a 
consequence of a (virtual) emission and absolution of mesons by the 
nuclei (page 337), we can regard the exchange forces of the molecular 
bond as due to an exchange of electrons, or as caused by (virtual) 
emission and absorption of photons. 

Because of the basic difficulty of a pictorial concept of the exchange 
forces, it is simpler to approach the whole problem of c-hemic-al binding 
from the energy point of view. Chemical binding l)ct\voen two atoms 
occurs and can occur only if the system of the two atoms has, at a small 
intemuclear distance, a state of lower potential energy than if the atoms 
are completely separated. Herzberg, Hund, and Mullikon have de- 
veloped this approach. They consider the energy of the molecule under 
consideration as composed of the contributions of all individual elec- 
trons, which are thought of as being built into the fixed arrangement of the 
nuclei of themolecule. The problem isnowwhothcrenergy has to be added 
or is released when a particular electron is transferred from the distant 
atom into the molecule, i.e., whether this electron is a ‘M)in(ling” or a 
^Moosening” electron. This study is confined to only the valence 
electrons of the atoms which form the molecule, because the internal 
electron shells are saturated and therefore do not parti(dpate in the 
chemical bonds. A certain particular bond then can be (characterized 
simply by the difference of the number of binding and loosening elec- 
trons. In the O 2 molecule, for instance, three of the four valence elo<^trons 
of the two 0 atoms find places in binding elec^tron states of low potential 
energy {2pTr^ and 3pc^), whereas the fourth electron pair has to use up 
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energy in order to reach the only available higher state (SpTr®). This 
electron pair thus has a loosening effect and compensates the binding 
effect of one of the binding electron pairs. The final result thus is that 
we have two uncompensated binding elec^tron pairs which are responsible 
for the double bond known to the chemist for the O 2 molecule. 

In an analogous way it is easy to find that two atoms with two s 
valence electrons (e.g., the atoms of the second group of the periodic 
table) cannot form a molcMUile, because only one of the electron pairs 
can go into a lower energy state of the molecule, whereas for the second 
pair only a higher energy state is available. The effects of the binding 
and the loosening electron pair thus compc'^nsate 
each other, and a strongly bound homopolar Hg 2 
molecule cannot exist, in contrast to the loosely 
bound Hg 2 van dor Waals molecule, \vhi(*.h we 
discussed on page 385. It is obvious that this 
method of investigating the binding I'ccjuires an 
exact knowledge of the molecMilar el(M*tron states, 
whose importaiK^e thus is iii(^ely (lemonstrai.(Ml t»o 
the beginner. It allows us, of (courses, to study 
theoretic^ally all possibilities of binding b(‘t\v('(^n 
given atoms, i.e., makers possible an inve^stiga- 
tion of chemi<^ally unknown mole(ules. 

Fin(U’ details of th(^ i)ossiblo bonds and t-lK^ir chara(^t(‘risti(^s can be 
discussed if we make use of the wave-iiKM'hanicuil ^‘shape^” of the valence 
electrons, i.e., their eigeiifuiu^tions according to Fig. I Hi (page 227). 
The p (electrons play a particularly important. i*ol(^ because, in 
contrast t.o th(^ .s el(M‘.t.rons wit.h thenr sphericral syinnu^try, they have an 
axial symmetry. Tlu’f threes p elcsct.rons of thc^ nit.rogc^n atom, for in- 
stance, are oric^nt.ed in such a way that, tluur axes ar<^ mutually 
perpcMidicular. In the llaO inolecaile, for c^xampk^, the two « (‘lec.trons 
of the II atoms are hound by two p c^lec^trons of the () atom (bond 
typ(^ ,s //“■ ,s). As these' t.wo p elec^trons arc^ orienh'd pcu’pendiculaiiy 
to <^ach oth(«ir, it is (widcuit. t.hat (%‘innot Ix^ a linc^ar molecule. 

According to Fig. HH), th<^ p electron along t.h(^ x axis cjui bind only an 
11 atom whose nuch'iis is«*ilso on the .r axis, wh(‘r(^{is thescM'.ond p electron 
of th(^ 0 atom, b<M*u.use of its orientation along t.hc^ // a.xis, can bind only 
an II atom whose iuk^Icmis is lu'ar the // axis, for only then a sufficient 
overlapping of tlu' ('h'ct ron <‘ig('nfunct.ions is possibl<\ Emm ihv wave- 
mvchanival ^^,^h(ipr" of Ihv p vlrrlroths^ i.r., from the | \p j- dmlrihiilion in 
tipaevj wv haw dvdurvd Ihv imporlanf rvsidi that thv IloO molvvulv 
cannot bv a linvar molvvulv bul should haw a ri(jhl auglv. In a similar 
way, we g(^t, (piit-e g(‘n<M-ally, th(' angular vak'iices of stcu-eochemistry. 
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The band analysis of H 2 O, carried out first by Mecke, has led to an 
angle of somewhat over 100 °, and similar deviations from right angles 
are found quite generally in stereochemistry. These deviations can 
be explained in a very pictorial way by the assumption that the atoms 
at the sides of the angle interact with each other and thus increase or 
decrease the valence angle. 

An example of the binding of three s electrons by the three mutually 
perpendicular p electrons of another atom is the ammonia molecule, NHj. 
Its pyramidal shape thus is easily understood to be a result of the binding 
of one H atom on each of the x, y, and z axes, and an additional attraction 
among the H atoms. 

More complicated is the case of the tetravalent carbon atom which 
is of decisive importance for all organic chemistry. We shall discuss 
briefly the simplest organic molecule, methane, CH4. According to 
Table 10 (page 178), the C atom has, outside its closed K shell, two 
25 electrons and two 2p electrons. It happens, however, that 
these four valence electrons of the carbon atom have approximately 
the same energy. We speak of an approximate s-p degenera(*y. By 
their mutual interaction, the difference between 5 and p electrons dis- 
appears to such an extent that the C atom has four practically eciuivalent 
valence electrons. As a consequence of general symmetry nilos, the 
CH4 molecule then should be, in agreement with expoi'iencc, a regular 
tetrahedron with the C atom in its center. The ])arti(aiUu* role which 
the C atom plays in organic chemistry thus seems to be due to a pecu- 
liarity of its electron configuration, the approximate degeneracy of the 
two 5- and the two p-valence electrons. On page 410 we have treated 
the same CH4 molecule on the basis of the Kossel theory of polar binding. 
We therefore should like to use this opportunity to point out that polar 
and homopolar binding are not nearly such fundamentally different 
effects as it might appear at fiist sight. If, in the time avei*age, oiu^ of the 
two exchanging electrons is always near the atom A , anti ont^ near the 
atom B, we have a regular atomic molecule^ and so-(‘aIled homopolar 
binding. If, on the other hand, both electrons which are responsible for 
the bond are predominantly near the atom A anti none near the atom /?, 
A appears to be negatively and B positively charged. A B is then a polar 
molecule (such as NaCl), and we speak of polar or ionit*. bonds. Thus 
polar binding also can be understood on the basis of the (^x(*hang(’! (con- 
cept. Between these two limiting cases there exist imuimorable transi- 
tions, i.e., molecules AB in which the two binding olecdrons are not 
always, but more often, near atom A than near /i, so that we might 
speak of partial ionic and partial homopolar binding. We shall not go 
into any detail; we want to indicate only the fact that basically eveiy 
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bond can be understood by one theory, and that ionic and homopolar 
bonds are only the two limiting cases. 

The different bonds discussed so far are designated as localized bonds, 
because every elec^tron paii* can clearly and definitely be attributed to 
a bond between two atoms and thus causes the bond between them. 
This concept of localized binding seemed to be the only possible one. 
However, the most important molecule of organic chemistry, the benzene 
ring CeHc, could not be explained on this bovsis. If one of the four valence 
electrons of eac;h C atom binds one H atom, each C atom has three free 
valence electrons. In the l^enzcne ring we thus should find single and 
double bonds alternating between the C atoms, and this actually was 
the opinion of its discoverer, Kekul6. This hypothesis, however, is in 
contradic^tion to the chemical and physi(^ochemi(^al evidence which 
points (^leai’ly to a completely symmetrical i‘ing. E. Hiickel has solved 
this problem by wave-mc(duini(*.al methods, lie was able to prove that 
each C atom is bound to its two neighboi*ing C atoms by single bonds, 
and that the remaining six valericx. electrons of the six C atoms are dis- 
trihuled uniformln over the whole benzene ring. Wo thus might speak of 
one and one half bonds between each two C atoms. As there arc no one 
and oiu^ half <'le(*t.ron pairs, it is more correct to speak of one electron 
pair (one bond) between every two C atoms, whereas the remaining six 
electrons an^ (talk'd ** nonloralized'* valence electrons. In our pictorial 
concept of el(‘(d.ron exchange it seems (juite n^jisonabk^ to assume that 
elecitrons (^an nol. only \h) exchanged IxM-wcmmi i.wo neighhoring atoms 
(localiz(‘d bond), but that the six nonlocalized (‘kx'irons exchange their 
places in such a. way that, in tlu^ l.iine average! always one (d(x*tron is near 
each of the six (- atoms of the Ixmzcmc^ ring, (^uitx^ a. numlxT of ad- 
ditional dcdails of (^liemical bonds in organic mokxailes can also be 
explaiiKxl by (|uant.um mechanics, among them the rigidity of the double 
bond against t.orsion. 

The at.omic. valences theory in its (niant.um-me<diani(^al form thus is 
able to ac(x)unt. for all d(*tails of the fairly complicat-cxl phenomena of 
chemical binding. StatcMiKMits can Ix^ mad(^ also about the binding 
chara(d.(M’ of unknown mol(x*ul(\s. No doubt., the mathematicvil difficulties 
of the p(‘rturl)at,ion th<x)ry as a.ppli(Ml to large’! and c.omplic^ated molecules 
becomes so insurmountable^ that in practic^al cases w(^ have to confine 
ours(^lves to <iua.lita.tiv<^ stu(li<*s and stahunemts. Neverthc^less, the 
basic solution of th(^ probhmi of tlu^ chcanical bond is of higliest impor- 
tance for t,h(X)ret.ica.l as w('II a.s pra.<d.ica.l clxMuist.ry. For this reason 
it may be (^spcx'ially w(‘ll suited to demonstrat.e to the chemist the 
ncx'ossity of familiarizing hims<^lf with atomics physics, iiuhiding the 
systemati(^s of el(‘ct.ron stat e’s and their (luantum-inechanical treatment. 
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CHAPTER 7 


ATOMIC PHYSICS OF THE LIQUID AND SOLID STATE 

7-1. General Review of the Structure of the Liquid and 
Solid States of Matter 

We now turn from the polyatomic molecules to the consideration of 
the very large atomic and molecular complexes, i.e., to liquids and solid 
bodies, though the liquid state can be treated only veiy briefly in this 
section. Because of the S5nnmetry of the binding forces between atoms 
in the equilibrium state, i.e., in the minimum of potential energy, the 
atoms or molecules arrange themselves in a veiy symmetrical geometric 
pattern or lattice which we call a crystal. For weaker binding forces 
or at higher temperatures, the thermal motion of the atoms prevents 
them from attaining this state of equilibrium. The atoms or molecules 
then have a definite mobility and the regularity of the atomic pattern 
is more or less disturbed. This is the picture of the licpiid state of 
matter. 

The solid states consequently, in its ideal Jotm is idmtical with the solid 
crystalline state. In the apparently noncrystalline oi* am<)ri)h()iis struc- 
tures we have either a large number of coah^scod microc^ryst-als or, as 
in the case of glass, an undercooled liquid whi(*h is not a genuinely 
solid body at all. The very few solids whic^li arc rc^gardcvl as really 
amorphous” at the present time, such as the ‘^explosive” modific^ation of 
antimony and one modification of selenium, appai’ciit.ly ai'c^ not slahle 
modifications of the solid state, as is evidenced by the explosibility of 
the amorphous antimony. The rest of this chaptei* will b(^ d(>\"otcd to 
a thorough discussion of the solid crystallines state. In this section, 
therefore, we shall take up briefly the problem of the st nurture of the 
liquid state, of which not too much is known at present.. 

From the above interpretation it is cleai* that in licpiids, in whu*.h the 
average interatomic distances, because of t.heir ecjuivakait. densities, 
are essentially the same as in crystals, the foi’c-es betwc^c'n at.oms or 
molecules also tend to establish a crystallike, regulai* an’tingc^ment of 
the atoms. However, the crystalline structuit^ is disturbed more or less 
by the thermal motion of the atoms, molecules, or ions. This explains 
that in liquids we find phenomena of order as well as of disor’dcr. For 
the same reason, a completely random distribution of atoms cannot 
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even be expected in compressed gases, and evidence of some degree of 
order in such gases has been found by the X-ray method which we shall 
discuss below. Although for a long time it had been assumed that the 
lack of a geometrically regular molecular airangement was a character- 
istic of liquids, recently the indications of order have been studied in 
more detail. It has been concluded from this evidence that there is 
good reason to speak of a semicrystalline state of fluids, as 0. Lehmann 
did so vividly 50 years ago in his “World of the Liquid Crystals.^' 

What at fir d appears to he a radical distinction between the solid crystal- 
Ime and the liquid, state ^ is (mdcntly a difference in the degree of mobility 
of the constituents in the crystal lattice vdiich more or less retains its 
regular structure. We shall see on page 454 in the discussion of diffusion 
in ciystals tbat even in the most ideal solid ciystals the constituents 
have a certain mobility, and that a number of very important effects 
depend upon this mobility. This mobility of single lattice constituents 
(and with it the general disorder of the (uystal) increases with increasing 
temperjiture until at a definite temperature t.he melting point is suddenly 
reached, above whic^h a certain mobility is a (characteristic property of 
all particles. h]ven in tlie fluid state the mobility increases more and 
morc^ with increasing ixunpcirature, and tliis must (‘.auso a gradual dis- 
appearanc^e of th<^ (uyst.alline properties. That, we do not have a gradual 
transition from the solid to t.he rKpiid state, but a sharp meeting point, 
is due to the fact that only the solid and the licpiid state are thermo- 
dynamic^ally stable, but. not tlie intermediate states, where the solid 
ciysta,! Ix'gins t.o loosen up apjuvciably. 

Hex^ause the assc'rt.ion of t he scuniciyst.a.Ilinc' st.ructure of li(i[uids is so 
surprising a-t lirst, w<^ shall briefly discuss t.hc^ most, important, evidence 
in favor of it.. 

I)(i)y<^’s met.hod of scattering of X-rays by Tk pi ids providers one diiw.t 
proof. If tlu^ distribution of inokHUilcw and the inhu’inok^cular spacing 
were comph^t.ciy random, t.h(^ sc^atUu-ed inUMisit.y would (bcnuise uni- 
formly with incH'asing sca-t U^ring angles llowt^vcu*, if tluM-e is a regular 
molcMuilar arrangcMiauit., then maxima and minima arc^ to be expc(‘.tod 
as a r(\sult. of t.he interler(Mic<^ of the X-ra.ys s(^at.t.(M*ed by the ix^giilarly 
spac(Ml mohunilcis. This was actually observcMi. If for a number of 
possible g<M)m(4.ri(*aI arrangeimuit.s (i.(‘., licpiid stnudures) the t.h(H)r(^ti- 
(*ally (wpect.cMl scatUuhig curv(\s are d(Mlii(MMl and t.hese (compared with 
t.hose obt.aiiKMl (‘inpiricaJly, the mohuailar st.ru(*ture in a liiiuid can be 
d(M.ermin(Ml wit h (M)nsid(M’a,l)l(^ accuracy in t.hose^ c^ascss which are not too 
(^()mi)Iica,t.(Ml. Kec(uit.ly t.h(^ atomic arrang(‘m(mt in TKiuid menniry has 
b(*en studh'd in this way by IhMidus who used mono(^hromatic. X-rays. 
At 1H°() th(Mit.omi(^ arrangCMUcuit agnu^d essciiitially with that of crystal- 
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lized mercury, and thus deviated considerably from the closest spherical 
packing which was expected formerly for the liquid state of mercury. 

A no less significant evidence of the semicrystalline structure of 
liquids is the fact that the measured value of the atomic heat of mona- 
tomic liquids such as mercury or liquefied argon is 6 cal/mole. This is 
twice the value to be expected for freely mobile atoms each of whose 
three translational degrees of freedom contributes R/2 = 1 cal/mole to 
the atomic heat. On the other hand, the constituents of a crystal vibrate 
about a rest position, so that SR/2 cal are contributed to the atomic 
heat for the kinetic vibration energy and an equal amount for the poten- 
tial energy, since in a harmonic vibration half of the total energy is on 
the average kinetic and half potential energy. Consequently the atomic 
heat of a solid body (if all degrees of freedom are excited) is 2 (3/2/2) = 6 
cal/mole. That this same value was found for monatomic liquids can 
only be explained by the h3q)othesis that their atoms vibrate in three 
dimensions about a rest position, except that in the case of liquids this 
center of vibration itself participates in a random translatory motion 
which is temperature dependent. 

There are a number of further results of optic^al and electrical measure- 
ments, which we cannot discuss here, that indicate just as (*.learly the 
crystallike arrangement of the molecules in liquids. Stuart and Kast 
have investigated the dependence of liquid structures on the type of 
molecule, on the temperature, and density by model experiments. 
Their model liquids consisted of large numbers of dilTercnt.ly shaped little 
magnets, which were shaken continuously as a substitute for the thermal 
motion, and in which the intermolecular foi*(‘.cs were roplac^ed by the 
forces between the small magnets which repla(*e(l the molo(*.ulcs.. The 
different structures of dipole- and quadrupole-molecailc licpiids and 
quite a number of finer details can be shown very nicely in this 
manner. 

Generally the existence of strong dipole or quadrupole moments 
introduces a complication in the noimal liciuid stnu^tiiro due to the 
formation of molecular chains (e.g., in alcohols) or molecudar clusters 
as in the case of the so-called associated liquids whose anomalous be- 
havior depends on the formation of these clusters. Hy far tlie most 
important associated liquid is water whoso anomalous l)ohavior has long 
been attributed to association. It had been t hought earlier l.hat water 
consisted of polymeric molecules of the typo (IhOln with a (constant 
degree of association 7i. However, all attempts t-o determines n have failed. 
From this failure and other evidence, the conviction has grown that 
water consists of molecular clusters of indefinite size. The exact struc- 
ture of these molecular clusters can be determined by comparing the 



ATOMIC PHYSICS OF THE LIQUID AND SOLID STATE 421 


experimental X-ray scattering curves with the theoretically deduced 
patterns. By this method a tridymite-like structure was found in which, 
according to Fig. 197, each O atom is tetrahedrally surrounded by four 
protons. This particular geometric arrangement of the I-I 2 O molecules, 
2 .C., this semicrijstalline stj'ucturcof water j is responsible for the well-known 
abnormal properties of water. From this, the; change in the structure and 
propert-ies of water as a result of tlie addition of relatively few ions 
(or the addition of a little al(‘-ohol) can 
also be understood: the tridymitc struc- 
ture of water whic.li depends on second- 
ary binding fences (van der Waals 
forces, page 38()) is greatly distorted by 
the electrostatics forces of the ions or by 
the addition of a few large foreign mole- 
cules, which at the very k^ast infliuMic^e 
the size of the molecular clusters. C^m- 
vei-sely, the addition of a few IlaO inolo- 
(Uiles to pure al<*,ohol cannot noticc^ably 
alter its chain struct.ure. In agrc^cuncuit 
with this, hardly any (diange in thc^ prop- 
erties of alcohol is noticeable whe^n it 
is mixed with small amounts of watcM*. 

Many c'mpirically known pro])(U’ti(’!S of 
licpiids can bc^ understood in this way 
from their cryst.al st,ru(*t.ur(\ i.e., from 
tlu^ viewpoint of atoini(* physics. 

So far as can bc^ coucIucIchI from the very inc^omphde^ inve^stigations, 
in gencM-al, th(» ciuasi-crystalliiH' structures of licjuids is the more' pro- 
nounced the grc'ater the* dipole momcmt or thc^ largcM* and inon^ com- 
plicatc^d the' individual molcM-ulc^s. I<]vid(uic(' for this can be dcu-iv'cd 
from many rcMnarkabk’i phc'iiomena which bednnann found in his studies 
of larger and complicat.(‘d organic mok'cules, dc^serilx'd in his book on 
licpiid crystals. Most, surprising among his n'sidts is thc^ double refraev 
tion of (XM’tain rKpud droplcds and, in ma.ny (^a.s(^s, a very pronounced 
di(*hroism (dinerc'ut absorption in dillenMit. dircMdions of orientation). 
Both of t hc'sc^ phc^noiiKMia, arc' clea.r <»vid(‘n(*e for a,n a.nisot.roi)y whicdi is 
charact.(M-ist i(^ of a. crystal. On the other hand, the int.<u*nal mobility, 
i.(^, th(^ cha.ng(‘ of the* shape* of the* drops, wa.s just a.s (^vid(*nt. Theu’e- 
tore, licdunaiin’s (h'signat ion as ‘Micpiid crystals” s(*(*ms corrcMd. in sj)it(^ 
of the objcx't ion of many ciystallograph(*rs. Tims wc* ha\'<‘ to distinguish 
l)<d.W(*en the* spc'cial ph(*noinenon of rKjuid crystals and t.he g(‘n(‘ral phe*- 
nomenon of the* solid crystals. A discussion of bc^hinann’s r(‘sidts from 
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the standpoint of modem atomic theory, unfortunately, is still lacking 
in spite of the recently increasing interest in the structure of liquids. 

With these remarks we close our brief discussion of the liquid state. 
Whenever in the following the term crystal is used, it applies exclusively 
to the normal, solid crystals. 

7-2. Ideal and Real Crystals. Structure-sensitive and 
Structure-insensitive Properties of Solids 

Physics of the solid state is more or less identical with crystal phys- 
ics. We begin our discussion by stressing the important difference 
between ideal and real crystals. The ideal rock salt crystal, for example, 
consists of negative chlorine ions and positive sodium ions arranged in 
a regular geometric lattice in which each sodium ion is sumounded by 
six chlorine ions, and conversely. However, this ideal ciystal is only a 
model and does not actually exist, first, because c^iystal growth does 
not occur quite regularly, but occasionally there is a lattice defect 
(e.g., a missing constituent ion) and, secondly, because the purity of the 
crystal material is not so high but that here and there an impurity 
atom is incorporated in the crystal lattice. Actually, o\^en the best 
real crystals have at least one missing ion or impurity atom among 10® 
normal constituents, i.e., according to page 18, at least 10^® lattice 
defects per cubic centimeter. 

Smekal first pointed to the fact that an impoi-tant difference in the 
properties of crystals is related to this distinction between ideal and real 
crystals. He designated those properties of crystals which were essentially 
independent of lattice defects or impurity atoms as 
Among these stnicture-insensitive properties wo may name the lattice 
structure, the specific heat, elasticity, thermal ('xpansion and compressi- 
bility, the energy of formation, the principal f(nitui*es of optical absorp- 
tion (color) and dispersion, as well as, for met allic crystals, the electronic 
conductivity, and finally dia- and paramagnetism. Those pr()] 3 crties of 
crystals, on the other hand, which depend essentially on the number, 
arrangement, and type of lattice defects and impurities, arc called 
stnicture-sensitive. Among these are especially the diffusion phenomena, 
the ionic and electronic conductivity in insulating crystals and semi- 
conductors, the internal photoeffect, plasticity, and crystal strength, 
as well as certain finer features of optical absorption and luminescence 
which are of importance for the typical stiiicturo-sensit-ive phenomenon 
of phosphorescence. 

The crystal defects consist, on the one hand, of lattic*e flaws, most 
of which are either holes in the lattice or latti(^e atoms out side their 
regular geometrical position (interstitial atoms), and, on the other hand, 
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of impurity atoms in normal or abnormal lattice points. A real crystal 
occasionally consists of many small, almost ideal microcrystals of about 
lju diametei* with defects near and on the boundaries between the in- 
dividual microciystals (layer or mosaic stmcture of a ciystal). 

In the following; we shall treat first the ideal ciystal and the structure- 
insensitive properties of solid mattei*. In the second part of this chapter 
we shall then discuss the real ciystals and those phenomena and proper- 
ties of solids which ai’e (uiuscd by lattice d(d‘ects and impurities. 

7-3. The Crystal as a Macromolecule. Ionic, Atomic, 
and Molecular Lattices 

We have already in terp reled the ciystal as a limiting case of a very 
large but unusually regular and symmetrical molecule. This point of 
view presents only one side of the pi(‘tiire and thus has its limitations. 
However, it allows us to understand many (crystal ])hen()mena without 
further explanation. It s(‘ems clear, for instance, that there can be 
unlocalized electrons in (‘lystals, just as in the benzene ring molecules 
(page 415), which are only part of the crystal as a whole. Conversely, 
there are otlu'r (4e(*ti’ons, just as the omitting ele(d.ron of a (diromo- 
lilioric grou]) of a compli(*ate(l |)olyatomic molecule (page 402), which 
wo can attribute to a. <l<41nite groui) of atoms or even to a definite 
atom or ion of a (*rystal. In discussing the optical properties as well 
as the conductivity of (uystals, this difTereiu^e will prov^c t.o bo veiy 
import an tu 

A paralh'l can also l)e drawn l)(dvv<Mm mol(M*ules and (uystals with 
r(NS])<M*t. to tb(‘ nature of th(‘ir bonds. Thus we find that in (‘lystals 
tlier(^ is a, cla,ssifi<*ation a.<*cording to the t.yp(‘ of binding which corre- 
sponds to what- in nioh'cuh's we calh'd polar, hornopolar, and van der 
Waals binding. Th(‘ ionic rrijslal latfirr with simple ionic binding cor- 
r(‘sponds to the' polar inol(‘cul<‘, and it is appan'iit that the (constituents 
of the ionic inol(*cul<» Na'Cl (*an form only a,n ioni<r latti(^e in the crystal. 
Th(^ alkali-halidc' crystals arc' typi(*al rcpres(‘nt.at.iv(^s of t-his type of 
lattic(‘. The olomic crj/s/al corn^sponds to the inolcuade bound by 
hornopolar forc<\s. I1 (m-(‘ wc must distinguish betw(M‘n two typ(\s, those 
with localizcMl bonds (by (h'ctron pairs), a.nd those with nonloc^alizcKl 
binding. TIk* first group is calh'd m/cz/rc m/.s7a/.s and it.s Ix^st known 
r(‘pr<‘S(‘ntativ(‘ is (h(‘ diamond. The nudals and alloys comprise the 
group with nonlocalized binding. 

niolcculiir crj/slol corr(\sponds to th(‘ van d(U‘ Waals molecule 
(pag<* 3S4). It should lu* (*a.ll(‘d ran dvr ITcza/.s vrifi^flal, b<x*aus<* not- only 
niol{‘cul(‘s, but also atoms can a-ct as crystal const-it-iKuits (as in th<^ case 
of th(‘ solidifi(Ml nobl(‘ gas(*s). If th(‘ lattice^ const it ucaits an^ mok^cuh^s 
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(e.g., H 2 , CI 2 , CO 2 , CH 2 ), whose atoms can be bound by polar or homo- 
polar forces, the molecules themselves are held in the lattice by the 
weak van der Waals forces (page 384). Accordingly, these molecular 
crystals (just as the noble-gas crystals) loosen up, i.e., melt at very 
low temperatures; in other words, they require for their decomposition 
only a small thermal energy. All organic compounds, for example, 
crystallize in molecular lattices. As a transitional type we should 
mention the “layer crystal” type in which (to choose at random) LiOH, 
Cdl 2 , and CrCla crystallize. In these crystals we have a genuine atomic 
or ionic binding (homopolar or polar*) within the crystal layer, while the 
individual crystal layers are held together only by van der* Waals forces. 



Fig. 198. Sclieinatic diagram of the relation between the difTorent types of solids. {After 
Seitz.) 


A diagram according to Seitz (Fig. 198) presen the relation tret ween 
the different types of solids in a pictorial manner. The monatomic 
metals have a definite relationship to the valence crystals, between 
which the crystals of bismuth, indium, and gr*aphite form transitional 
cases. The alloys, and according to Pauling also the piu'c monatomic 
metals, have some relationship to the polar-bound ioni(^ crystals. 
Evidence for this can be derived from the ti*ansitional case of certain 
intermetallic compounds, such as Mg 3 Sl) 2 , with fairly well localized 
bonds of the ionic type. Furthermore, there are transitions between 
tire valence and ionic crystals, just as in the analogous (^aso of molec^ular 
binding (page 414). Thus one can consider the crystals (jiiartz, Si() 2 , 
and Carborundum, SiC, as valence crystals with some contribution of 
ionic binding. Nor ar*e the van der Waals crystals conipletely isolated, 
since solid sulphur and phosphorus repr*eserit tr’ansitioruil cases between 
them and the valence crystals and, on the other hand, i(*.e, pyr*ite, and 
Ti 02 form transitional cases to the ionic crystals. 

Before we consider further the question of lattice binding, at least 
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for the more important oases of ionic ciystals and metals, we must 
briefly review the geometric* arrangement and the determination of 
the lattice structure of a crystal. 

7-4. Crystal Systems and Structure Analysis 

We have already explained that because of the symmetric forces 
acting between the atoms or ions of a solid body ((crystal) a stable 
eciuilibrium is possible only if the lattice (^onstit.iient.s are arranged in 
a regular geometric pattern. By grollp-theorei.i(^al methods it can be 
proved that there is a finite ))iit large numbe^r (230) of crystal systems 
which arc possible arrangements of the lattic:e 
constituents in a crystal. In which one of 
these systems a particular material ciystal- 
lizes depends upon the size of the latti(‘.e 
constituents and upon the magnit.ude and 
orientation of the forces acd.ing betweem them. 

The same material can (uystallize in dilTcu'c^nt 
systems depc^nding upon the typo of binding 
forces; for example carbon can crystallizes in 
the graphite or diamond lattice. The <leter- 
minn-tion of the striu^ture of a (uystal, the so- Unit roll of iho 

called structure analysis, often is not simple; Huit oryMtal Nti(M. Tho 
it IS th(^ task oi the crystal lograi)her. It. is Uioir iliiTorent sizo. 

achievcul almost. <\x(^lusively by iiKuins of 

X-ray dilTra(*tion following th(^ proiedure of von Laiu^ or Di^bye-ScluM-rer. 
We need not. go int.o th<* d(*tails of these nnd.hods Some UMnarks 

on the basis of t.lu^ incdhod may sutlice. 

It. follows from tlu^ p<‘rio(li(ut.y of the la.tt.ice struct.un^ that for each 
crystal tlu'n^ is a. small(*st. (*l<^m<mt, the rlrnirnlarn ail, from which the 
whole crystal can be built, by its translat.ory repetition in th(^ three 
coordinate dirc'ctions. In the cubic Na.('l crystal the (dementary coll 
(Kig. lt)t)) is a small culx*; in most cases th(^ form of t.he (elementary 
(eell is much inone <*omplicat.<‘d. If a (xiordinat-e sysUem is construe tied 
whose ax(*s arce paralkel to tlu* (xlges of thee crysta.!, th(‘n (*a(eh (aystal 
plaiue (jind thus t lu* whole* crystal a.s det(ermin(‘d by the (*rysl.al plan(*s) 
(ean lx* characterizes 1 by s|)e*cifying the I(*ngt.hs from the* origin to thee 
inte*rseections of eve'iy cryst.a.1 plariee witli thee a.xe*s. Tiie*see leengt.hs are 
m(*asuree(l in units of the* ce)rre*sponeling e*elge*s of thee eleeme'ntary cell. 
The* syst.e*ni ge*ne*ra.lly applie*el for cha.ra(*t(*rizing e*rysl.al plaiiees usees 
not the* valu(*s from t hee origin to the* int(erse*ctions of the* pla.ne‘s with thee 
axees the‘mse*lvees, but. the*ir re*cipre)ca.ls which, whe*n reeeluced to sma.ll(‘st 
inteegral numbeers, aree ca.lle'd thee Miller indirrs. Thus, for eexamplee, the 
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(123) -face corresponds to the intersected lengths 1, ^ or to the smallest 

integral numbers 6, 3, 2. The (lOO)-face, on the other hand, is a crystal 
plane parallel to the yz plane. 

To determine the system of a given crystal, one uses the fact that 
when X-rays traverse a crystal, they are reflected by the atoms occupying 
a lattice plane in the crystal, or, in other words, they are diffracted by 
the lattice points. The relation between the deflection angle a (to be 
taken from the Lane pattern), the wavelength \ of the X-rays, and the 
distance d between successive lattice planes is given by the Bragg 
formula 

2d sin a = nX n = 1, 2, 3, . . . (7-1) 

Moreover, we can see immediately from the Lane pattern, Fig. 200, 
that the symmetry of this particular crystal with respect to the direction 

of the incidcmt X-rays is a threefold 
symmetiy, i.o., a rotational periodicity 
of 120°. By taking Lane diagrams, with 
directions of incidcmc^e parallel to the 
different ciystal axes and to the diag- 
onals, a clear picture of the s^nnmetry 
of the whole crystal can he obtained, 
whereas the absolute distances between 
the different lattice pianos follow from 
Debye-Schorrer photogi-aphs (page 74) 
taken with mono(^hi*omati(^ X-rays of 
known wavelength. We have indicated 
this crystal analysis only (juite briefly 
because it is of no further interest to us 
in the atomistic treatment of the properties of solid bodies. 

However, the so-called Fourier analysiSj a theoretically difficult and 
rather cumbersome quantitative evaluation of X-ray diffraction photo- 
graphs, taking into account also the intensities of the radiation scattered 
in different directions, provides not only the ai’rangement of the cuystal 
constituents in the crystal but also a means of determining the electron 
distribution effecting the binding between the atoms or ions. Figure 201. 
shows as an example the electron density in an NaCl crystal in which 
the lines indicate the places of equal electron density and tlK*! numerals, 
the number of electrons per cube of I A on a side. This m(d.ho(l is 
especially important in investigating the character of the (uystal binding 
in certain cases of transition between one type^ of binding and another. 
We have already discussed this Fourier analysis on page 348 in our 
discussions of the methods of research in molecular physics. 



Fig. 200. Laue diagram of a crystal 
with three-fold symmetry. 
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7-6. Lattice Energy, Elasticity, Compressibility, and 
Thermal Expansion of Ionic Crystals 

After this survey of the methods of determining crystal structures 
we shall consider ciystal binding, and the phenomena depending upon 



I'Ki. 201. niHlribulioii (jM.lu* diMiHily in a NaCM cr.vHtal, (k’ltonninod by Kourior 

aiml.vHiH of X-ra.v 'Plic ihiiikmjiIh iiulicaU^ Mu* oloolron donsily por nubo of lA on an 

i*dK('. {Aflrr (Irirnm, lirill, and vou'orkrra.) 

it,, nioH' <riir('fully for ionics cryst.als. If wo (dioono f.ho modol of the khuil 
i-oek Halt. cryHliil llioii l.lu^ hiiidiiij!; (h'poiids oti (,h(( (ilocit.roHtatie att raction 
l)(;l,w(?on singly cliargcsl ions Na' and (’1 . doiiscHpiontly, the poten- 
tial ol this lorco ol a.ti>ra('tion Ix'twoen two isolated ions is 

u.(r) = - (7-2) 

II()\v<‘V(M*, ilu* iwo ions an* not isolii.t('d in spn.(*(^ but are in an (environ- 
ment oi similiir positive* sodium and n(*gai.ive chlorine ions. One can 
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easily see that the nearest neighbors of the ion pair under consideration, 
because of their opposing charges, tend to reduce the binding. Quite 
generally, all ions of the environment will contribute to the binding 
energy positive or negative amounts, which decrease with increasing dis- 
tance from the ion pair under consideration. The exact computations as 
carried out by Madelung show that the above expression for the attrac- 
tive potential must be multiplied by a factor 0.29 in order to take into 
account the contributions of the other lattice constituents. 

Since the two ions cannot penetrate cacli other, there must be a 
repulsive force in addition to the attractive force. This repulsive force 
can be described in a pictorial manner. Any attempt to decrease the 
distance between two ions, if they touch each other, requires a de- 
formation of then shells, and this defoimation requires a considerable 
amount of energy. For this reason, the potential of the repulsive 
forces increases with a high power of 1/r. The experimental results can 
best be described by the ninth power of 1/r. Thus we have for the 
potential of the forces acting between two ions 

it(r) = -0.29^- + (7-3) 

where c is a constant. In order to determine its value, we make use 
of the fact that for the equilibrium intemucloai* distance ro the potential 
energy must be a minimum. 

By performing the differentiation we get 

C = 2|9 eVo (7-5) 

and thus 

«(r) = -O.29e=0 -ijl) (7-6) 

By plotting the potential w(r), just as we have done in molecular physics 
(page 3G7), we get the diagram Fig. 202. So far we have only con- 
sidered the binding between a Na"*" and one of its neighboring 01“ ions. 
The teiTn lattice 'potential or lattice energy means the total energy per 
mole of the ciystal, i.e., the energy reciuired per mole to form the crystal 
from widely separated Na+ and CI“ ions. To compute the lattice 
energy, we have to consider that each Na+ ion in the lattice has six 
neighboring Cl“ ions, each of which is bound to it by the same u{t) 
computed above. Furthermore, 1 mole of a NaCl crystal has No Na**" 
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ions from each of which binding forces extend to each of its six neighbors. 
Thus the lattice energy (referred to a normal crystal with an equilibrium 
distance Vq between two consecutive constituents) is 


U = 6iVoM 1.74JV„r2|i 

9 To 


(7-7) 


This lattice energy is negative because it is released if the crystal 
is formed from ions whi(*h arc assumed to exist. If we let the 
numerical values which refer to the specifics case of an NaCl crystal 
and the constants be contained in a specific (‘-onstant (7, and if we take 
into consideration that u is eciual to one 
half of the lattice constant d, then the en- 
ergy of all ionic crystals (^an l)c expressed by 

= ( 7 - 8 ) 

The lattice energies (‘.omputcd according 
to this theoretical formula cannot be com- 
pared directly wit.h experimental data, be- 
cause tlie experimentally measured luuit of 
formation Ey (jf the NaCl crystal refers not 
to the ions whi(*h make up th<^ (crystal but 
to metallic sodium and CI 2 molecuilos. However, Born has shown that 
tlie latt.ice enc^rgy U can be computed from the measured heat of forma- 
tion provided some at.omic data are known or van he measured. We 
denotes the mefusured lu^at of formation of the crystal by AV, the heat 
of vaporization of sodium nu'tal (always n^ferred to 1 mole) l)y the 
dissociath)!! (uiergy of the chlorine molecndc^ by />, th(’i ionization energy 
of th(^ sodium atom by K/, and by th(^ ehu-t.ron affinity energy, which 
is set fn^e wlum an (hadron is att.a(died to a C\ at-om. We can then write 
the Born cycle in the following way; 



Fk}. 202. Intoraction poUMitial 
t/(r) Iwt.wc^on two or.vHtal oon- 
HlituontH. Tho averiifco inl.or- 
rm«Ioar diHtuiico is indicated as 
jifimctioii of the vihralioii cnorgj\ 


Na (medial) -f- — Ep 

Na (rnetial) + 7 

CI 2 + 1 ) 

Na + Ki 

C!1 - E,. 


= NaCn (ca-ysUl) ' 
= Na (atomic) 

= 2(11 > 
= Na+ 

= ( 11 - 


(7-9) 


From this the lattices (aicrfry r(H|uir(Ml to form a Na(ll crysl.iil from tho 
Na' and (11 ions is 


- Ey - V - I) - Ei -V E.. 


(7-10) 


Tahlo 15 shows tho good agroomont of a numbor of lattico energies 
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computed from the theoretical formula (7-7) with those determined 
from experimental data by means of the Bom cycle (7-10). 

Table 15. Lattice Energies of Several Alkali-halide Crystals in Cal /Mole. Comparison 
of the M easured and Conipuied Values 


Alkali-halide crystal 

Experimental vjiliie 

Computcnl value 

NaCl 

183 

182 

NaBr 

170 

171 

Nal 

150 

158 

KCl 

165 

162 

KBr 

154 

155 

Id 

144 

144 

RbCl 

161 

155 

RbBr 

151 

155 

R1)I 

141 

1 

138 

1 


From the curv^e of the mutual potential ?/(r) of two hittic^e constitu- 
ents of an ionic crystal (7-6), derived on page 428, a number of important 
macroscopic properties of ciystals can be easily dcduccjd or explained 
in terms of the atomic theory. 

The compressibility is defined as the decrease in volume per unit of 
pressure. That energy must bo applied to reduce the volume, i.e., 
decrease the equilibrium distance ro, can be soon from the potential 
curve. Moreover, it can be seen immediately ihat the compressibility 
of a crystal is the smaller, the steeper the potential (nirv(^ rises from the 
minimum toward smaller intemuclear distanc^os. The for’(u> F necessary 
to reduce the distance can bo computed by differentiating v{r) with 
respect to r. Thus the Avork per mole required to reduce all distances 
from ro to r is 

Aw (7-11) 

Here p is the instantaneous pressure which incu’oases with the com- 
pression and P is the final pressure corresponding to the total change 
in volume, v. Here the function p{v) has been approximated by a linear 
function. Carrying through the computation results in an expression 
for the compressibility, 

K = (7-12) 

The compressibility thus increases with the fourth power of the lattice 
constant d, a plausible result since the compressilulity must be the smaller 
the more densely the lattice components are packed in the normal lattice. 
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If the compressing force is i*emoved, the equilibrium distance ro is 
restored, since without external forces equilibrium can only exist if all 
distances correspond to the minimum of the potential curve. Con- 
sequentlj/j the crystal is elastic. From this fa(jt it follows that the crystal 
can vibrate, i.e., periodically increase and decrease the distance between 
the lattice points. We shall consider this important property in some 
detail in the section following the next. 

The last important conc^Iusion whicli can be drawn from the potential 
curve concerns the thermal expansion of (uystals and, in general, of 
all solid bodies. The vibrai-ion energy of the (crystal and thus the ampli- 
tude of the (crystal vil)rations increases with iiu^reasing temperature. 
Because of the asymmetry of the potential (‘urve (anharrnonicity of 
the lattice \'ibration) the average distaiun^ between two lattice points, 
shown in Fig. 202, increases with increasing amplitude of the vibration. 
Consequently, the A’olume of the ciystal iii(*reas(^s with inc.reasing tem- 
perature. Thus the Jimdamvntal thermal property of all known solid 
hodieSj their expansion with increasing temperature, has a very simple 
e.vplana.tion from the atomic theory. In the last analysis it depends upon 
the asymmetry of the potential mnw, ?/(r). 

We have limitcMl ours(‘lves in this section to a discussion of ionic 
crystals l)e(*ause th(‘ir properties (‘un be a<*(*ounl.ed for quantitatively. 
Qualitaiiv(^ly, thc^ Ix^havior of valence (ayslals, siu^h as diamond, with 
respect to the ])otcnthil curve and th(' <‘onclusions drawn from it, su(^h 
as c<)mi)ressibility, th(M*ma,l expansion, (‘t(*., is very similar to tluit of 
the ionics (‘lysials, Ph(‘noin(^n<)Iogi<*a.lly, va.lencc’i (aystals ani character- 
ized by tlu^ii’ gr(*at. hardiu'ss and good (‘h'ctrical insulat.ing properties. 
Hie latter is dii<‘ to the fact that electrolytic, (xindiictivity, which will 
be (*()nsi<l(‘r(‘d in d(‘tail for ioni(^ crystals on page 457, is not possibles 
because tla* const it u<»nts an^ atoms. h]l(H*tronic condu(d.ivity, on the 
otlna- hand, is impossible b(*causc, due to l h(^ st rongly localized valence 
binding, (‘hM'I.roiis are so strongly bound that, there iiiv no conduction 
electrons availabU*. 

7-6. Review of the Binding Forces and Properties of Metals 

Now that. w(* ha.v(‘ consich'uxl t.h(» proper!. ic'is of insulating crystals 
with strongly localiz(*d bonds, w(‘ shall briefly discuss tin* liinding and 
the atomics prop<M*ti(^s of l.h(‘ otluM* (>xt.r<‘inc of solids, the metals. They 
ar(‘ charact(M iz(‘d by a. la.ck of loca.Iiz(‘<l binding. Such a r('^vi(‘W ol the 
prop(‘rt i(‘S of medals appc'ars to lx* tb(‘ more' appropriate; as metals have 
to Ix^ r(^gar(l(‘d, from a. practical Ux'hnical sta.ndpoint., as oiu^ ot the 
most im|)oi’ta,nt groui)s of solids. Monxivcn*, ina.ny of the properties 
of metals, th(*ir modilications (dineri'iit forms of lattices in dillerent 
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temperature regions), and their alloys were first explained by atomic 
physics which also threw new light on the problem of the technological 
treatment of metals (e.g., hardening and tempering). 

In the course of this chapter we shall consider and explain the charac- 
teristic differences between insulators and metals from different points 
of view. At this time it is sufficient to conclude from their high electrical 
and thermal conductivity, that the outeimost electrons of the atoms 
forming the metal (in general, one per atom) are not tightly bound to 
their atoms as they are in most insulators. On the contrary, they must 
have a high mobility within the metal just as do the molecules of a gas. 
This is why we often speak of the electron gas in the metal, a degenerate 
electron gas, according to page 239. These external atomic electrons 
which, as valence electrons, are also responsible for binding (page 409), 
are thus by no means localized. According to page 415, the last six 
valence electrons of the CeH^ molecule are distributed, as nonlocalized 
electrons/j among all six C atoms of the benzene ring, and thus participate 
in its binding, though they do not form electron pair bonds. In a 
similar way the nonlocalized conduction electrons of a metal must be 
responsible for the binding in the metallic state (metal crystal). How- 
ever, again there is no mutual saturation of electron paire to form local- 
ized bonds. In contrast to homopolar binding, metallic binding thus does 
not show the phenomenon of saturation. Whereas two homopolarly 
bound H atoms cannot bind an additional 11 atom, in a metal each 
additional atom is bound with the same force independently of the 
number of atoms already bound in the crystal. 

We know from experience that the elements on the left side of the 
periodic table exhibit metallic character, whereas localized binding 
predominates in crystals formed from the elements on the right side 
of the table, and it is here that we find the insulating crystals. According 
to Hume-Rothery, the reason for this distinction is that metals generally 
crystallize in a body-centered or face-centered cubic lattice or in a 
hexagonal, close-packed structure. On the other hand, the elements on 
the right side of the table belong to very different lattice types in which 
the coordination number (the number of surrounding atoms at the same 
smallest distance from one atom) is always equal to the valence of the 
atom under consideration. According to Frohlich this difference depends 
upon the repulsive Coulomb forces between each one and all the outer 
electrons. Sodium and chlorine, for example, each have the valence 1. 
Sodium has only one outer electron, whereas chlorine, which lies on the 
right side of the periodic table, has seven. The binding effect of the one 
electron pair in the Na — Na and Cl — Cl pairs therefore is different, 
because in Cl Cl we have an additional repulsion between the two times 
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six excess electrons. Such a repulsion is not present in the case of 
Na — Na. Nevertheless, in the case of the diatomic CI 2 molecule, there 
is a strong homopolar binding because the exchange forces (page 412) 
produce a unilateral charge displacement (and thus an attraction be- 
tween the atoms) which compensates for the repulsion due to the other 
electrons. However, such an asymmetry of the electron configuration is 
incompatible with the high symmetry (coordination number) of the 
ciystal lattice. Thus, because there is no Coulomb repulsion, sodium 
atoms can be bound by metallic binding in the Na-metal lattice, whereas 
for Cl atoms such a symmetrical binding is not possible. The Cl atoms 
can foim CI 2 molecules by unilateral defoimation and reduction of their 
intemuclcar distance. These molecules ciui then be bound in a crystal 
lattice by the relatively small van dcr Waals forces (page 386). This 
contrast, which was explained here as an example for Na and Cl, holds 
in general for all dements on the left or right mie, of the periodic table: 
on the left side we have metallic binding with high symmetry and coordina- 
tion number, on the right complicaUd lattices strongly injluenced by the 
valence and always without electrical conductivity. 

We may also mention that other import.ant properties of all solids, 
such as compressibility and plasticity, arc related to these dilTerences. 
Both de(‘.rease in going from the left to the right., as a result of the in- 
creasing effect of the repulsive action of the outer electrons. 

Metallic binding is thus characterized by the la(*.k of valence satura- 
tion, and therefore by a high symmetiy (eciually st.rong binding of all 
equally distant neighbors independent of the valence of the metallic*, con- 
stituents). We shall tiy to understand the reason for this behavior of 
metals. lhM*ause of the high metallic density, the dist.ance from atom to 
atom in the lat.tice is smaller with reference to the at.omic radii than in 
most insulators. We have, therefore, a st rong overlapping of the elec- 
tron shells of the original atoms which fonn t-lu* metal latt.ice. This over- 
lapping means, according to the exchangx^ theory (page 233), that there 
is a high exchange probability of the outermost, electrons between 
neighboring atoms, and thus a large exchange binding energy. How- 
ever, Dehlinger and Pauling have prove<l that w<' may also look at the 
problem from another point, of vunv. We may speak of a normal fonna- 
tion of ele(d.ron pairs, an<I thus (emphasize the notation between met.allic 
binding and normal val<*nc(* binding. 1 lowevcM*, we have then to (consider 
these (electron pair bonds b(‘twe(*n one at.om and its neighbors as 
rotating, so that over an av(*ragc! of time w(^ ha.ve again a symmcd.rical 
(nonlocal ized) distribut.ion of t.h<^ <‘l(‘ctrons which cause tlu^ binding. It 
can be shown th(*rmodynamically that this state with rotating bonds 
can be more stable at higher tenquM-atures than the states of unilateral 
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homopolar or polar binding. This case seems to be realized in many 
metal alloy lattcies which have higher coordination numbers at higher 
temperatures than they do at lower temperatures. 

Pauling has extended this picture by the additional assumption 
(whose correctness he was able to show theimodynamically), that ionic 
states also contribute to the normal metallic bonds. Thus a mono- 
valent alkali atom in a metal occasionally should have two valence 
electrons and thus, as a negative ion, should be able to bind simul- 
taneously two of its neighbors. 

In general it can be said that in metals the nonselective metallic 
binding predominates and determines the metallic character. Never- 
theless, the individual properties of the atoms, especially their spin, 
orbital momentum, and the valence determined by them, play a certain 
role. Thus, in addition to the general metallic binding, there is a certain 
amount of heteropolar or homopolar binding. Consequently, a metal 
always crystallizes in the lattice of highest symmetrij which is compatible 
with the special properties of the atomic laltice components. For example, 
in the case of the alkalies, it follows from the diamagnetism of the metal 
that the spin momenta of the outer electrons of the atoms are alter- 
natingly antiparallel. For this case, quantum-mechanical (computations 
(by means of the exchange integral, pages 231 and 232) show that the 
body-centered lattice, in which each atom is surrounded by eight atoms 
of oppositely directed spin, is more stable than the lattic‘c expected 
for pure metallic binding, in which each atom is surrounded by 12 others 
at equal distances, half of which have one spin direedhm and half the 
other. The energetically necessaiy antiparallel spin (lire(*ti(3ns of the 
alkali electrons, which are empirically demonstrated in the diamagnet- 
ism of the alkali metals, thus are responsible for the fac^t tliat, not the 
lattice corresponding to pure metallic binding with a coordination 
number 12, but the body-centered lattice with (*.oordination number 8, 
has the lower state of potential energy. Any other st.ruediure and any 
other spin distribution has a lower stability. The ))ody-(^onter(^d lattice 
which is expected theoretically has actually been found for the alkali 
metals by X-ray experiments. 

In a similar manner the empirically established lattic^e structure of 
metals and alloys, which in turn accounts for many other properties of 
metals, can be explained in great detail from the point of view of atomic 
physics. An especiall}'’ good example is presented by the difTerent modifi- 
cations of iron, i.e., the different stable lattic^e stru(*turcs at different 
temperatures, which are only partly ferromagnetic. These can be 
understood by a detailed discussion of the effect of exchange energy 
(page 451). The second te(*hnically significant example of the co- 
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operation of metallic and homopolar or polar binding is that of the 
alloys, i.e., mixed crystals of different metals. In general, substitutional 
mixed crystals are observed in alloys (if the difference in the atomic radii 
is not too great), in which both metals occur in arbitrary proportions. 
However, it follows from sudden changes of the electrical resistance as 
well as of the magnetic propci*tics, that for certain rational proportions 
of the components (corresponding, for example, to the compounds 
AiiCu, AuCus, FeCo, or NisFe) especially stable so-called superstructures 
occur which provide further evidence that the general metallic binding 
is superimposed by some localized binding which exhibits saturation 
(diaracteristics. These localized valence fon^es which cause an ordered 
structure of alloys (e.g., Cu ions in the center and Zn ions at the corners 
of tlie elementary cubes in /3-brass) arc very weak for(‘.es. Evidence 
for this is the observation that at temperatures of only a few hundred 
degrees this ordered stnicture disappeai’s and is replaced by a disordered 
lattice with a probability distribution of Cu and Zn ions. 

For the sake of completeness, we mention that, besides the substitu- 
tional alloys, there exist also interstitial alloys, in which small ions like 
H, C, or N occupy interstitial places (see page 454). The systems 
palladium-hydrogen iind iron-carbon arc examples of such interstitial 
alloys. 

Among the important propcu'ties of metals, to bo explained by atomic 
physics, we finally ment.ion ferromagnetism and supra(a)nductivity. 
The former will be discaissed after we have h^arned more about the 
behavior of (‘hud-rons in metal crystals, whennts supraconductivity 
cannot as y(d. b<^ satisfa(*torily explained in spites of some promising 
approa<*hes. 


7-7. Crystal Vibrations and the Determination of Their 
Frequencies from Infrared and Raman Spectra 

Hecaus(' t.h(‘r(^ is a (iuasi-(da.stic binding fon^e elh^dlve between the 
lattices conslhuents of a crystal, vibrations betwec'n them are possible 
just, as they a,r(‘ b(‘tw(‘en the niuha of molecules (page 3()5). The 
assynudrical pot.caitial curves n(r) (Fig. 202) is evid(^nce that we are 
dealing with anharin()ni(^ vibrations. We have already used this fact 
in explaining th(‘ t.h(n’ma.l (‘xpa.nsion of solids. 

W(^ ha.v(^ t.o distinguish Ixd.wcMMi th(» so-(*a.ll(ul inlvrnal vibralions and 
th(^ laliicv vil^ralions proper of a cryst.al. lnt.(M*nal vibrations occur 
particularly in inoh'cular crystals (page 123), in which n'lal molecidar 
vibrations a.r(‘ possible^ within th(‘ niolecul<‘S which form th(‘ la,tti(*e con- 
stitu(‘nts. Th(‘S(' inol(‘<*ular vibra-tions may b(‘ disturlxMl more or less by 
the crystal lat tice*, but. have* nothing else te) elo with the whede crystal. 
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In the lattice vibrations proper, on the other hand, the whole crystal 
participates. To illustrate these two types of vibrations we diall use 
the calcite crystal CaCOa. In this crystal the lattice components are 
the ions Ca+"*’ and (COs) . The vibrations of all ions of one kind with 
respect to the ions of the other kind are called the external or lattice 
vibrations, because the whole lattice participates in this vibration. On 
the other hand, there are internal vibrations within the CO 3 group 
(e.g., the 0 atoms vibrate with respect to the C atom) which have 
nothing to do with the calcite crystal as a whole. Therefore they occur 
with the same frequencies in other crystals containing the COs group, 
such as FeCOs or MgCOs. 

We have to distinguish two types of lattice vibrations. In the first 
type, all identical lattice constituents vibrate in phase {optical vibra- 
tion) , whereas in the second t 3 npe the vibrations are not in phase (so- 
called acoustic vibrations). In the first case we have, at least in ionic 
crystals, a vibration of all positive ions with respect to all negative ions, 
i.e., a vibration of the whole Na"*" lattice with respect to the Cl" lattice. 
As a result of the corresponding change of the dipole moment this 
vibration must appear in the infrared absorption spectrum. For 
this reason we speak of optical vibrations. In the other extreme case 
the vibration progresses in the crystal as a longitudinal wave. Since 
in this case similar atoms do not vibrate in phase, the changes in the 
dipole moments largely compensate each other. Therefore these 
vibrations do not appear in the infrared absorption spectrum and ai’e 
called acoustic vibrations since longitudinal waves of this type are 
kno^vn from acoustics. They are less important for crystal physics 
than the optical or fundamental vibrations of the lattice. 

The frequency of the fundamental vibration associated with a change 
of the dipole moment (which may originate from the polarization of 
the vibrating atoms) can be taken from the infrared absorption spectrum 
of the crystal. The absorption coefficient of the corresponding wave- 
lengths is very large, because all lattice ions participate in this vibra- 
tion. Absorption measurements therefore are made with very thin 
crystal laminae. A more elegant and simpler method, although not so 
exact, is the reststrahlen method of Rubens. Because of the relation 
between absorption and reflection, the ciystal reflects strongly those 
wavelengths which correspond to the fundamental vibration, whereas 
the other wavelengths are mainly transmitted by the crystal. If a 
light ray is reflected back, and forth many times between two plates of 
the crystal under investigation, then all wavelengths except those of the 
fundamental vibration are gradually eliminated by transmission. The 
residual rays, or reststrahlen, remaining after many reflections thus 
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consist essentially of the fundamental vibrations whose wavelengths 
can easily be measured. Occasionally it happens that, as a result of 
special S 3 munetry relations which exist, for example, in fluorspar CaF 2 , 
the fundamental vibration is not associated with a change of the total 
dipole moment and thus it is optically inactive. In that case it cannot 
be found in the absorption spectmm. 

If the polarizability of the lattice constituents is changed by such 
optically inactive vibrations, as is almost always the case, the fre- 
quencies of the vibration under consideration can be determined by 
Raman effect measurements as in the corresponding case in molecular 
physics (page 352). This implies the advantage of working in the 
visible or ultraviolet region, so that optical spectrographs with their 
higher resolving power and dispemion c^an be used. Ultraviolet and 
Raman investigations again supplement each other so that there is no 
basic difficulty in deteimining the fre(j[uencics of the fundamental 
lattice vibrations. 

7-8. Electron Conflguration and Electron Transition Spectra 
in Crystals. The Energy Band Model 

After the discussion of the typos of solids, (*.rystal structure, and 
crystal vibrations, we turn to the phenomena depending upon the 
electrons in crystals. W(^ investigate first the elec^tron (configuration. 
The problem of the elecctr’on configuration in (crystals and of tlie spec.tra 
resulting from electi’on i.i’ansit.ions (ciui be appr()a(ch(cd from very diflei’ent 
points of view, all leading t-o the sanu^ result.. 

We consi(l(cr first the transition from an undisturbed atom to one whicch 
is strongly disturlxMl by its enviroimu'iit (at.oin in a plasma, page 187), 
and finally to oiuc whicli is in(c()rp()ral.(c(l in a (crysl.al as a gncatly dis- 
turbed laf.ti(ce atom. By t.his very pictorial ai)pr()ach, we arriv(‘ at an 
(essentially (correuct. pict.ure. Undisturlxcd atoms liave, according to 
page lot). Hue sharp (eiuM-gy lev(els of the bound and the continuous 
energy ixegions of tlue fr(X‘ ^i()niz(ed) (ehectrons. In the sp(e(ct.ra of phisma 
atoms whi(ch are disturlxMl by the ini(crofi(elds of their (environment, the 
broadening of the higluM- eiUM’gy staUes of tlue (eb'ctrons as a result of 
the perturbation is ahxxidy v(ery noticcceable (pag(e 1S7). For the highest 
('norgy stakes just below the ionization limit, it (can no longer be d(e(cided 
wheether th(*y still are to Ixe (eonsid(»r(Ml as diseneke (ciuergy stakes of the 
bound ('hectrons or as continuous eiuergy n^gions of the fixeo (ehectrons 
(reduction of the (‘fT(ect.iv(^ ionizat.ion pokenihil). Finally, if we go to 
the lattice constitiu^nts in a. (crystal, w(' (exp(ect. a diffeixeni. Ixehavior, 
aside from the incixeasing inagnit.iuhe of t.he p(‘rturbati()n and a broad- 
ening of the energy states, only insofar as Ikcrc is no lorujrr a cornplrUiy 
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pee electron. An electron released pom its original alom will now move 
guasir-peely^* throughout the crystal in the 'periodic potential field of all 
lattice ions. We have thus arrived, in a pictorial way, at the correct 
picture of the electrons in a ciystal. It is evident and clear that by 
incorporating the atom in a crystal lattice, we do not influence the 
inner electrons which are responsible for X-rays. These innermost 
electrons remain strongly bound to their respective nuclei; their energy 
states are practically undisturbed and therefore remain 
sharp. Evidence for this is the shaipness of the X-ray 
lines emitted by metallic anticathodes (sec Fig. 67, page 
119). The perturbation and thus the breadth of the energy 
levels of electrons increases greatly with increasing principal 
quantmn nwriber n. In the. case of the optical energy levels^ 
which in general are not occupied by electrons, this width 
reaches several electreyn volts, so that one can readily speak 
of energy bands of the electrons which are now already 
quasi-pec. We shall sec that, those (luasi-freo electrons 
are responsible for the el(H‘.tr()ui(*. (‘.oiuluctivity of the 
metals (page 443). For the liigliest (^no!‘gy levels the 
band width actually be(H)in(\s so gix^at. l.hat there is an 
overlapping of the <liiTcrent bands. We shall dis(‘.uss this 
when we take up the theory of metallic, c.oudiujtivity. 
An energy band diagram is shown in Kig. 203. 

It is interesting to show how one (‘.an arrive at the 
same result by an entirely dilTerent approa(‘h. ^^)r that reason we 
mention two other concepts. They are l(^ss pic^torial but tluy have the 
advantage that they ijermit an exact (‘oinput.ation of the l)(4iavior 
of the ciystal electrons. 

One approach is based on the con(*e])t, of resonam^e or excdiangc 
splitting which was dis(nissed in C^hap. 4. (iuanium mechanic.s shows 
(page 230), that in the case of two c.ouj)le(l atomic, syst.t^ns of equal 
energy their common energy state splits ini.o two (*nergy states, as a 
result of this energy resonam^e. Tlu^ s(^|)arai.ion of th(‘S(‘ lunv si.ates is 
the larger, the stronger the coupling b(4.w(MMi t lu^ two sys(.(‘ms. This ciuse 
exists in crystals wIkm’o in principle an (^x(‘hang(^ of ehn'.l.rons by any two 
latti(*.c (‘.oiistituents is i)ossible because of tlu‘ir (*()mpl(‘t(^ identity. Thus 
if the crystal (consists of N at.oms, then as a n^sult of th(‘ possibility of 
exchange of ea(4i electron with the N-\ analogous (‘h‘ctrons, (»a(4i (uiergy 
state of the al.oms in the (uystal splits up int.o N (UKM’gy l(‘V(‘ls. We dis- 
tinguish these N (uiergy levc^ls of every eiuu-gy l)a.n(l by (luant.um num- 
bers Jx. This /.' is closely related to the inonumtuin of the parti(‘.ular 
electron and thus corresponds to the orbital (piant um number I, intro- 








Fig. 203. En- 
ergy-band dia- 
gram of tliO 
eloctrotm in a 
crystal (sche- 
matic) . 
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duced on page 130 for the bound atomic electrons. According to the 
Pauli principle, each k state can be occupied by two electrons of opposite 
spin. The magnitude of the splitting, and thus the width of the band resulting 
from the N levels, depends on the degree of coupling, i.c. on the exchange 
probability of the electrons [Eq. (4-121, page 231]. We discuss this elec- 
tron exchange by means of the potential curve diagram Fig. 204. In 
Fig. 105 (page 187) we had represented the course of the potential near 
a hydrogen nucleus together with the energy states of the electron which 
moves in this potential field. In a solid, because of the geometrically 
regular arrangement of the atoms, we have a threeHlimensional periodic 



repetition of polenlial wells and potential walls, whicdi are indicated in 
Fig. 204 with the c<)rr(^sp< Hiding (Hiergy hands. innemnost electrons 
of the crystal atoms li(^ almost completely within th(^ potential troughs of 
their ions. An (^xchangc^ of these elecd.rons with (Mirresponding electrons 
of other at.oins is impossible classi(*ally. Ihu^ause of tlu^ t.unnel elTect 
(page 234), it is not (piite impossibh^ atT.ording to (piantiim mechanics, 
hut it is very improbable bei^aiise of the height of the potential wall 
which must b(^ p(Hu4.rat.(^d. H(H*aus(^ of the small (‘X(4ia,nge probability, 
the splitthig ol ih<^ (Hiergy hn'els, and thus the breadth of the energy 
hands of the inn(*nnost (4(H*.trons, in agUMHiKMit with our first picture 
and with experi(Mi(*(^, is very sma.ll. ( <onv<‘rsely, the (^xc-liange prob- 
ability and the brea.dth of the (uuM’gy lia-nds rcvsulting from the energy 
levels is very gr(\‘it. for th(» (niasi-friH* external (huM.rons. Thus our 
picture is in agrecuiKMit. in its r(\sult.s with our first grossly pi(*.torial 
derivatiion. Ilowex'ca*, it. shows t.hat. the energy bands consist theoretically 
of discrete energy levels and are practically continuous only because of 
the. large number of these levels. 'Phis n umlur per mole of the crystal equals 
the number of laltice atoms and thus amounts to (> X KP. 
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In our third method of representation we start from the quasi-free 
electrons in the crystal and we shall show that there must be certain 
forbidden energy regions, the regions lying between the energy bands. 
To do this we consider electrons moving in the lattice according to 
wave mechanics as progressive electron waves whose wavelength X 
(page 197) is 


A = fe 


(7-13) 


if S is the energy of the electrons. Now it can be shown geometrically 
that only for certain definite wavelengths X or certain energy values E 
the electron wave can penetrate the crystal. For different values of 
B or X the electron wave is reflected by the lattice planes in such a way 
that it is extinguished by interference. The quantitative treatment of 
these considerations, which are only indicated here, leads naturally to 
the same results as the other two methods of approach. For this exact 
computation an expression for the three-dimensional periodic latti(‘.e 
potential is sought in which the electrons move. This expression is 
inserted in the Schrodinger equation (4-42), page 207. This equation 
has for solutions the eigenfunctions which describe the behavior of the 
electrons in the crystal, only for certain energy regions, i.e., for exactly 
the energy bands of our diagram Fig. 203. 

In order to prevent a possible misunderstanding we want to emphasize 
one point. The broad energy bands of solids are pure electron energy 
bands and cannot be regarded as smeared bands of band systems of 
macromolecules. In molecules (page 364), electronic motion and 
atomic vibration are closely coupled with one another because an excita- 
tion of an electron produces in general a change in the molecular bind- 
ing and as a result produces a vibrational excitation (Franck-Condon 
principle, page 370). Thus in a molecule an electron transition gener- 
ally is associated with a change of vibration (rotation) . A whole band 
system results from one electron transition because of the large number 
of vibrational and rotational energy changes coupled with it. If we 
disregard the internal vibrations in the molecular crystals, crystal 
vibrations affect, in general, the whole crystal lattice. It seems evident that 
lattice vibrations are less influenced by the excitation of individual electrons. 
Thus in a crystal the coupling between the motion of electrons and the 
vibration is very small. To an electron transition from one energy band 
to another in a crystal there corresponds a spectrum which might be 
regarded as a broadened spectral line and is usually called a spectral 
band. It should be kept in mind, however, that it has nothing to do 
with a molecular band or band system, because in the case of a spectral 
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band of a crystal the characteristic property of a band spectmm, the 
participation of the vibration and rotation energy, is missing. 

We return now to the energy bands of the crystal electrons. The 
distribution of the k levels (see page 438) over each energy band can 
be taken from the spec^trum: its density is greatest in the center of the 
band and it decreases to zero at the edges of the band. The intensity 
distribution of a spectrum resulting from a transition from a sharp 
(inner) level to an energy band thus is similar to that of a broadened 
spectral line (the bell shaped curve, Fig. 103). 

For the selection rule for optical transitions between energy bands it 


bands (different /I’s) are allowed, Init with 

the important restriction that in optical 

transitions the quantum number Ic must not 

change. Sini^e k is related to the momentum 

of the electron, this is essentially a (^onse- 

quence of the law of (conservation of mo- (a) (b) 

mentum. Surprising! v, the enumccrat.ion of casos of 

, . . , ,, iillowcMl tnuiHitioiia botwocii two 

k in the energy bands is not the same. 11, onoixv handH. 

as assumed in Fig. 2()5a, k incn^ascis from 

the lower to the uppeer ('dge of th(‘ (Mi(u*gy band, tln^n the short- and 

longwave optitcal transitions anc shown by tlu' arrows in Fig. 205 ( 1 .. 

The width of thec (corresponding sjXMctral band is (upial to Ihe difference 
in the widths of tluc two (combining (MUM'gy bands. Jl()we\'(cr, if k in- 
creases in oikc band from tb(c Iow(M* l.o th(c iii)p(‘r (cdgic of tluc band, and 
in the otlucr band from tluc upp(M* to the lowtcr (c(lg(c, tlucn i.he possibhc 
short- and longwav(c transil.ions anc shown by tluc a-rrows in Fig. 2055. 
In this (case tluc width of the sp(cet.ra.l band is giv(cn by t.luc sum of tluc 
widths of tluc (MUM’gy bands. In tluc eas(‘ of nudals, for (c.xa.nipl(c, both 
(cases occur. We shall s(c(c on ])ag(c 170 how imjiorta-nt. the A-scchcction 
rule is for lUuhM’standing tluc lunun(cs(*(cn(c(c of cryst als. 

A very ni(c(c (cxpicrinucntal proof for tlu' width a.n(l arra.ng(cm(cnt of tluc 
nonocc.upuMl ()pti(cal (uu'rgy bands ca,n Ixc t,ak(‘n from X-ra.y absorpt ion 
spectra. According to pag(c 123, tlu‘ longwaAuc limit of tluc X-ray 
absorption cont inua originates from ra.ising a-n (‘l(‘ct.r()n t.o an un()(*(cupi(c(l 
(energy l(cv(*l n(‘a,r tluc ionization limit of tlu' atom. Tluc l()ngwa.v(c stnuc- 
ture of an X-ray absorpt ion (*(lge thus ndhuds dincctly tluc (cn(‘rgy band 
structunc in llu‘ crystal. This has Immmi found to b(' in b(‘st. a,gr(c(cin(cnt 
with tluc th(M)n‘ti(cal r(‘sults d(cv(‘l()p(‘(l abov(c. 

Tlucre is litll(‘ to say about tlu» optical sp(*clra of solids jissocia.t(Ml 
with (cUcc iron transitions so long as w(‘ sp(*ak of pur(‘ and i(l(‘!il crystals. 
Absorption sjuu-tra usually n^sult from transitions of (d(*ctrons from the 
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highest occupied energy band into one of the higher unoccupied bands. 
Depending on the different magnitudes of the interaction of the elec- 
trons, i.e. their exchange probatiility, we find l:)road continuous absorp- 
tion bands in the tiltraviolct and partly in the visil)le spectral regions 
for the metals, and very narrow bands, almost linos, for the crystals 
of the rare eartlis. This last result agrees well with our pictorial concept: 
the spectra of the rare earths result from transitions of electrons within 
the inner 4/ shell whicdi is shielded by the 5-quantum electrons (see 
Fig. 99) against exteimal influences. These energy bands, consequently, 
are broadened only slightly. The large number of these transitions is 
due to the fact that the selection rules which are valid for isolated atoms 
are made invalid l)y the external influence of the interatomic electric 
fields in the c.iystal (see page 129). 

Emission spectra of pure, ideal crystals can result from transitions of 
excited electrons from a normally unoccupied band to holes of a lower 
band, but tlu^se are very im])robable, sinc^e ihe requii-ement of equal 
A:-qiia.ntum luimlxu’s for th<^ exc*it,od (dectron and the hole in the nearly 
filled low(M‘ band is almost never fulfilled. We shall become acquainted 
with the details of this on page 470). 

7-9. Completely and Incompletely Occupied Energy Bands in 
Crystals. Electronic Conductors and Insulators 
According to the Energy Band Model 

Wo can use tla^ eiuu-gy band model of the (ayslal eUx'tronR to draw 
conclusions about. (h<^ (dectronic conductivity of crystals, conclusions 
whicli are as pictorially ch^ar as they arc important. Our aim is to 
giv(^ an atomistic* exi)lanat.ion of the fundanuuital dilTerc'ncc between 
metals and insulators. What are the' conditions which determine 
whether a crysl.al is a good (dcH’tronic con(lu(*t.or or an insulator? 

In order that electrics ebarge^ can be t-ninsportcxl through a ciystal 
by its (dexd-rons it is necc^ssaiy that, as a rcNsuli. of the' movement of 
(dectrons in the electric (iedd to the posit ives i)ol(*, (Ikm-c^ be an excess of 
elcx'trons on the positive side and a deficit on the* n(*galiv(‘ side. Now 
if the; highest hand ocoupicxl by electrons is (*ompl(dely filled, and if we 
disregard the ])ossil)ility of an elctciron jumping to a higher band (since 
this r(*(iuir(‘K very high hunixTa. lures or optical (‘x<*itation), then the 
accuimilat.ion of an (‘xcess of el(x*t.rons on oiu^ side* ol th(' crysttil is not 
possible'. Th(' migration of (dc'ctrons t.owanl one* side' of a crystal through 
a fully o(*(‘upi(‘d band is possible' only if sinuiltane'oiisly an eMpial number 
of edex'trons migrat-e'S toward the^ ot lu'i* side^ One* can understand that 
a unidire'ct ional migration of ede'ctrems in a lille'd band is impossible, 
because thci ekH*t-i*ons would have to take cMU'rgy from the field if they 
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are accelerated by it. Howev'er, there are no energy states available 
for these electrons of higher energy in a filled band. Thus, electron 
conduction is not possible in crystals with completely filled mergy bands. 
These crystals therefore are called electronic inmlatars. 

On the other hand, ij in a crystal the highest energy hand which con- 
tains electrons is not completely filled, then, according to the above state- 
ments, unidirectional migration of electrons is possible. Conseqicently, 
metallic conductors are characterized by the property that the highest of 
the occupied mergy bands is incompletely filled. 

How does this theoretical result agree with our empirical knowledge 
of the highest oc^ciipicd energy bands of the metals? According to our 
discussion on page 439, each energy band of a 
crystal consisting of N atoms has “room'' for 
2 N electrons, i.e., for two clc(‘trons per atom. 

According to the Pauli principle (page 1()9), 
each A* state can be occupied by two electrons 
with oppositely directed spin. We also know 
that the highest energy band of a crystal is 
occupied by the vn.len(^e elecd-rons of the con- 
stituent. atoms. C^mseciuently, it is clear that 
the monovahmt nuM.als ar(‘ (‘le(d.ri(‘al conductors, 
because they have only one (dectron per at.om in t.he highest energy 
hand, which thus is only half filled. However, according to this simplest 
concept, bivah'iit nud.als should he insulators, in (contrast to experience. 
Now in metals tlu^ int(‘ra(*tion of t.he eh^'-trons which determines the 
width of th(‘ir (‘luu’gy hands (and which, according t.o page 432, also 
causes t.he m(dalli(^ binding of t he at.oins in tlu*! crystal) often is so large 
that the upper (‘lUM'gy bands of t.he metals part.ially ovcuhip. SiiK^o the 
state t.o which t.he system Umds is always that of t.he smallest potential 
energy, t.he2A valenc(*el(M*trons will distribuU* th(‘inselvesin the manner 
shown in Fig. 2()(). In this (igun^ the hands are shown oiu^ beside the 
other. lnstea.d of compkdc'ly filling oiu^ hand and leaving the other un- 
filled, t.h(‘ 2N valenc(‘ eh'ct rons tluis fill both hands up t.o the same level. 
As a result of this overlapping of the higher bands in a crystal with large 
inleracUon between the electrons, the highest occupied bands of the bivalent 
rnetids arc not completely filled and these solids thus show the electronic 
conductivity which is character istic for metals. 

That th(‘ situation pn*s(Mit<*d Ikm-c is not only a hypot.hesis hut that 
it corresponds (‘xactly to n^'ility ha.s been shown by a very beautiful 
experiment, of Skinmu’. 'Vho experiment con(‘.(‘rns tla^ X-ray emission 
spectra of various nudals. W(^ know from page’s IHH t.ha.t. t.he lower 
electronic. st.at.(‘s in a crystal can Ix^ r(^gard(*d as sharp levcds be(^ausc of 



Fia. 206 . Overlapping of 
the liighcBt oconpied energy 
l>uiids of a bivalent metal 
and occupation of the two 
bands by electrons. For 
clarity the two bands are 
shown side by side. 
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the small disturbance of the innermost electrons of the atoms by the 
lattice. The X-ray lines of lighter elements which are emitted after 
ionizing an electron of the K shell (page 117), correspond to transitions 
from the upper broad energy band (so-called conduction band) to the 
K level which is very sharp in comparison. The width and intensity 
distribution of the emitted X-ray band thus gives us a direct picture of 
the width of the upper enei^y band and its electron population. Densi- 
tometer curves of these X-ray emission bands are shown in Fig. 207 for 
the monovalent lithium metal and the bivalent magnesium metal. 
Only half of a bdl-shaped, curve is clearly visible in the first case, and this is 



Fi<i. 207. DonHitoimilor rociordinKs of tlio X-ruy ciniHHion !>undH of ti nionovalont (Li) 
and a tiivalcnt inctiil (M«), hh ovidonco for t.ho correcM.noHH of (lio hand arraiiKomont in 
Mr aocordiuR to Kir. 2()(i. (, After Skinnrr.) 

pictorial cndcricc that the upper band of liflihini in onlf/ half-Jilled with 
dedronn. In the cane of the bivalent maijneniuni, on the other hand, it can 
be eanilfj recotjni^ed that the X-rajj eininnion band oru/inaten from the 
trannitionn from (avo partially occupied^ overlap piny eneryy bands to the 
same, lower state. "Plus is in c-ompk’ito with our diw.ussion 

given above. In a similar way t.lie eiuMgy bands of t.he alkali-halide 
crystals and thost’i of a nuinbor of oxide (oysitils have also been 
studied and itHXributed to definite electron t-ransit.ions. 

We (M)n(^lii(l<^ with ti remark about the teinperal.un^ dependence of 
the electronics conductivity. In the idc'al nonvibrat.iiig crystal, the 
cou])ling hcd.wcHni the elcM'troiiH in the c.onduciion hand and the lattice 
huilt up of thedr ions is very small and tlie (Conductivity is correspond- 
ingly large. Thc^ lattice vibrations tend to rcMlucu^ the cdcMd.ron mobility 
because^ th<^ cdcMd.rons coHide more often with ions and tire scattered 
irregultirly. As thc^ tiinplitude of the lattice vihnitions increases with 
inco’CMising tcMnperaturch tlie mignition of t.he cdcM't.rons through the 
c.ryst.}il is inhihitcMl t.o tin increasing extent, ''riic^ cdcM-tric^ lesistance of 
the mcd.als incrc’itisc^s wit.h incu-oasing tcnnpenit.un^, b(M*tiuse the cdcctrons 
must ‘Svork thedr wtiy” through a poteni.itil (iedd whicdi varies with 
respect, to spa(*(^ and time. The empirictil Itiw tu^c.ording to whic^h the 
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electronic conductivity at low temperatures is proportional to T~^ thus 
appears to be explainal)le in a qualitative way. On the other hand, 
a conduction phenomenon which cannot be satisfactorily explained 
from the theoretical point of view is that of supraconductivity. This 
is the remarkal)le effect that a large number of metals and metallic 
compounds seem to lose tlicir elcc^trical resistance completely in the 
vicinity of the absolute zero of temperature. Ac*.cording to Heisenberg, 
this phenomenon seems to be associated with a lattice-like arrangement 
(produced by elect.rostati(‘. repulsive forces) of those few high-energy 
conduction olec^trons which are not yet “frozen” in their lowest possible 
energy stat(is. 

7-10. The Potential Well Model of a Metal. Work Function, 
Thermionic Electron Emission, Field Emission, 

Contact Potential 

In our (lis(Missi<)n of solids and i)arti(Milarly of metals from the atom- 
istic viewpoint. \\i\ hav<^ iK^glecM-ed surface elT(M*l.s. W(^ shall now interest 
ourselves in t.hos(‘ ph<‘nom(MUi, and ('sspecitilly in the passag(^ of electrons 
through l.lu^ surface' hiyor of a (crystal ini.o fre^e^ space (vacuum or air) 
or into anotluM' nu'lal. 

In this r('sp(M*t. w<' must, tliinh' of Ihc rlrc/ronti in the condnelion band as 
bound not to the individuat lattice ions hat to the enjstal as a< whole and 
that, consequentln, for an electron to escape oat of the cri/stal, enerqij ninst 
be expended aqainst this binding force, 'Hk' (ui(*rgy reMpiirc'd l,o re^leasc^ 
an electron from i\. iik'IjiI into freu' space is (^n-lh'd th(' work function 4>. 

Thus th(' pote'iitinl e'lU'rgy of an electron is gn^ater in frc'e^ spaeu^ by 
the amount ‘I> tluin it is for the' (‘h'ctron in tlu' crystal. \V(' can represent 
this behavior l>y a })olentiaI curve' in the custeanary ina.nne'r anel thus 
e)l)t.ain the' pote'iit ial we'll mode'l of a nu'tal (Idg. 2()<S). In this represen- 
tation W(' are' e*e)ne*e*rne‘el e)nly with the epiasi-fre'e' e‘ondue^t.ie)n e'lead reals. 
Only the'ir e*ne'rgy le've*ls are', the're'lore', inelicate'el in Kig. 2()S. We^ S(ie' 
that tlie' |)e)t.e'ntia,l e)f a.n e*Ie‘e*t re)n at re^st. in the> int e'rior e)f the' me*t a.l (le)wcr 
eulge e)f the' e*ea\elue*thai banel) is smaller by a.n a.meaint. <I>() than it is 
eaitsiele' t he' me'taJ. IIe)wen'e'r, this pe)te'ntial dilTe're'nea' is ne)t. tlu' e^lleedive' 
wea’k fune*tie)n for the* re*le>ase‘ e)f an e'le'e'tnai frean lhe> ine'tal. The' 
ellee^t-ive^ weah fune*tie)n <1> is mue’h sma.lle‘r tluin ‘ho be'e-ause' lhe> e'lU'rgy 
leve>ls within the* pe)l,e*nl ial we‘11 are* lille'el by e'le'e’t.rons up t.e) a. benight 5. 
Ae*ce)reling to Ke‘rnii stat ist ie*s (page' 2tiS) e'le*e*tre)ns in the' higlu'st. states 
alre'aely have* a /e*re)-p<)int e‘ne*rgy e'epial le» d. 'bhe* e'lTe'e'tive* we)rk fune*,- 
tieai lor those* e*le*e‘t reais whie*h are* most. e*a.sily re‘le'ase*el frean the* me*t.al 
thereof e)re' is 

<!> - <l»„ - b (7-14) 
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The behavior described here holds exactly for absolute zero, whereas 
at higher temperatures there are always a certain number of electrons 
in higher, formerly unfilled states. 

The potential well model gives us a very pictorial explanation for 
the emission of electrons by an incandescent metal. It is clear that 
electrons with kinetic energies Ek > ^ can leave a metal spontaneously; 
in the classical picture they evaporate. In 1908, Richardson deduced 
from measurements a formula for the temperature dependence of the 
saturation current i which is obtained when the released electrons are 
drawn off by a sufficiently high electric field, 
m ( His result is the famous Richardson equation, 




(7-15) 


i 1 i4. is a constant of the metal which is theoreti- 

Fiq. 208 . Potential-well cally equal to 60 if the current density is com- 
model of a metal. $ = , , . j.- j. i* xu 

effective work function. amperes per square centimeter of the 

= work function for elec- incandescent surface. However, for the large 
state number of materials invcstiKated, the value of 

band. 5 = Fermi surface = A varies between 10“^ and 10^, if the value of 
Srons* high^t normal work function is used for O. This 

occupied electron levels. discrepancy is explained by the fa(*.t that actu- 
ally the work function 4> of dilTcrent materials 
changes in different ways with the temperature. However, (nistomarily 
the measurements are represented by the expression (7-15) with (constant 
but different A. The Richardson equation has been derived by 
Schottky, Dushman, and others from the classical theory, before the 
advent of the quantum theory, on the basis of a nomial evaporation of 
the electrons from the heated metal. 

Compared to the exponential term where 4> is the elTec^tive 

work function, the terai is rather unimportant. It. secerns clear 
that the electron current has to be proportional to the term 
because this quantity gives the fraction of the electrons whi(^h have at 
the temperature T the energy 4>. The quantum-mechanical derivation 
from the electron theory of metals leads to exac.tly the same eejuation. 

Since the work function <i> occurs in the exponent of Ric^hardson’s 
equation, a slight reduction in the work function causes a large increase 
in the number ot emitted electrons. The effective work functions for 
several technologically important metals are listed in Table 16. 


Table 16. The Work Function of Several MeUiltt 


Cs 

Bii 

Th 

W 

1.8 

2.1 

3.35 

4.5 
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We see that the variation in the work function corresponds to that 
of the ionization potential of the atoms forming? the metal. Cesium, 
for example, has the smallest work funcitioii and likewise the smallest 
ionization potential of all elements (see Table 2, page 30). This rela- 
tion might be expected from the (luantum theory, since the work Junc- 
tion (actually not 4>, but exm be regarded a,s the ionization energy of 
the atom lohen injiuenced by the crystal lattice. 

The strong dcp(mden(*,e of the thermionic*, ennission on the work func- 
tion is used widely in tecdinical applications. Since the cathode cannot 
be made of pure cesium, barium, or thorium for vai-ious technological 
reasons, tungsten, which can withstand high temperatures, is used. 
However, its work function is lowered by deposit.ing on it a layer of 
cesium or t.horium, monatomic, if possible, whi(*.li rc^sults in a large in- 
crease of the thermionic. elccti-on emission. In the lirst method, the 
tungsten cMlhode is operated in a rarefied cc^sium vapor atmosphere, by 
which a monatomic*, (esium layer is formcMl on thc^ tungst.en. To produce 
the thorium c'oating, in the manufa(*t.uring process the tungsten is mixed 
with thorium oxide and this is rcMluc*CMl by berating so that thc^ thorium 
difl’uses toward the* surfac-c*, thus producing a monai-omic. thorium layer 
on the tungst.(‘n. This Ihoriated tungsten cathode ha.s t.lu* grcvit advantage 
that it (*an be* usc*d in high vacuum. Surprisingly, by properly c*()a.ting 
the t.iingst(*n with Cs or a.toms, a work fiim'tion is obtainc^I which 
is only sliglitly high(*r than 0.7 or 2.0 cn*, rc\sp(M*tivc‘ly, and thus is 
nc)tic*c‘a.bly less than that of pure* m<'ta.Hi<^ ccNsium or thorium. This can 
be expla.in(*d i)y tlic* atomic^ thcMuy and is coiilirnusl by (^xp(u*im(*nt as 
Inung due to t he* fa.ct that the* (^s and 'Ph a.t.oins adsorbc*d on the* t-imgstcm 
surface* an* pola,riz(*d with the* positive* |)oI(‘ of thc^ i*(‘sidl.ing dipole* 
clireM'tcMl (e)wa.rd the* t.ungst,e*n surfa.e*c*. In (his way the* |)e)sit.ive e*lia.rge* 
is stremge*!* anel the* ne*ga.t.ive* e*le*e*tre)n e*le)uel le*ss lightly boimel than fe)r 
symine*t.rie*a.l binding. The* se‘pa.ra.tie)n an e*le*clre)n from this type* e)f 
aelse)i’be‘el atoms th(»re*fe)re* re*(|uire*s an anieamt^ e)f (‘ne*rgy sinalle*!' tha.n the* 
normal e'tTe*e*tiv(* work fune*tion. This phe*nome*non is an e*xe*e‘lle‘ut ex- 
ample* of the* atomistic e*xplanatie)n e)f e*ve*n ce)mpli<*a.le*d ele‘la,ils e)f a 
tc*chnie*ally imi)orta.nl. e*tTe*e*t.. 

Ane)the*r api)lication e)f the* me)ele»l e)f the* pote*nlia.l we*ll is the* lie*Iel 
emission of (‘l(*ctre)ns from e*e)ld me*ta.ls. It is tlie* phe*u()me*ne)n that at. 
elcMd.ric fi(‘ld str(*rjgths above* seune* million ve)lls p(*r e‘(*nt ime'te‘r e*le‘cl rons 
are emil.t(‘d from e*olel metals. Sue*h high lie*l(ls e)ccui* particularly n(*a.r 
sharp points e)f e‘le*ct rod(*s. 'Phe* e‘rfe*e‘t e)f lie*lel e*missi()n, t be‘re*fe)r(*, se*e*nis 
te) play an impoi’taiit re)le* lor the* initiatie)n of eM*i'tain t\’pe‘s of s|)ark 
discharge*s. 

If we* diseaiss tie*ld e*mission by me*ans of the* |)()te*!»t ial we*ll m(Kle*l, 
we have* to supe*rimpe)se* eai the* |)e)le*nlial of the* binding fore*e^s the 
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potential of the strong external electric field. The result is the dis- 
torted, asymmetrical shape of the potential well edges which is indicated 
in Fig. 209. Such a potential distribution implies that the potential 
of an electron on the positive side of the field outside the metal would 
be smaller than inside the metal. Therefore, electrons can penetrate 
the potential wall (tunnel effect) at the place indicated by the dotted 
line and escape into free space. It should be noticed that this explana- 
tion of field emission corresponds closely to the explanation of the 
preionization of atoms (page 186) by a distortion of the potential curve 
and tunnel effect. Since, according to page 236, the penetration prob- 
ability increases with decreasing 
height and width of the potential 
wall to be penetrated, one can draw 
three interesting conclusions. First, 
the field emission should increase 
greatly with increasing field strength 
because, as a result of distorting the 
edge, the width of the potential wall 
is reduced. Second, with increasing 
temperatures the number of escap- 
ing electrons should incu*case because 
the electrons in the higher states (bands) in the potential well have lower 
and thinner potential walls to penetrate (transition to thermionic emis- 
sion). Third, similar to the case of thermionic emission, the field emission 
should increase strongly, or begin at lower field strengths, if the effective 
work function (i.e., the height of the potential wall to be ponel.rated) is 
reduced by suitable adsorbed layers on the cathode surface. 

The increase of field emission with increasing temperature does not 
seem to be of particular interest and has not been mejisured. The 
increase with increasing field strength has been measured and found to 
be in agreement with the expectation: the field emission increases 
exponentially with the field strength. Ilclialdc ciiuintitative measure- 
ments are difficult, because adsorbed surface layers and microscopic, 
irregularities cause deviations from the expe(‘.te(l bcha\'ior. For in- 
stance, for thoriated tungsten, an appreciable field emission has been 
found for fields of 1 million volts/cm, though theoi'eti(‘ally field emission 
was not expected below 10^ volts/cm. However, can^ful removal of all 
surface layers and consequent outgassing of the electrodci surfa(‘.e led 
to a decrease of the field emission. The remaining (lis(‘.rei)an(‘.y seems 
to be due to the fact that the actual field strength near mi(U’oscc)pi(*. 
peaks of the surface is larger than the computed one. C^ondiisive proof 
for this has been recently found by electron-microscope measurements 



Fig. 209. Distortion of the potential 
wall in a strong electric field. This 
makes possible the field emission of 
electrons from the metal by way of the 
tunnel effect (dotted arrow). 



ATOMIC PHYSICS OP THE LIQUID AND SOLID STATE 449 


of emitting metal points. The field emission of cold metals here actu- 
ally was found to begin at 3 X 10^ volts/cm. 

As a last example for the application of the potential well model we 
discuss the contact potential l)etween two different metals. Two metals 
may be brought into (*onta(^t and then slightly separated. Between 
them, we can then mc^asin’c a potential dilTei-ciK^e, the contact voltage. 
Each of the metals may be characterized by a potential well with 
different values of 4^, 45, and 5 (Fig. 210). If the two metals are in 
contact, they have the same potciiitial. This mcnins that electrons 
would flow from one to the other, until both el('(*t,r()ii surfaces have the 
same height, as it is indicated in Fig. 210. Ilowcwer, now an electron 
at the surfac^e of metal II has a higher 
potential energy than oik^ at the surface 
of metal I, because l.he work function of 
metal II in our examples is largcu* than 
that of metal I. Th(^ dilTerc^nc^e of the 
potential energic^s of thcs(>^ <‘l(M*trons is 
just the potc^ntinl diHenMicc^ IxM.wcuui the 
two surfaces, i.(\, th(‘ contacdr voltages 
Its value is (^vidc^ntly (MjUfil to tlKMliller- 
enco of the eff<M*tiv(^ work functions of (he two incdn-ls. This c.<)nt.a(4» 
voltage exists also IxM-wc'cmi iJi<^ twosc^paratcul medals. Hex^ause of the dif- 
ercnceof th(‘ work fuiud ions, morcM'hx'trons will hxive them(d.al I than II, 
until tlie two inc'tals hav(‘ a. poUxd.ial diff(a-(*n(*e which prevcxits further 
electron curnait. Again wc*; arrives at the r(‘sult thaX th(^ (X)nta(di voltage 
is4>i minus 4>n. This (h(*or(d.i<*al rc'sult is in agnxunent with (‘xpca-inuait, 
provided that th(» mea.su nancait-s ar<» ina.d(^ with c^xtreanedy ehxui and 
outgassed nudal surfa.c(‘s. In most cascss, surfaca^ la.y<M*s of various 
kinds caus<‘ c()mprK*a,lions. It is obvious that, convea'sedy, th(‘ cdTcxd. of 
such surfa.c(* lay(‘rs, loose* eonta.<*ls, (d.c., ea.n lx* studical l)y incxiris of 
analogous consid(‘ra lions with pol<*nl.ia.l w(‘ll mod(*ls. This has been 
done succ(*ssfully and is of inl(‘rest for <d(*c(rica.l (*ngine(*ring. 

7-11. Ferromagnetism as a Crystal Property 

Ferr()magn(*l ism is oix* of llu* crystal prop(*rl.i(*s wliich has he<m 
explaiiK'd by (luanlum iix'chanies. That it- is actually <i propcrtif of I hr 
crijalal ami not of I hr siiajlr alotos follows from t-lu* fa.ct that, for <*xanipl<*, 
iron vapor or iron com|)ounds do not. <‘\hibit. f(‘rroina.gn(‘t ism (sex* page 
152), wh(‘r(*a.s tlx* Il(‘usl(*r alloys fon!H*<l from tin* nonlerrous itu't.als 
co])per, mangan(‘S(‘, and aluminum an* lerromagix*! ic. Mor<*ov(*r, c(*r- 
tain unina.gix‘lic crystals can he ma.<l(* f(*ri’oma.gn(*tic just by changing 
their la,ttic<* st ruct ur(*s. 
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Kio. 210. Mxpliuiat.ion of the eon* 


tn<X. polotiUal hotwooii two <lilTi»rent: 
(iuX.ii1h 1 tiiul 11. 
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The most remarkable property of ferromagnetic materials is that even 
a very small external magnetic field produces a large magnetization. 
Moreover, the magnetization does not increase steadily by increasing 
the field. A large-scale picture of the hysteresis curve (Fig. 211) shows 
that the magnetization increases in discontinuous steps, the so-called 
Barkhausen steps. This stepwise, large increase of the magnetization 
under the influence of a comparatively weak extemal magnetic field 
can be explained only by the assumption that even without an extemal 

field entire crystal domains are mag- 
netized {spontaneous magnetization) 
and that the magnetic field only 
serves to overcome the resistance, 
which prevents the instantaneous 
orientation of the magnetic domains 
in the direction of the external field. 
How can we explain this strong 
spontaneous magnetization of 
whole regions in a ferromagnetic 
substance even without an extemal 
field? It can only result from the 
parallel orientation of the magnetic 
moments of all or almost all (ion- 
duction electrons of the highest 
occupied band in the individual 
domains in the metal under con- 
sideration. N ormally , acc.ording 
to page 439, each state, characterized by the (luantum number A*, of 
the highest energy band is occupied by 2 electrons. Ac,(U)rdiiig to 
the Pauli principle (page 169) these two elec^trons must have opposite 
spins so that their magnetic moments compensate each ot.luu*. Now if 
all magnetic moments are oriented in the same sense, then onvh h state 
can be occupied by only one electron. Them for the same number of 
electrons twice as many A* states are required as in tlu^ nonferromagiietic*. 
case. This number of A states is available in metals, bec^ause their high- 
est energy bands are generally only half-filled (pagt^ 443). However, 
the electrons must, on the average, now ocuuipy higher k stakes of the 
conduction band than normally, so that their average zei'o-point energy 
is highei too. Now such a spin orientation can o(*(uir spontiineously 
only if energy is gained in the process. This means that- the* energy 
gain due to the parallel orientation of the spin momenta must o\'ei*(*.()m- 
pensate the increase in the average zero-point energy of the conduction 
electrons. 



Fiu. 211. Magnetization curve with Bark- 
hausen steps. {After Becker and Ddring.) 
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The answer to the problem of how a parallel orientation of the spin 
momenta can occur and lead to a lower potential energy of the system 
than the normal state of antiparallel spin momenta, was given by 
Heisenberg in a famous application of quantum mechanics. According 
to page 23 J, the energy of interaction of two electrons 1 and 2 which 
may belong to the ions a and />, consists of an electrostatic part 
w^hich is independent of the spin orientation, and the exc.hange energy 
which depends on the mutual spin orientation. It is positive or negative 
depending on whethei* the ex(^luingc integral 

A ^ ( 7 - - - - 7 - + (7-16) 

J Vah r„2 rbi ri,2/ 

is positive or negative. Thus, if thift exchange integral of the eigen- 
functiom of elrefrona with spin in the same dircetion is positive, then this 
ferromagnetic state of the eri/stal is energetical ly wore famrahte than the 
nonmagyietie state with compensatiug magnetic moments. From (7-16) it 
can be seen that -1 will be positiv(^ if the average dist.an<H> between the 
two interacting (‘h^ctrons, ri, 2 , is small and the distance's betweeai the 
nuclei and el(M*t.rons n ,2 and are large. Accordingly wcf expeed., aft.er 
Slater, a spontaneous orunitation of the spin moments of t,he (pausi- 
free electrons in Ji crystal, if two conditions niv fullilled: 

1. The atoms forming t-h(^ crystal must, not have (dos(‘<l shells, so 
that the spin monunta of the (‘xt.(M-nal (hadrons a.r(‘ not mutually 
compemsated. Kurth(M*mor(% tlu'se (hadrons should (xaaipy a states of 
high orbitid (lua-ntum iiumlxM- in which tJu^ ehaMrons tivo relatively 
far from tluar luah'i. 

2. Th(‘ radius of tli(‘ (d(*(d.ron sladl must. b(‘ small cornpa-red to the 
latti(^<^ distance', since only th(‘n th<' integral ov('r lh(' |)r()du<d. of the 
(hMd.ron eigeaifunctions dividc'd by ri.a has a large* vaha*. 

(condition 1 is fullillc'd for all transition m(da,ls in t.he* p(*riodi(^ t.a.l)l(*, 
wher(*as condition 2 holds oidy for tin* rare* (*a.rths and the* group, iron, 
cobalt, and nick(*l. Thougli tin* e'xchange* inte*gra.l is positive for the 
rare e^arths, its vaha* is so small that. (*v(*n a. slight th(*rma.l agitation is 
able* to count(*ra<d the* spontane*ous orie*n(a.t ior» of the* spin magne*ts in 
the* crystal, dhe* crystals of the* ra.re*-e*arth e*l(*me*nt.s thus are fe*rro- 
magnedic oidy in the* la'ighborhood of absolute* ze*re). The*ir (\irie* 
points, abe)ve‘ whieh ihe'ir iVrremiagne't ism disappe‘a.rs, is fa.r b(*le)W 
room t(*mpe‘rature‘. Only lor the* me*ta.ls irorj, e*oba.ll, a.ml nicke*! is the 
exchange* inte*gral large* e*ne)Ugh te) e*a.use» a ve*ry stable* speait ane*e)us e)rie*n- 
tation of the* spin mona*nta. Only the*se‘ me*tals I he're'lbre* an* fe*rre)- 
mague*tic up te) the‘ir fairly high Curie* points of 3()0 to lOOtKd’. Figure* 
212 shows the vaha* of the e*xe*hang(* inte‘gral .1 (7-16) with its ele*[)e*!al- 
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ence on the ratio of the interatomic distance to the radius of the unclosed 
electron shell. This explanation of ferromagnetism by the atomic 
theory is confirmed by the fact that ferromagnetism can be produced 
by increasing the lattice distance of the nonmagnetic- metal manganese. 
According to Fig. 212, its exchange integral is only slightly negative 
and becomes positive if we increase the interatomic distance by in- 
corporating nitrogen, i.e., by converting the metal to manganese nitride. 

A detailed discussion of the behavior of the various modifications 
(lattice structures) of iron by Dehlinger revealed that apparently not 
only the exchange energy between an atom and its immediate neighbors 



Fig. 212. Curve giving the value of the exchange int-ogral (which determines ferromag- 
netism and Curie point) for a number of ferromagnetic or nearly ferromagnetic metals as 
a function of the ratio of interatomic distance to the radius of 1-he iii(H)mpleto electron 
shell. (.After Becker and Ddring.) 

is of importance. Because the outer electrons of metals are not well 
localized (see page 432) or, in other words, bc(*.auso the eigenfunctions 
are extended over the volume of many atoms, tlu*: interaction between 
a particular atom and its more distant neighbors has to be taken into 
account and may determine whether, in a parti(*.iilar (‘.ase, parallel 
spins are to be expected or not. Consequently, a parallel orientation of 
the spin momenta of the conduction electrons, and thus ferromagnetism, 
is to be expected if the exchange integral obtained by summing the 
exchange integrals between an arbitrary atom and all other atoms of 
the lattice is positive. With this refinement not only the magnetics 
behavior of the various modifications of iron can be understood, but also 
the complicated behavior of the many magnetic alloys which have been 
discovered in the past 20 years. 

The spontaneous magnetization (without an external field) of (hu- 
tain crystals can thus be understood on the basis of the atomic*. th(M)ry. 
That a piece of iron in general is not magnetic without an external field, 
is due to the fact that this spontaneous magnetization occurs only in 
small crystal domains of 100 to 10,000 atoms diametc^r, and l.hcsc 
elementary domains are usually oriented completely at random in the 
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crystal. An external magnetic field is thus required in order to orien- 
tate the domains. That such an orientation is possible means that 
these elementary domains can i)e rotated in tlic solid crystal though 
they offer some resistance against, an arbitraiy rotation. This peculiar 
crystal property has been studied carefully by measuring the hysteresis 
curves of single (crystals of iron. For those studies the external mag- 
netic field was directed along an edge, along a surfac^e diagonal or the 
volume diagonal of the cubic^ iron crystal. Figure 213 shows the results. 
If the magnetic field a(d.ed along a 
cube edge (100), the magiKdlzation 
increased rapidly witli inci-easing 
orienting field to the sat.u ration 
value Ms. lOvidently only a very 
small orienting for(*e is sufficient, t.o 
turn the spontaneously magiud.ized 
domains in thedircMd ion of t he cube 
edge. If the direc^tion of t.hc' li<‘ld 
coincided with a surfac<^ dia.gonal 
(UO), tlie inagiK'tizatlon incr(\‘is(‘d 
rapidly up to (he vahu' ' v'^2, a.n<l 
with the field in the dir(M*tion of t he' 
cube diagonal (111), up i()(b(‘ valu(‘ 
il/«/v/3. It th(‘n rose' slowly to th(‘ 
satura-tion vahi<‘ 'riiis b(*ha.vior 
is understandabl(‘ if it is assunu'd 
that all spontaiKMMisly inagiK't ized <lonia.ins do not oiler a.ny appnM-.iable 
resistaiKH* against b<*ing rotalcMl in (luMlin'ct.ion of thc'culx'! (xlge <*Iosest 
to the fi(^ld dinx'lion, but (ha.(. it nxpiinss nion^ fo^c(^ to turn the spins 
from this pn'lVrn'd dinx'tion int.o (h(‘a.ct.ual fiM^ld <lir(x*tion. After the 
externa.1 li(‘ld has Ixx'u r(*inov(Ml, th(^ domains will r(X)ri(‘nt themsedves in 
the direct ion of tlx* ik an^st. cube <Mlg(‘a.n<l will r<Mna.in tlxM’c^ if t.tu^ tb(M*maI 
agitation is not. t<x) gi'(*a(.. 'Fhis is the (explanation of t.he W(dl-known 
remanent. ma,gn<‘tism. 

For th<‘ usual polycrystalliiue iron, a.nd part i(*ula.iiy for iron as it. is 
treated in many manufa.cturing pnxxessc's, (Ik* lx*l\a.vior is much more 
C()inpli(*a.t(‘d than for singh* crystals, d'his is cbi(‘fly lx‘ca.us(‘ t,h(* inncM* 
str(*ss(^s produ(*(‘d in working tin* iron give* l•is<‘ to pr(‘f(*rr(‘d dircictions 
of orientation for tlx* domains. IIow(*v(*i\ <‘\‘<‘n h(*r(‘ (.h<* compliciat.ced 
phen()m(‘na. of Icrromagm’t ism can lx* und(‘rst(xxl in prim^iple from t.he 
well-known rul(‘S of atomic physics. 

K(MX‘nt.ly tlx* int(*rcsting (|U(*stion has b(‘(*n studi(xl how large a l^V 
microcrystal must, lx* in ord(*r to (*xhibit. f(*rroma.gn(*tism (in (‘ontrast 





I*' 1 ( 1 . 21 a. MiiKiuMiKatioii (mii'voh of an iron 
HinKl(‘ cr.vHtiil for oricMiliil ion of Uio (iold in 
(lilTonMJl cr.VHliil dircM'lioiiH. {A fin' Hotuia 
ami Kaj/a.) 




454 


ATOMIC PHYSICS 


to the Fe atom). According to the experiments of Konig the micro- 
crystal must have at least 64 elementary cells (page 425). If the surface 
atoms which are not essential for the spin orientation are disregarded, 
this number reduces to 8, i.e., to a body which also seems to play a 
special role as a crystal seed. Here we have apparently arrived at the 
borderline between atomic complexes and solid bodies, i.e., micro- 
crystals. 

One more important property of metals should be mentioned at this 
point, though it cannot yet be explained by atomic physics: supror 
conductivity (page 445). This strange effect also depends on a special 
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Fig. 214, Positive interstitial ions and vacant lattice places in an ionic cryatal: Frenkel 
defects. 

electron orientation and apparently, just as fon-omagiu'tism, is possible 
only in certain crystal lattices. It seems that, b(H*aiise of a spocuiil ^^-lon- 
figuration,*' the conduction electrons can move through the supra- 
conducting metallic lattice practically without any i*esistance. Since 
there is no satisfactory atomic explanation for this impoi'tant and 
highly interesting phenomenon, we have not devoted a special se(dh)n 
to it, but only mention it in concluding the discuission of fern )miign(d ism 
which also depends on a special electron orientat-ion in certain (uyst.al 
lattices. 

7-12. Lattice Defects and Their Bearing on Diffusion and 
Ionic Conduction in Crystals 

Ferromagnetism and supraconductivity sccmh to l)(^ stru(d.ure-s(‘nsit ive 
properties (see page 422) in so far as a particular lattice is ncc.essary for 
these phenomena. We shall now discuss those properties of solids 
which, like diffusion and ionic conductivity, depend essentially on 
lattice defects. In an ideal crystal each constituent is in its own poten- 
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tial trough and any migration of a particde — for example, the exchange 
in the location of two particles (atoms, ions, or molecules according to 
the lattice type, page 423) in the case of spontaneous diffusion — requires 
energy in order to overcome the potential wall. Spontaneous diffusion 
therefore is strongly temperature dependent. Because it increases 
exponentially witli the temperature, it is difficult to observe at room 
temperature. 

According to ptige 422, each real crystal has a large number of lattice 
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defects, su(*li as vacant lattice^ placets which would normally be ociaiph^l 
by a constiiiuMii, and lh(‘ so-calh'd iiitiTstitial ions. During tli<‘ growth 
of the cryslal, according lo Kig. 2M, a normal latl ic<^ ion can ''(UTOiie- 
ously” b(‘ “IVozim” in an inlm-stitial plac(% i.<\, il. did not gcd. into its 
right pollen! ial (rough bul., by (h'forinaiion of tlu' crystal, has made 
a placid for ilsi'lf in (Ik* n(*igld)oi*hoo<l of tin* correct, places. By this 
process (ben^ is produc(*d in (Ik* crystal an (*mp(y i)la.c(Nind an inU*rst.itial 
ion. This typi* of delect is call(*d a ErvnLrl (/rjerf. Also during crystal 
growth or by subs(*(iu(*nt migra.tion, ions of both signs (sinc(^ the (U’ystal 
is (*le(*(.ri<rally n(*utra.l) may have conn* to (he crysta.l surfaci*; <uuply 
places t.h(‘n r(*ina.in in (h<* crystal (Fig. 215). 'riK*s(* d(*f<M*t.s are called 
SchoUku (h'Jirt^. Both (yp<*s of (l(*f(*ct.s (*na.bl(* lattici^ const.itiKUit.s t.o 
hav(^ a much gr(*a((*r mobility, since* with tnttiev holt's the dijfusion can 
pmjrcss sfrpirisc lhrou(/h Ihc lattice holes. 'Phis is ca.lh*d hole diffusion, 
and the proc(*ss is ca.ll(*d defect conduction. Obviously much l(*ss act.iva- 
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tion energy is required for hole migration or the motion of interstitial 
ions than for an exchange of normal ions in a lattice. Since the number 
of lattice defects depends on the incidentally more or less regular crystal 
growth and its later treatment (heating, mechanical stress, etc.), the 
defect diffusion varies greatly between different samples of the same type 
of crystal. This behavior is in contrast to the characteristic high temper- 
ature diffusion mentioned above, which is independent of lattice defects. 

The study of the diffusion of atoms or ions in their o^vn crystal, for 
instance of lead atoms in lead metal, has become possible, as mentioned 
on page 309, by the radioactive tracer method (diffusion of radioactive 
atoms or ions). The diffusion of two solid materials into each other, 
when in contact, e.g., that of silver into gold and conversely, is one of 
the migration phenomena which is easier to study. At low temper- 
atures the diffusion in solids is exclusively due to vacant lattice places 
and interstitial atoms. However, it is obvious that this migration 
process is also strongly temperature-dependent. With increasing tem- 
perature higher and higher lattice vibrations arc excited and lead to a 
'loosening up” of the lattice which facilitates the migration of lattice 
constituents. It is, finally, understandable that the vedoedty of diffusion 
of one solid into another is the larger, the less the dilTeroncc in the diame- 
ters of the two kinds of atoms. An occasionally very high concentration 
of lattice defects plays an essential role in the somi(*ondu(*.t()rs and phos- 
phors which we shall discuss in detail later. In these (crystals, either 
one of the lattice constituents is present in excioss (e.g., Zn in ZnO), 
or foreign atoms are introduced into the lattice (so-calh^l impurity- 
activated crystals). In both cases we find interstitial atoms as well as 
lattice vacancies. 

It is evident that gas atoms or ions can also diffuse into solids. The 
diffusion of hydrogen through palladium and iron, to (^it.e only two 
prominent examples, is well known to gas dis(tharge physicists. 

The great importance of diffusion processes for the pra(‘l.ical use of 
metals becomes apparent from the example of misting of iron. As soon 
as metallic iron is covered by a layer of rust, it is no longer possible for 
oxygen or OH radicals to attack the metal since tliis is now protocd.ed by 
a layer of another solid, rust. Further lustiiig is possible only by dilTu- 
sion of either oxygen or metal through the crystalliiu^ layer of mist. 
Because of the smaller radii of the positive ions it scuuns that the diffu- 
sion of the iron ions to the surface of the mist layei* is more important 
than the reverse diffusion of oxygen. The number of similar examples 
can be increased arbitrarily. 

We have not taken into consideration up to now tliat the lattice 
constituents of an ionic lattice are ions of opposite polarity. Thus, if 
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we apply tin electric field to an ionic ciyatal, its ions migrate to the 
electrodes of opposite sign, so that ionic (Jiystals exliibit an electric 
conductivity which is ionic just as is the condu(d,ivity in electrolytic 
solutions. It is obvious lliat this ionic condiu'tivity has nothing to do 
with the migration of electrons and the (‘-orrosponding electronic con- 
ductivity in certain crystals (semiconductors) which wc shall discuss 
later, l^ecaiise the ionic conductivity depends on the migration of 
lattice ions, we have the empirically w(dl known nc'gativc temperature 
coefficient, of resistan(^e of ionic crystals: the rc'sisi.ancc decreases with 
increasing temperai.iire, be(*ausc the lattice loosens up. At low temper- 
atures the ionic conductivity is stronyly structurc-<lvpcndeni, and the 
migration occurs almost (wclusmiy via the vacancies and interstitial 
lattice places. At high temperatures, on the other hand, the structure 
dependency vanishes and, because of the loosening of the lattice, the ions 
migrate by exchanging places in the lattice. 

That the ionic* conductivity in(‘reas(^s exponenihilly wit.h the temper- 
ature is to be (‘xp<M‘t.<‘(l for nn ex(*hang(^ of pla(*(\s by ov(u*(M)ining potential 
walls. For a particular sa.nipl(‘ of a Na( -1 crystal, acc^ording to Hmckal, 
the conductivity c<)ul<I lx* r(*pr(‘seul.e<l by tlu^ formula 

^ ^ 0 p. i(MM)o.r .p j()(v.-2.i.(K)()/r (7., 7) 

The ditTerence ia th(‘ onb'i* of i!iagnil.ud<‘ of tlw^ const.ants, 0.1 and 10”, 
shows that only tb(» \{Y part of th(‘ la.tti(*e (*.onstitu(ait.s pa.rticipates in 
the con<lu<*tivity r('|)r(\s<‘nt('(l by tlu^ first. t<Tin. This t.(a*m (auiseciuently 
describ(\s tb(* (M)n(luct ivity diu* t-o lat tic(Ml(‘f(‘cts. Tla^ s(M*on(l term repre- 
sents the conductivity n'sulting from tlu^ migration of normal lattices 
ions. In a.gr(H‘m(‘nl with this (‘x|)Ia.na.tion tin* activation (uu'rgy of t.lie 
defect conduction is only 10 j)(u* c(*nt of that of t.b<‘ S(‘cond t.(u*m (10, ()()() 
to 24, ()()()). d1i(* av(M-ag(^ h<*igbt. of tlu^ j)o(.cnl.ial walls for both pro<^ess(\s 
is 0.8 and 2.0 (*v, r(‘sp(*ctiv(*ly. H(M*a.us(‘ of tlu' small height of the poUui- 
tial wall (a,ctiva.lion (‘laa-gy) in (he <‘xpon(‘ul, th(* first t(‘rm of l.h<^ c.on- 
(luctiviiy formula |)r(‘doininai(NS a.l low t(Mup(‘ra.tur(\s in spil.(‘ of t.h<^ 
small miin(‘rica,l factor, wh(*r<*a.s af. high t(*inp(M*a.tur(‘S tli(^ s(a*ond Utih, 
because^ of its large* fa.clor, pr(‘donrma.U*s. Sin(*(‘, in th(* g(*n(*ral (^ase, 
holes, int.(‘rs( it ia,I ions, and normal ions of both signs contribnU^ t.o the 
conductivity, llu* (.(*mp(*ra,lur(* d(*|)(*nd(*nc(* of tin* <*()nduc( ivity of ionic 
crystals should lx* n*pn*s<*n((‘d by a. formula willi four l(*rms. lVa.cti- 
cally, ln)W(*v<*r, it. <*a.n lx* r<*|)?*<*s(*iil(*<l by two t(*rms. H(*ca.us(’i of the 
(lifTereiit activation (*n<*rgi(*s of (In* various partners and tin* liniil.cd 
temperature r(*gious in which it is feasihh* to ma.k(* m(‘asur(‘m(*n(s, 
only two terms j)la.y an ini|)<)rtant rol<*, unl(*ss the a.ccuracy of (In* in(*as- 
urements is incr(*as<*d c<)nsid(*ral)ly. 
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7-13. Light Absorption and Electron Motion in Halide Crystals. 

The Primary Photographic Process 

In the last section we were concerned with the movement of lattice 
constituents as well as of foreign atoms or ions in the crystal lattice and 
learned of the decisive influence of lattice defects on this migration. 
We shall now discuss the effect of light on ionic crystals, and here we 
shall deal for the first time with the migration of electrons in nonmetallic 
crystals. The fundamental investigations on the effo(‘.t of light on ionic 
crystals were carried out by Pohl, Hilsch, and coworkers on “colored” 
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Fig. 216, Schematic representation of the probable nature of F and F' centers in colored 
alkali-halide crystals: one or two electrons in the lattice place of a inisHing negative ion. 

alkali-halide crystals. In addition to their general interest, they are 
important for understanding the fundamental processes of i)hotography. 

If transparent alkali-halide crystals are irradiated with suffi(dently 
short ultraviolet light, with X- or cathode rays, or if they are heated in 
the vapors of their characteristic metals (e.g., NaCl in Na vapor), the 
crystals become colored. The characteristic color for each (uyst.al 
varies, for instance, from yellow for LiCl to blue for CsCU. The absorp- 
tion band corresponding to this color, which is missing in the iint.rc^ated 
crystal, has been called the F band (Farb band or color baud) by Fold. 
The corresponding absorbing centers are called F (‘.enters. Ft. rcxpiii’CMl 
many years of intensive studies to explain the nature of these F (‘ent(U’s, 
and it is not possible to present here all the experiments whicli support, 
the presently accepted explanation. According to our pn^semt- knowl- 
edge, an F center is not, as was formerly believed, simply a mcd.al at.om 
produced by attaching a free electron to an arbitrary metal ion of the 
lattice. An F center seems to consist of an electron which has taken the 
plcLce of a missing negative halogen ion {Fig. 216) and then, as a non- 
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localized electron {page Jt-ld), alternatingly forms aji absorbing Na atom 
with each of the six surrounding Na ions. Its excitation energy of about 
3 volts, as computed by wave mechanics, agrees well with the wave- 
length of its absorption band. To ionize an F center, i.e., to release the 
electron from its potential well, an energy about 0.1 volt higher than its 
excitation energy is required. The following experiment is in agreement 
with this result: If a colored (ji-ystal at a sufficiently low temperature is 
irradiated with the wavelength of its absorption 
band, then the F electron excited l)y the absorp- 
tion remains bound to its place and the ciystal 
thus remains an insulator. On the other hand, 
at elevated temperatures the energy lacking for 
the complet.e rek^jise of the F ek^c^tron is supplied 
by the thermal vibrations of the lattice and the 
F electron is raised to the pre\'iously unoc(‘.iipied 
conduction biind. Here, as a fn^e elec'.tron, it is 
responsible for eletd-ronic conductivity if an elec- 
tric field is a])plied to th(^ (*rystal (Fig. 217); the 
ciystal exhibits ‘^phoi.oi^k'cirk^ coiuluctivity.” 

Pohl furtluu’inore found that the (lesl-ruetion 
of F centers by irradiating in the F band at. not 
too low tenqxu-atures produced not only the ex- 
pected reduction of the al)sorption intensity of 
tlie F band, but also the a.pp(‘aranc(^ of a n(‘W 
longer wave al)son)ti<)n band which he called A"' 
baud. The natures of lli(‘S(^ F^ c(uit('rs which arc 
responsible for this longwave^ a))Sorpti()n has 
been explaiiu^d in t.h(‘ following way: the F' 
center is supposed to he an F renter that has eaptured an additional electron 
(Fig. SHI), or, in other leords, two instead of one elerlron in the. place of 
one 7 nissin.(j Cl ion. d'ln^ al)S()rption of tlu^ F' bands lies at. longer 
wavelengths than that, of tlu' F ba.nds, Ix^cause it nxpiiix^s only a small 
amount of eiXM’gy to separates tlx^ loosely bound s(XM)n(l ekx^t.ron. The 
fonnation of F' c(*nters according to th(^ prescad, (explanation sexans 
ck*ar: an F (‘k^ct.ron, nh'ascd from its potcadial trough by the absorp- 
tion of light, with th(e coop(*ra,l ion of the t.h(‘nnal la.ttice energy, is cap- 
tured l)y anotlxM- F c(‘nt(‘r which is th(*n transfornuMl into an F' (Had.er. 
In agnMumad with this (‘xphination, two F (xadca's arc destroyed for 
('ach (luantum absorlx^d in an F band (ciuantuin yi(‘ld 2). (Ine is de- 
stroyed dinx't.ly l)y absoiption a.nd oix» is transfornuxl into an F' (Had.er. 
The facd. that, tlx^ in(»an fnx* pat.hs of the photcx^ka't.rons releas(xl from 
the F centers is inv(a*s(‘ly proportional to the density of F centers is 
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Fia. 217. Diagram of 
the Pohl oxporiinont for 
iho olo<a.nc meiiBuroment 
of Uu5 eUx'.iron migration 
in a oolorod KH KUr 
inixod (M'.vHtal. By ullni- 
violot. irradiiiiion olec- 
troDH aru lilKO'atod and 
inigraio in (lio oloctric 
field from ono vaeant 
negative hole to tlie other 
toward the nnodo, thuH 
eHtahliHhing an eleetrie 
cuiiveetion current. 
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further direct confirmation of the explanation of the F centers as pre- 
sented here. Furthermore, in general it is not possible to produce more 
than 10^® F centers per cubic centimeter in a crystal. This is further 
evidence in favor of the present theory, l3e(*.ause in general it is not 
possible to form more F centers than there are Cl“ vacancies. Conse- 
quently, the production of F centers consists in the introduction of free 
electrons into the halogen vacancies in the lattice. The free electrons are 
produced by the absorption of ultraviolet light or X-rays or by collisions 
of cathode-ray electrons. If the coloration is pro- 
duced by heating the crystal in metal vapor, the 
metal ions attach themselves to the crystal surface 
(together with halogen ions which migrate outward 
and thus produce vacant lattice places), while only 
their electrons migrate into the crystal. That actu- 
ally an electron migration into the crystal produces 
the F centers, and thus the coloration, was shown by 
Pohl in his famous electri(*.al experiment. If a poten- 
tial difference of several hundred volts is put across 
a completely transparent KBr crystal and the lattice 
^'loosened” by raising the temperature to 400 to 
600°C, then electrons migrate from thc^ negative 
electrode into the crystal and fall into Br ' vaciincies, 
thus producing absorbing F centcM’S. A blue cloud 
can be seen moving into the crystal, which can be 
moved back and forth as the polarity of the electric- 
field is reversed (Fig. 218). Pohl calkul this produc- 
tion of F centers by introducing electrons into the (uystal additive 
coloration^' in contrast to the coloration of crystals by irradiating them 
with X-rays. In this last case the electrons can return to their oi-iginal 
places when the crystal is heated or irradiated wilh visible light. The 
crystal can be bleached, in contrast to an addiliveUj colored crystal. All 
these experiments with alkali-halide crystals have not only revealed a 
number of interesting processes in solids but they have also c-learly 
shown that lattice defects are of decisive importance for the effects of light 
on ionic crystals and the behavior of electrons in such crystals. 

The same situation holds for the basic atomic. pro(*.esses of photog- 
raphy which are so complicated because of this structures dc^pendenc.y. 
Free electrons are primarily produced by absorption of light in the 
AgBr microcrystals of the photographic emulsion just as in the alkali- 
halide crystals. After filling the lattice vacancies, theses ele(*.trons at;ta(*.h 
themselves to Ag+ ions and form absorbing Ag atoms. ^Fhe (huusive 
but not yet entirely understood process is now that the individual Ag 



Fig. 218. Pohl’s 
experiment by which 
the migration of 
electrons in an al- 
kali-haUde crystal is 
made visible. At 
600®C the electrons 
in a KBr crystal 
migrate so quickly 
toward the positive 
pole that the rear 
boundary of the 
“ blue cloud ” formed 
by the F centers 
moves visibly to- 
ward the anode. 
{After Pohl.) 
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atoms coagulate and form colloidal-like silver nuclei. After the develop- 
ment of the '^atent’^ image, i.e., after the chemical reduction of further 
Ag atoms, these silver nuclei cause a blackening in the plate at those 
places which had been irradiated. 

Theoretically, in producing the latent image, each absorbed photon 
can release one electron which attaches itself to an ion and forms a 
silver atom. This ciuantiim yield of I can actually be obtained in the 
elementary photographic process acc^ording to measurements of Eggert 
and Noddack. In general, the quantum yield depends on the illumina- 
tion during the exposure since too strong exposures produce a reforma- 
tion of AgBr which reduc-cs the elTcctive (quantum yield. 

That the addition of eiusily ionizable molecuiles, such as Ag 2 S, in- 
creases the sensitivity of the photographic emulsion (‘,an bo understood 
without further discussion. It is also clc^ar that a certain minimum 
energy is necessary to separai<e the (^l(U‘.tron from the halogen ion. This 
energy determines thc^ wavelength limit beyond whi(*h the emulsion is 
no longer sensitive. Photographic emulsions are always sensitive to 
shortwave light l)ut., in gcMicu-al, t.hey a-rc' not. scMisitivc^ t.o longwave red 
light. It is known, howevcM*, that ph()tograi)lii(^ (unulsions c^an be scmsi- 
tized for longwave light, by adding (‘(‘irtain dy(\s whicli are able to 
absorb longwave light.. 

Although oiK^ luis bc'cui a.bl(' to c'xplain to a certain extent the elemen- 
tary photographic^ procc'ss, one cjinnot yet. fully (explain thc'i develop- 
ment of the latcuit. image*. It is known that thc'i numbc'ir of primary 
Ag atoms which form tlu^ lu.t.c*nt. ima.gc* is inc*rc‘u.sc*cl by a fac'.tor up to 
10” by c^licmikal reduction of silver* at.oins, u.ncl that the existcuic.e of 
silver nuclei is nc'cH'ssnry for this c*hc*inic‘al clc*veloprnc^nt. Yet nothing 
definite^ is known about. t.hc*ir structures or e^lTect.s. In particular, it is 
not yet known whc‘t.hc‘r tlie micrlcMis consists of ca)llc)iclal silver or, jis 
many invevstigat.ors be'lievc*, rc'gularly beiilt, micc'lles in which foreugn 
atoms play mi import.a.nt. role*. The* ;it.oniic. physicist is still looking 
forward to morc'i c-oinplc^te eunpiric*al results. 

7-14. Electronic Conduction in Semiconductors and Related 
Phenomena. Barrier Layers and Rectification, 

Crystal Photoeffect. The Transistor 

In the last sc^ction wc‘ bcM-ame a.c*ciuaini.ecl with thc^ e*lecM,ronic c.cm- 
eluctivity of insulat ing c-rysla.ls wluc*li clc'ipc*ncls upon t.lic* motion of fre^e 
olee'trons. Tlic'sc* wc‘i-c‘ prc)(lucc*cl, i.c\, raisc*cl to t.hc^ nonna.lly unocaaipicMl 
c.onduc‘.tion band, by tbc» absoriition of light, in the cuyst.a.l. hi i^oinv 
aolidti dre/rons ran hr /v/Z.sre/ to the road action hand not ontij hj/ the (ihi«)rfh 
tion of liglU hut aha />// the thermal rihrations of the lattice^ if the temper- 
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ature is not too low. This gives rise to a ''dark conductivity/' These 
materials are called semiconductors. 

By definition a semiconductor is a crystal which is an insulator at 
absolute zero but which, at higher temperatures, has an electronic 
conductivity that increases exponentially with the temperature. In 
order to determine whether the conductivity is the result of the migra- 
tion of electrons and not of ionic diffusion, the Hall effect is used. In 
Fig. 219 an electric field is applied in the ^/-direction of a semiconductor 



Fig. 219. Schematic sketch of the arrangement for inoaHnriiig the Hall voltage of semi- 
conductors. 

slab lying in the x^z-plane, and a magnetic field acts in tbe ^-dircxdion. 
Because of their mobility, the electrons moving along the /y-dinMd.ion 
are then deviated by the magnetic fiel<l in the a:-direc.tion. ''I'he result, 
is a potential difference, the so-called Hall 'potential, perpendicular t.o 
the direction of the current. This potential difference can he observed 
only in the case of electronic conductivity, but not for conduction by 
ions, because, according to Sec. 7-12, the ion mobility is too small. 
The Hall effect thus can be used to distinguish betwem semiconductors and 
ionic conductors. 

Electronic conductivity in a nonmetallic solid {semiconductor) thus is 
due to electrons which are released by thermal lattice vibrations (similar 
to thermal collisions) and raised to the conduction band which is unoccupied 
at T = 0. This is possible in the case of a pure (uystal only if t.he eiKu-gy 
difference between the noimally empty and the normally lillcnl energy 
bands is not too large compared with the thermal energy l\ T, i.e., if it is 
at most several tenths of a volt in comparison with the 2 to 1 0 volts in 
most crystals. Such a crystal with a small gap bet.ween the two bands 
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(e.g., germanium with a gap of 0.75 volt) is called an intrinsic semi- 
conductor, A crystal which is not an intrinsic semiconductor can be 
made into a semiconductor (and this is by far the most frequent case) 
by introducing into it foreign atoms, or a stoichiometric excess of one 
of the component atoms which has a sufficiently small ionization energy 
in the crystal. In the energy hand model this means that, according to 
Fig. 220, the energy states D of tlu^ valence electrons of these interstitial 
atoms are situated so closely below the normally unocunipied condu(*tion 
band B, that electrons (^an get from I) into the band B as a result of 
the thermal ionizat.ion of the metal atoms. This type of crystal is called 


Condoefion 
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empty) 

Donor levels 



Filled 

band 






l’i«. 2120. Tlio liund <liatfrurn for nn A'-lypo HoniicoiuliKdor: A “= filled enorKV’ 

band; li — empty eomluction hand: and I) - impurity U‘v<*Ih of “donor atoniH,” from 
which elect roMH can eawily r<‘a<*li llu^ (M)ndu<‘lioii hand li. . 


an excess scmicondurlor, b<*<*au,s<' it r(M|uir<‘H tin (‘.\(*(‘ss of iiud.airu^ ions in 
the latti(^(^ to providt' I lit* (*l(‘c(roiis, or an A-////>r sv mi conductor be(%us(‘ 
negative cliarg(‘s ar<‘ rclt'jised from tiu' 1) l<»v(*l.s. Th(‘ I) h^vt^ls o(‘ctision- 
ally are calliMl donor Icrrl:^, b(‘cjuis<* (law donaU* t h<‘ conduction (‘Icictj'ons. 
The third p()ssil)l(‘ type of scmicoiidnctor is c{dl(‘d th(‘ P-hjpc or dcjccl 
semiconductor bt'cnnsc it htis ii d(dVcl of mclallic tiioins in the l«*itti<^e or 
an excess of tli<‘ (‘l(‘clron(‘ga(iv(‘ conslilutails ((‘.g., oxyg<‘n in th(' metal 
oxide semiconductors). Tli(‘ <‘n(‘rgy siatt's of lh(»s(' ('l(M*t ront'gative 
atoms Tk^ clost'ly nbov(‘ llu* bantl .1 of tin' crystal which is compl(d.ely 
occupied by (*l<*ctrons (Fig, 221). Only a snnill amount of ciUM’gy is 
necessary to ctiptiirt' a.n (*l(‘ctron, i.t*., to bring it from Hit* crystal ent'rgy 
band A to th(‘ normally unoccupit'd hovels U of tht' (d(M‘t ront^gniivt* 
atoms, \vh('r(‘ it. is luhl fast. 'Tlu* “holt^s" which art^ thus |>roduc(‘d in th(‘ 
previously full hand of th(* crystal havt' an (‘Hcctivt* posit iv(‘ charges tind 
are rnohilt^. \Vh(*n a.n (h'ctric fi<‘ld is a|)|)Ii(*(h ii curnail (lows which 
apparently is conduct<*d hy posit ivt* <*ha.rg(‘s ( posit iv(‘ hol(‘S, t.htaxd’orc 
P4\jpv semiconductor), 'hhe (*l(M*t ron(‘gal ivt* jitoms in the O l(^V(*ls an* 
often call<‘(l receptor (doms, hccaust* lh<*y r(*c<*iv(‘ (lit* (d<‘ctrons from tht* 
filled hand and thus cause tht* pt)sitivt* liolt*s. 
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The excess or defect semiconductors are also called reduction or 
oxidation semiconductors, respectively, because in the practically 
important metal oxide semiconductors the excess of the metal or oxygen 
atoms is produced by chemical reduction or oxidation. Consequently, 
depending on the preliminary treatment, the same crystal can be an 
excess or a defect semiconductor, a typical indication for the ‘‘structure 
dependency” of the properties of a semiconductor. Examples of 



Recepfor 

/e\/eJs ^ — — — — — 

Filled 
band 

Fig. 221. The energy-band diagram for a P-type seniioonduetor: A = filled oncrjJty band; 
B — empty conduction band; and C — empty impurity levelH of “ro(^ept.or iitomB/’ which 
can easily be filled from A, thus producing mobile positive holes in A. 

intrinsic semiconductors are pure crystals of sili(*.()n and gonnanium 
which have recently been extensively investigated. The most, important 
examples of practical excess and defect scmiccmdiudors are, r(\spe(d.ivtdy, 
zinc oxide, ZnO, which is heated in vacuum, and cuprous oxide;, ChiaO, 
heated in oxygen. 

Since the energy required for the transition D H (N ty])e) or A — > C 
(P type) in the so-called dark conductivity of semicondiud-ors is sup- 
plied by thermal collisions, the conductivity can be rt^prestuited by a 
formula of the general form 

<r = (7-18) 

in which W is the “activation energy” of the pr()(*ess (the energy 
difference from D to B or A to C) and is in general, just as is the (U)nst.aiit 
A, a function of the temperature, since W depends on the loosening of 
the lattice which is deteimined by the temperature. 

On the basis of this theory of semicondii(‘.tivity, a large niiinber of 
phenomena of physics, many of which have been known for a very long 
time, can now be explained. For instance, for many deciuk^s, barium, 
oxide cathodes have been used in many electronic*, iiistrument.s, because 
it had been found that at a comparatively low l.(Mnperat.iire barium 
oxide has a much higher thermionic electron emission than any metal. 
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This is also a semiconductor effect. By the “fomiation” of the barium 
oxide cathode, an excess of metal atoms is produced in the microcrystals, 
and these excess metal atoms, being in the J) levels of Fig. 220, release 
electrons into the (conduction band B at a sufficiently high temperature. 
Now the energy necessary to relea.se these electrons from the con- 
ductivity band B into fixee space (effective work function of the semi- 
conductoi-) is much .smaller than that for their release from the normally 
occupied bands ot a metal. This rediuced elTecctive work function appears 
in the exponent in llichard.son’s cciuation (7-15) and thus causes, at the 



Fio. 222. KiHMxv-bniid <liji«rain for iin A'-typo Hi^miBoiulurtor in nontadt. with a luotal; 
formation of u l)ani(*r la.v<*r witli roctifior proptMUoH. 

same i(Mi[ip(‘r{ii ur<\ an ot' th(‘ (‘h'cl roii (‘mission by many ordors 

of magiiit.ii(l(‘, as (•om|)nr(‘(l wit h (hat of a nu't-al. 

The w(‘ll known rrrffjicr und dcUrlor properlirs of nutnerooH mvta! 
oxide cri/sfala arc alfio setnirondiirlor phemunrna and can ho. (^xplaiimd 
with the jtid of lh(‘ (‘in'i^V ba-iid diaf>:ra.m Kif;*. 220 or 221. If an N-typo 
semic'-onductor is broiijrht into conta.ct with a. iiK't.al (‘l(‘ctrode, (‘Icu'trons 
from the hiji;h impurity l(‘V(‘ls I) ''flow down” int.o the imd-al, until the 
ele(dd*i(^ field S(‘t up in llu‘ boundjiry hiy('r (‘auses such a distortion of the 
(^nerf^y bands {Fif>;. 222) that- furtlu'r <‘l<‘e(.ron eun*(‘nl. is impossible, at 
huisi without nn (‘xt(‘nud Ta'ld. IIow(‘V(‘r, if an a-lternat-inf*; el(M*tri(‘. 
field is now applic'd across this m(‘ta.l-s(‘mieondu(‘(.or eontaet., the (uu'r^y 
bands on th(‘ rifrht. sid(‘ of Kij»;. 222 an* ra.is(‘d a.nd low<‘r(‘d, altxn-natinjrly, 
with iesp(‘et- to the (‘n(‘rfi:y ba.nd of th(‘ m(‘ta.l (‘l(‘et.rode a.t the left. 
Now with positive' polarity of th<‘ nu'tal (‘l(‘et rod(‘, tin* bands of the 
iV-type sc'inieonduetor an* ra,is<‘d to such an (‘xtent (hat. (‘k'etrons from 
the I) lev(‘ls can a|»;a.in flow down into tlu* m(‘t.a.l. Wlu'u t.h(‘ metal 
ele(^trode is n(‘j»;a.t.iv(‘, this is impossible*, unl(*ss the potential .‘ippluHl to 
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this blocking layer’’ becomes too high. In this case the energy bands 
of the semiconductor at the right side of Fig. 222 are lowered so much 
that electrons from the metal can penetrate the blocking layer by the 
tunnel effect (page 234) and flow into the B levels of the semiconductor. 
Thus this theory requires an easy electron flow from the semiconductor 
to the metal and a blocking of the current for flow in the opposite 
direction. However, the resistance of the blocking layer with this 
polarity should decrease with increasing applied potential. This be- 
havior has been found empirically and holds for most semiconductor 
rectifiers with the exception that some of them (like cuprous oxide, 
CU 2 O) are P-type semiconductors, so that wc have to use Fig. 221 for 
our discussion. The detector property of semiconducting crystals is, 
of course, coupled with rectification and thus need not be treated 
separately. 

According to our above treatment, the decisive phenomenon of N- 
type semiconductivity is the thermal release of electrons from the im- 
purity levels D. However, the transitions D-^ B or A — > O, which 
lead to the production of free electrons or free positive holes, respec- 
tively, in the semiconductor lattice, need not ne(*.essarily bo caused 
by thermal collisions (lattice vibrations), but they can also be caused by 
light absorption. Consequently, all these semiconductors show weak, 
longwave absorption bands which can be attributed to these transitions. 
Absorption of the corresponding radiation by the alkali halides (page 
459 ) produces an electric conductivity which, in contrast to dark 
conductivity, is called photoconductivity. This relciisc of elec-trons 
in the interior of semiconductors (and by shortwave light in other 
crystals also) is called the ^'internal photoelectric elTcc.t.” 

Two different methods have been developed to make use of this 
release of photoelectrons in semiconductors for the d(^te(d/ion of radia- 
tion. This radiation might cover the whole range from the infrared 
(3 to 6 jn with PbS, PbSe, and PbTe semicondiud-ors) down to the 7 -rays. 
Either the photoelectric conductivity of the s( 5 micondu(*.tor is m(^aRured 
directly in a bridge as a function of the incident radiai.ioii, or semi- 
conductor photocells are used which themselves produc^c^ a i)hoto(nirrent. 
that is proportional to the number of incident phot.ons. If, in dilTcrent 
layers of a semiconducting crystal, very different numlxu’s of (electrons 
can be released photoelectrically, then we got a c.oiu^cntral.ion gradient 
of free electrons in the interior of the crystal. The c.rystal ac-ts as an 
electron-concentration element with an emf which, boc.aiiso of its origin, 
is called a photo-emf. In CU 2 O the photo-cmf (*.an amount, to as much 
as 0.4 volt. If a semiconductor is placed l)etween two mental contacts 
and these are connected to a microammeter, a photocurrent flows when 
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the crystal is irradiated by light: we then have a semiconductor photo- 
element. These have become important for lux meters and other tech- 
nical applications. The necessary electron concentration gradient can 
be obtained in two different ways. First, varying concentrations of 
lattice defects in different layers of the semiconductor can be produced 
by proper heat treatment, so that vai-ying amounts of electrons are 
released when the ci-ystal is irradiated. Second, a crystal can be 
selected which has layers so thick that the incident light will be strongly 
absorbed. Then many cle(^l.rons will be released close to the upper 
surface where the illuminat ion is strong, whereas on the lower side the 
number of relciised elect.rons will be 
small because only a small portion 
of the light reaches it. Techni- 
cally, the first type of photocle- 
ment is preferrcnl. 

The basic i)rocesses of this 
phenomenon bav(' been carol ully 
studied, in particular for cuprous 
oxide (a /-’-type semiconductor) 
where the ncicessary f ' l('v<'ls (b'ig. 

221) are due to excess oxygen 
atoms in the (lu-jt ) lal tice. 'I'his is 
occasionally d(^scrib<Ml as a part ial 
chemical transformation of (kisO to (’uO by tempering in an oxygen 
atmosphen^. Hu this Irinprring Ihr photorhrtrir coiidiKiii'ilj/ of purr { Ui-jO 
can easilu hr iiirrr(m-(I hp ri<ihl powrrs of trn! If a thin laycM- with oi\ly 
a few excess atoms and thus a high insulation (harrier laijrr or blocking 
layer) is formed on a crystal layer of goo<l condiKdlvil.y, an<l if ov(U' tht'se 
a thin transpan'iit metallic dectrode is placed, we have a mnir.ondiicUrr 
photoelrmenl or harrier lai/rr photorlrniriil (h’ig. 223). A similar widely 
used photoekMiK'nl has Ix'en (hnelopcsl using sedenium, but little seems 
to be known about, its basic atomi<‘ processes. 

We hav(^ briefly discussed abov(‘ l.h<‘ origin of the int.ernal photo-ennf. 
Actually the 1 lu'oret.ical irrohh'in of tlu^ photoedenamts is imudi nion^ 
compli(‘ate<l, b(*caus<' IIk' proc(‘ss<‘s in the bander layta’s, which are 
formed at. the contacts Indween medal a,nd se'iniconduct.or, have* t.o be 
taken into considc'ration. W<‘ have* point.('d out. some ol t.lu'sc* barrier 
layer problems above in our discussion ol tlai risd.irK'ation prop<'rties 
of semiconductors. 

We mention linally one of th<‘ most n'cent. d(‘V(d()i)ni(>nt,s in the li(dd 
of semiconductivity whi(di combiiu's sci(‘nt.ilic inten'st. with pracdical 
importance. It is tlu^ so-calhsl Iransislor, d<*v(doj)t'd in tlu^ Hell lelc- 
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phone Laboratories by Bardeen and Brattain. The transistor is essen- 
tially a germanium crystal diode for current amplification. Figure 224 
shows the schematic diagram. A small gennanium crystal rests on 
a metal base, whereas two point contacts touch its surface at a distance 
of 0.06 to 0.25 mm from each other. A current of the order of 1 ma 
flows in the emitter circuit. As a surface layer of 10”® cm thickness of 
the crystal is a P-type semiconductor, positive holes are emitted from 
the positive point contact. A part of this hole currentj which is modu- 
lated with the frequency of the signal to he amplified, reaches the negative 
collector point and changes its current-voltage characteristic. It is known 



Fig. 224. Electric circuit for the transistor. {After Bardeen and Brattain.) 

that in the surface layer of the germanium a harrier layer exists which 
prevents the flow of electrons from the metal contact into tlic ciystal. 
The space charge in the harrier layer under the collector point now is 
changed by the positive holes from the emilter in such a way that the col- 
lector current is increased or reduced with the signal frequency. 

In addition to its probable future role in olcc^troiiics, the transistor 
is of interest because its theoretical explanation recpiired a thorough 
study of the semiconductor properties of germanium whi(*,h, depending 
on its treatment, its temperature, and the poUmtial of its metal con- 
tacts, shows conductivity due to electrons as well as holes. The electrons 
and holes either come from the C and D levels, or from transitions be- 
tween the filled band A or the conduction t)and P, rcvspectively, and the 
conduction band of the metal in contact with the semic.onductoi*. For 
further details the reader is referred to the literature. IIowev(M*, it is 
clear from this brief discussion that physics of semicondu(rtoi*s has 
become one of the most important fields of solid state pliysics. 

7-16. Luminescence of Crystal Phosphors 

The last important example of processes which depend essentially on 
the microstructure in the crystal lattice is crystal luminesccncf^, whicdi 
is closely related to semiconductivity. Many (uystals show lumines- 
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cence after irradiation with shortwave light, a-, /3-, or y-rays, if they have 
been activated’^ by addition of a small percentage of metal atoms. 
The term luminescence here comprises the phenomena of fluorescence 
and phosphorescence, Fluoresccn(^e is the phenomenon of light emission 
immediately after radiation has been absorbed in the crystal, i.e., after 
the normal period of 10~® sec. Phosphorescence, on the other hand, is 
the more complex process by which light of the same or longer wave- 
length is emitted for a comparatively long time after irradiation. From 
these definitions it is apparent that fluorescence and phosphorescence 
axe not always easy to distinguish. Physic^ally, however, phosphores- 
cence involves a storage of the absorbed mergy before its rcernission. Lumi- 
nescence can be observed in large single crystals: mostly, however, a 
microcrystallinc powder is used. 

From what has been said so far, ideal crystals are not luminescent. 
However, certain crystals do show luminos(‘.em‘.o, particularly at low 
temperatures, in s])ite of the fa(‘.t that they apparent.ly consist of chem- 
ically pure homogen(M)us materials. Thos(^ crystallize simultaneously in 
different types of lal.ticx^s, so t.bat they (‘.ontain lattic-e defects and in- 
ternal surfaces wlii(^h are (^sst^ntial for phosphoresc^em^o. All other 
crystals with phosphorescence at normal temperatures consist of a lattice 
until interstitial or subsUlntional impurity atoms which serve as cmilling 
centers, Tlie Ix^si. known crystal ])hosphors are zinc, and (uidmium 
sulfide, ZnS and (klS, vvhi(‘h an^ used as single’s or mixcMl (U’ystals, espe- 
cially if they ar(^ a(*.t,ivat.e(l by c.opper or manganese, ''fbere is approxi- 
mately one emit.ting in(‘lal atom for every 10' lat»ti(^(^ atoms. The oldest 
phosphors which were invc^st.igated earefully l)y Lenai’d are the alkaline- 
earth sulfides and oxidevs activated l)y (hi, Mn, Pb, or rare earths. 
Certain silicates su<h as Zn 2 Si ()4 a(*.tivate<l by Mn, fluorspar, CaF 2 , 
activated hy heavy mentals or ran* earths, and iuim(‘rous tungstates 
activated by Vv and Mn an* also good phosphors. Of (\spe(hd scientific, 
interest arc the alkali ludidc^s with heavy nud-als and rare earths which 
were investigated by I’ohl and Ililsiii, b<M*aiise, in contrast, t-o the above- 
mentioned phosjihors, th(\v can be grown in larger cryst.als and therefore 
can be investigahul uiuk'r inon* p(*iTe(*t condit.ions. 

The fundamental jiroc.c^ss of luininciscenc.e can be des(*.rilK*d in a few 
words. By absorption of light an electron leares the highest occupied 
energy band of the basic latiiee and enters a higher unoeeupied band {con- 
duction hand). It then mores around in the lattice by thermal diffusion 
until after a shorter or longer time it comes to an arlivalor atom, or ion and 
gives up its energy by emitting light. In (xintrast. to fliior(\sc.(uu‘:e, how- 
ever, in phosphoresce nee we always hare a temporary storing of the e,vcUa- 
tion energy by trapping of the electron in some vacant lattice position or 
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similar electron trap. The dependence of phosphorescence on the struc- 
ture is obvious from the role of the trapping centers. The temperature 
dependence is also easy to understand. At low temperatures the trapped 
electrons have dlfpculty in getting out of the traps again, ))ecause the 
thermal energy of the lattice vibrations is so small. Only a few electrons 
are thus released per second, and we have a persistent, but weak, emis- 
sion which decays exponentially. On the other hand, at higher temper- 
atures the trapped electrons are released at a higher rate from their 
traps and thus produce a more intensive, but rapidly decaying, phos- 
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Fio. 225 . diiiKmin iiulituitiiiK why puro idojil (u*yHtals gonornlly do not. 

exhibit uny luininosccMK'o. 


phoresceiice. TIk^ light sum (tlu' total lighl. (^mitt<‘(l during th(^ <le(*ay) 
for the same excitation is t.he sanu^ in both ca,s('s, us is to b(^ expcMd-ed. 

The main features of the great, almost conrusing, number of (experi- 
mental results which ex])erim(uiters have assembltMl sim^c^ the lime of 
Lenard now (^an be (^xplaiiuul. First we ask why an i(l<‘u,l lati.ic(‘ (lo(\s 
not exhibit lumiiu^s(*ence. This can be explaiiuul by imeuiis of Fig. 225. 
If an (dec.tron of the occui)i(ul (Miergy band A absorbs a phoi.on, it is 
raised to that states of the higlnu* unoccupuMl band H which has tli(‘ su.me 
Axiuantuin numlxu*. Now if it <lo(\s not imniedialxely jump ba(*k under 
emission of light (fluoiwcence), it will lose (uiergy by inbu-acting with 
the lattices, until it reacln^s the low(‘r (Mlge of the (uuMgy band /^, whon^ 
it has a dilTerent (luantum number U. This t.ransler of (uuu-gy occurs 
very rapidly b(H*,ause the period of a lattice vibration with 10 S(M‘. is 

very short companul with the natural life of 10 ^ s(Mr in t h<' upper state. 
The direct rcn'crse transit.ion immtioncMl above, t,h(‘r(d’or(\ is v<u*y im- 
])robable. Now, how(W'er, the (h'ctron cannot jump back from t.h(‘ 
lower (Mlge of the upjKM' band into the band A by (unit ting a })hot.on, 
b(5c.ause tlu^ (‘orn'sponding (luantum state to which a. t ransitioti could 
o(M‘-ur, is oc-c.upi(Ml. buminc^scence by id(Mil, ])ure crystals tli(U’(‘forc 
seems impossible. 
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The luminescence of mctul-iictivated crystals can be explained by 
means of the enerj^y l)and diagram Fig. 226 which is closely related to 
that of a crystal with N- and P-type semic‘.ondiictivity. A is again the 
highest occupied energy l)and and B the first normally unoccupied 
conduction band of the normal crystal lattice. In addition, there are 
again “impurity levels” C and I) of substitutional or interstitial foreign 
atoms. C are the acti\'ator states which, in general, ai*e occupied by 
electrons, l)e(*ause t.ransit.ions to the completely filled l)and are im- 
possible. The states D, finally, belong to electron traps, in which elec- 


B 


A 

Kkj. 220. l<;U(*rK.v-l)jin<l <njiRrji!n of tx (TyHtnl with activator atonm and oloctron trai>s, for 
tlu* (‘XpluiuiHon of cr.vHlal pliosphonwtMuv. 



irons cun Ix' bound iii U'iisl. ((‘inporiirily. In tlx* nonnul enso, t.hc D 
Invols an* empty. 'I'lie particular itosiiion of tlx' levels (■ and I) with 
resi)eci to tlu^ hands .1 and H d(‘pends on tlu^ ioniziition onerffy or 
elect, ron aHiniiy of tlu^ atoms under (ronsideration. This explains why 
certain activat.or atoms an^ mor<f favorahl<^ t.lian others. 

The nu'chanism of phosplior(>se(>neo now seems to h(i the following: 
An eUa-t.ron is l■ais<‘d from tlai filled han<l A to tlu' unfilUal hand R by 
the ahsoiption of suHiei<‘nlly shortwa\-<' light (or impact, by (c-particles 
or (dectrons). In this stat.e it, s(>ems to move' freely in the lattice. In 
most, crystals this absorption lies in the ultravioh't, since t,he separation 
of t,h(> energy hands is api)roximalely e<nial t.o the first excitation step 
of the atom. This a,hsor|)t.ion by the fundaimmtal latt,iee is very strong 
hcea,use oil eh'ctrons in ha.nd .1 can a,hsorh. 'I'lie hoh's resulting from 
tho ionization of (dect rons in hand .1 ar<^ (ilhxl by a, nonradiative t,ransi- 
tion from the occui»ic>d a.ct,ivator state ('. The (hdails of this transition 
hav(‘ not y(d Imm'ii (‘xplained. d'he Ins* <d<'<‘tron in R now can dilTuse 
to th(' locat,ion of an a.ct.iva.tor atom a.nd t,li(“r(d)y giv(^ up enm-gy to t,he 
lat,t,ice, until it makes a l,ra.nsilion t,o tln^ static (I under (unission of light. 
On the ol,hei' hand, it may, Indore it, nws‘t,s a.n activiit.or a,tom, he l.rapi)ed 
in a. state D. W(‘ spc'ak of lra,i)i)ing, for the t,ransition D—*A is not 
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possible because the gaps in A are filled from C, and the transition 
D C is not possible because the separation of the two places in general 
is too great. Thus the electron and its excitation energy arc stored in D 
until, by transfer of thermal energy or by the absorption of longwave radio- 
tion, it gets bach to state B, diffuses to an activator atom., and emits light by 
a transition to C. This seems to be the essential mechanism, of phosphores- 
cence which thus clearly depends on the number of electron traps (states D), 
the number of emitting atoms (states C), and the temperature. The veiy 
longwave absorption D B is very weak because of the relatively few 
occupied D states; by measuring the corresponding absorption, the 
number of occupied D states can be deteimined. The trapping states /), 
which are necessary for phosphorescence, can also be reatdied by direc^t 
absorption from the fundamental band A . This absorption is very much 
weaker than the fundamental lattice absoi*ption A B, but stronger 
than the longwave absorption D—^B, which depends on the number 
of occupied D states. There is, finally, the possibility of absorption by 
the activator atoms themselves (transition C B). This absorption 
is proportional to the number of activator atoms ((^ states). 

It is clear that the diffusion of the liberated elo(‘.trons in band B repre- 
sents an electric convection current and therefore, if an elo(*iri(*. field is 
applied to the crystal, it can be measured ele(^tri(‘ally just as in the (cor- 
responding (cases of the F ele(ctrons (page 450) or ih(c pbotoelect.rons in 
semiconductors. 

No doubt, the tbeond/ucal picture described heixc is much too simple. 
It will rexpiire (considerable (hwelopmccnt and refiiKcnu'iit. before it. ca,n 
explain in detail the mass of (existing (empirical results wlii(ch is cont.inu- 
ously inccreasing at. a sui’prising rate. 

Recently, for instance, phosphors with two kinds of aci.ivat.or nfoins 
(e.g., SrHe with (^i and Sm) were inv(cstigat.(c(l in more (l(‘tail. Whih' 
l.he (C()p])er atom as t.h(c dominant activator" is n^sponsibhe for iho (emis- 
sion pro(cess, the auxiliary activator (in this (*as(c samarium) suppli(Ml t,h(‘ 
trapping staUcs (!) in Fig. 22()). I^eveienz, furthermor(\ distinguislu's 
betw(c('n .s and i phosphors, according to whether th(c activator oc(‘upi(‘s 
an interstitial place or, as a substitutional atom, a norma.! la.t.t.ice pla.(‘(‘. 
Many known dilT(M'(cnc(cs in the behavior of ditT(cr(ent. phosphors, for 
instan(*e wit.h iesp(cct to their photoconductivity, can ))e umUcrst.ood on 
the basis of this dist.inction. 

We nucnt.ion in (concluding, that the macrocryst-allimc structuixc of 
phospliors s(e(cms to be responsible for tla^ir dillen'iit. b(cha.vior with 
resp(cc.t to excitation by light or partickes. High light. (‘tlici(‘ncy from 
eorpusccular excitation is old.ained only witli larg(‘r, r(‘a.S()nably p('rlect 
(crystals in which the free elec.trons tra\Tl a sufrK‘i(cnt,ly long in(‘an fie(c 
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path in the liittico until they find an activator atom. Light absorption 
with subsequent emission, on the other hand, occurs very frequently 
either by the ac^tivator atoms themselves (transition C —>> JB) or in the 
close neif>:hb<)rli()()(l of an ac^tivator atom, so that a good phosphorescence 
yi(4d wiih light excitation is found in crystal powdei*s in which the 
electrons cannot, migrate very far. 

7-16. Collision Processes at the Surface of Solids 

To (*onclu(l(' our at.omisti(‘ trciitment of solid state physics, we shall 
briefly (i)nsi(l(i‘ a nunibcir of interesting collision processes which occur 
at the surfaci^ of solids. First., there is the question of the possible 
ionization of atoms at the surface of an incandescent metal. Second, 
th(M*e are t he phenomena conne(*.tcd with an energy transfer to the crys- 
tal lat t ice or (a*yst al (*l(‘ctrons in (U)llisions between electrons, ions, normal 
or (>x(^it.e(l atoms on t.he one side, and the surface of a solid body on 
the otlun*. 

In dis<‘ussing t.h(' ionizat.ion at an incandescent surface we start from 
th(' ('xixM-iiiKUit.al rc'sulis acM'ording to which alkali atoms in the vapor 
phas(' t hat iinping(‘ on an in<*.andescent tungsten strip leave the strip as 
ions, if t.h(‘y an' a.ioms of t lu^ la^avy alkalies potassium, rubidium, and 
(•('siuni. llow(^v(‘r, at.oms of the lighter alkalies lithium and sodium 
l(*a.v(‘ th(* incan(l(‘sc(‘nl t.iingsU^n surface unionized. On the other hand, 
all alkali atoms ar(‘ ionizc'd at. an incandescent platinum sheet. We may 
assunu' that th(‘ at.oms which come in contact, with the metal surface 
an‘ at first adsorb(‘d and t hen, as a n^sult of the high temperature of the 
sh(*(‘t, (‘va|)ora.t('. 'riuai it is only a (luestion of whether a departing 
atom carri<‘s its out.(‘r (^l(*ctron with it or leaves it in the metal. 

\V(‘ can und<‘rsta.nd t.h(» wlioh' situation if w(» imagine that the evapo- 
ration may occur in S(*V(‘ra.l steps (analogous to th(^ Born cycle, page 429). 
Insl(‘ad of the neutral aiom \\a <*a.n imagine that first, an ion evaporates. 
Bv adding (‘lu'rgy (‘([ual to th(‘ work function fl> we then release an elec- 
tron from th<‘ m(‘tal and l(‘t it nM-omhim^ with th(‘ ion to form an atom, 
th(M-<‘by r(‘l<‘asing th(‘ ionization (UUM-gy /iV Actually the process occurs 
ill such a. manner tba.t th(‘ l(‘ast possibk* energy is reciuired. 

Thus, if 

ch > W, (7-19) 

th(‘ el<‘ctron ivmains in the m(‘ta.I and th(‘ atom l(‘av(^s the surface as an 
ion. For in onl(‘r to lib<‘rat(‘ an electron from th(‘ iiK'tal and let it re- 
coinbiiK* with the ion, th(‘ cmM'gy ‘1> E, would havc^ t.o be (expended. 
In th(‘ normal cas(‘, how(‘V(*r, wh<‘r(‘ 

Hi > 


(7-20) 
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the energy Ei — ^ is gained if an electron is ''pulled” out of the metal 
and united with the ion. In this case the atoms will not be ionized in 
collisions with the incandescent metal. These theoretical conclusions 
are in good agreement with the experimental results. The heavy alkali 
atoms K, Rb, and Cs have ionization potentials which are smaller than 
the work function of tungsten, 4.5 ev. The light alkalies Li and Na, on 
the other hand, have larger ionization potentials. However, the ioniza- 
tion potentials of all alkalies lie below the work function of platinum 
with 6.2 ev; thus all alkali atoms are ionized by incandescent platinum. 

The reverse process occurs at the cathode of glow and arc*, discharges. 
Following the lines of force of the electric field, positive gas ions from 
the discharge arrive at the cathode and are neutralized. This implies 
that they pull an electron out of the cathode and leave it as an atom. 
According to our previous discussion, this neutralization is energetically 
possible only if (7-20) is fulfilled. This, however, is the case, if we dis- 
regard discharges in the heaviest alkali vapors and a few elcctrcxle 
metals with particularly high work functions. 

Now we shall discuss the mechanism of the energy l.ransfer to the 
metal. For in our example the energy PJi is releascMl in the lunitraliza- 
tion of the arriving ion and is used partly foi' the relc^asc^ of a metal 
electron (under expenditure of the work fimcd-ion <I>), wh(*reas the r(\st, 
Ei — <I>, heats the cathode. This mechanism of lUMit.ralization may be 
regarded in a very pic.torial manner. The posit.ivc* ion n.ttra(*t.s (*lec(.ro- 
statically a quasi-freo metal (‘lecd.ron and nu^oinbinc's with it.. Thc^ 
proc.ess is more difficult to iindcn-stand, if the (condition 

(7-21) 

is fulfilled. In this case the potential enc'rgy rch'asc'd in the* ncMit.raliza- 
tion of the ion is larger than the work function of two elc'ct.rons. In 
these easels, ac^tually two electrons are r(‘l(*a.s(‘d. This sc'condary cdecl rou 
emission by ion bombardment is obs(M*v(‘d ])articularly in dis(*ha.rges in 
the noble gases hcdiiim and neon with tlK*ir high ionization potentials. 
However, a mcdastable hcdiuin atom (sen pag(> 1110) ca.n also give^ up its 
potential energy (e»,xcitation energy) in a e^ollision of the seM*onel kind 
with a mental surface aiiel rele^ase^ one or l.wo seM'.ondary e*leM*trons. The> 
meedianism of this pre)e*.e\ss is diffiendt te> uneleM-si.arid be‘e*ause* no elect ro- 
static eelTent is possible now, and the jmre'ly m(*(*lianica.l e*ITect. of thee 
cedlision eloees not explain the emergeence of an eleeeetron (or eeveui two), 
benause the imi)act is elireeeeteed towarel the inte^rior of thee medal. I basi- 
cally the same difficulty is med. in the transfe*!* of puredy kined ie* e*neM*gy t,o 
the metal in eeoHisions. Fast edeectrens e)f sullieeient kineetiee eeneagy, in 
collisions with metals, e*.an rcleease a large* nunibeer of seecondary e*leee*t.rons. 
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a tochnically very im])ortant process. Fast positive ions, similarly, can 
liberate, though with miu^h smaller efficiency, electrons at the cathode 
of glow discharges, and furthei*more clause the phenomenon of cathode 
sputtering, i.c., remove whole atoms from the metal surface. 

It seems very pr()l)al)le that thennal processes and not simply me- 
chanical (‘.ollision ene(‘ts are responsible for all these phenomena. We 
know, for example, that the anode of a high-current carbon arc and 
of (‘ertain spark discharges can be heated to violent evaporation by the 
discharge! electrons wlii(^li release on the anode their kinetic energy as 
well as the energy corresponding to the work function. The possibility 
has been coiisidcu'cd that (kathode sputtering is due to a similar effect 
of positive ions. iIow('\'(u*, this explanation seemed to be ruled out by 
the observat.ion that, t.he lu^at (‘onduciivity seems to have no influence 
on cathode si)utt.ering. To cite one example: metallic silver and the 
poorly conduct.ing silver chloride both (exhibit ecpially strong cathode 
s])uttering. lIow('V<‘r, <‘dl th(»s(^ ditlic.ulties are removed if, according to 
Seelig(‘r, t.h<>s(‘ pluMiouKUia. an' reganled a.s a v^ery local overheating or, 
t,o use a familia-r (^xpr<‘ssion, a.s an <\xtreme (*a.se of loc^al lat.tice loosening. 
W(' ha.v(' to ima.gin(‘, t Ikmi, that, tlu' temperature of a very small region 
of the ca.tli()d(' ('xc(k‘(1s by far tlu* critical t.ein[)(u*at.ur(^ so that we have 
a. ga.s-Iik(‘ state of ma,tt(‘r of high d(‘nsity. Wli(’!ther t.hen^ exists an 
actual th(‘nnal (Miuilibrium h(*tw<‘(ai th(M)riginal lat.tic(^ particles and the 
colliding |)articl<*s s(‘(*ms luon' than doubtful, h()W(n'<‘r. 

In coiicludiug this chapt<M' on a.toinist.ic solul sta.t(^ physics, we again 
st.r(‘ss th(‘ fart, that a sal isfactory and rigorous pn^stuita-tion of this field, 
according to lh<* |)r('S(‘nt slate of our knowh^lge, is not yet possible. 
Ilow(‘V(‘r, w(* hoi)e lhal our discussion of the: most important. i)ro])lems 
of solid stal(‘ i)hysics has, on IIh* oiu' si(l(\ sliown how fruitful the atom- 
istic m(‘lhod of Ircatnu'ul has pi*ovc<l t()b<‘an<l that it. may, on the other 
side, hav(‘ h(*lp<‘d us lo r<*aliz<‘ how important, it is to pay closer attention 
in th(' futures lo this promising li(*ld of atoini** physi(^H. 
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The Mot<t Jmyorlunt Comtantu and Knergn Relations of Atomic Physics 


PltiiK^k’H constant h ^ (iS.mS db 0.001) X crK-so^ 

Volo(at.v of lisht c = (2.00770 rt 0.00004) X 10^® (an socT^ 

Charge of t he (^loctroii. . . c — (4.802*4 ± 0.0005) X 10"*® em 

= (1.1)0100 ± 0.00010) X l0-*» coulombs (amp-sec) 


Rost mass of the olo(4ron. 7«o = (0.1055 ± 0.0012) X 10'**** gm 

Rc^st mass of Uio proton. . A/;, = (1.0723 ± 0.0001) X 10“®^ gm 

R(^st. mass of the imut ron . . Mn — (1.0747 ± 0.0002) X 10“®^ gm 

Atomic \V(‘ight. of tin* pro- 


ton Aj,= 1.007582 ± 0.000004 

Atomic \v(*ight of tin* ma- 
tron in physi(*al units. . Af^ 1.008030 ± 0.000007 
Atomic \v(*ight. of th(‘ cl(‘(r- 

tron A. - (5.4802 ± 0.0000) X lO-^ 

Avogadro’s lUimlHT (0.0235 ± 0.0004) X 10®® 

Paraday P ~ 00522 ± 7 (touloinbs/inolo 

Holt/anann’s constant . ... A* — (1.3803 ± O.(X)Ol) X 10 *® (Tg d(^g“‘ 


Relations l)<*t\v(*cn <litT(‘n*nt cma’gy uriits us<*d in atomics phyHi(\s: 

1 (‘V = S,()C)7.5 cm * = 1.002 X lO'*® (‘rg = 23.01 k(tal/ni()lo 
1 atomic mass unit = 031 M(‘ 

R,(‘lation l)ct\vc(»n (‘xcitation potential P ((4(‘ctron volts) and wavedength X in ang- 
stroms of corresponding radiation: 

X(A) X K ((w) - 12,100 
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